arXiv:2404.09064v1 [math.PR] 13 Apr 2024

On the First Passage Times of Branching Random Walks
in R?
Jose Blanchet? Wei Caif Shaswat Mohanty! and Zhenyuan Zhang®
16th April 2024

Abstract

We study the first passage times of discrete-time branching random walks in R? where d > 1.
Here, the genealogy of the particles follows a supercritical Galton-Watson process. We provide
asymptotics of the first passage times to a ball of radius one with a distance x from the origin,
conditioned upon survival. We provide explicitly the linear dominating term and the logarithmic
correction term as a function of z. The asymptotics are precise up to an order of op(logx) for
general jump distributions and up to Op(loglog x) for spherically symmetric jumps. A crucial
ingredient of both results is the tightness of first passage times. We also discuss an extension
of the first passage time analysis to a modified branching random walk model that has been
proven to successfully capture shortest path statistics in polymer networks.

1 Introduction

We consider a discrete-time branching random walk (BRW) on R?, where particles in R? perform
independent random walks until they randomly branch into more particles or die. Spatial branching
processes, including BRW and its continuous-time sibling branching Brownian motion (BBM), have a
long history and a wide range of applications in ecology, population biology, and modeling epidemics
([25, 28, 34, 35, 36, 49]). The study of the extremal behavior of spatial branching processes has gained
increasing attention over recent years. The mathematical techniques applied in those studies are
related to developments in numerous other fields, e.g., discrete Gaussian free field [14, 24], random
unitary matrices [3], Riemann zeta function [4], random multiplicative functions [31], spin glasses
[12], among many others that exhibit a log-correlated structure. We refer to [46, 52] for lecture notes
on BRW and related topics.

The study of the extrema for one-dimensional BBM traces back to [17], which established a precise
asymptotic for the maximum as a function of time. For general branching random walks, [1] provided
a precise asymptotic in terms of the jump distribution of the process. Finer behavior near the frontier
is also well understood since the works of [2, 13, 38, 39]. Nevertheless, less is known in dimensions
greater than one. To name a few examples, there are studies of the maximum norm for BBM
([7, 32, 33, 40, 47]) and very recently of BRW ([8]), as well as the range of spatial branching processes
([37, 53]). These works in higher dimensions typically assumed that the increment distribution is
spherically symmetric. A notable exception is [48], which provided estimates on the number of
particles in a linearly shifted ball in time for a continuous-time version of the BRW.
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Our primary focus is on the first passage times (FPT) for branching random walks in R?. By
definition, the FPT is the first time for particles to reach a prescribed region. For BBM, [54] es-
tablished a precise asymptotic formula (up to Op(1)) for the FPT; see (62) below. Our interest in
estimating the FPT of spatial branching processes stems from their relevance to polymer physics.
The mechanical behavior of polymer networks appears to be controlled by the shortest paths between
distant nodes in the polymer network, as shown by recent works [50, 51] using coarse-grained mo-
lecular dynamics (CGMD) simulations. The shortest path length (SP) serves as an indicator of
how stretched the average load-bearing chains are in the polymer network. Theories based on SP
go beyond traditional polymer models focused on elastic behaviors and aim to explain the inelastic
behaviors exhibited by such materials.

The SP between (fixed) distant nodes is equivalent to the FPT of the BRW beginning from the
origin (source node) and terminating at a desired point in space (destination node). Moreover, the
occurrence of the cross-links along the polymer backbone mimics a Poisson process. As a result, a
cross-link between two chains is equivalent to a branching event observed in the BRW genealogy tree.
The agreement of the mean FPT from the BRW theory with the mean SP from the CGMD simulation
results has been shown in our recent work [54]. Furthermore, the numerical implementation of the
BRW model shows an excellent agreement between its FPT distribution and the SP distribution from
the CGMD simulation. Our earlier work initially focused on constant length jumps with the BRW
model where there existed a correlation between the components of a jump step in the d dimensions
by virtue of being sampled from the unit sphere S~ = {x € R? | ||x|| = 1}. This was later shown
to be represented equally well by the Gaussian BRW and BBM in which the components of each
jump step are independent in the d dimensions. However, the analysis was restricted to spherically
symmetric jumps to accurately model the as-prepared polymer network prior to deformation.

In this paper, we provide FPT asymptotics for BRW that may not have a spherically symmetric
jump distribution (while the case of spherically symmetric jumps is of special interest for our ap-
plications). The main results are explained in Section 1.2 and their proofs are presented in Section
2. Applications to polymer physics will be detailed in Section 3.1.

1.1 Notation and assumptions

Let us start with a formal definition of the branching random walk (BRW). We consider a
discrete-time BRW model with offspring distribution {p;};>0. This means that at each time step,
each particle independently reproduces ¢ particles at the same location with probability p;. The case
of i = 0 corresponds to the particle being terminated. Let p = ). i p; be the mean of the offspring
distribution. We will always assume the supercritical case of p > 1. The d-dimensional random walk
increment is given by &€, and the first particle starts from the origin 0 € R?. Typically, in this paper,
a bold symbol refers to a vector.

Our goal is to study the asymptotic of the FPTs of the BRW. For z € R, we let B, denote a ball
of radius one' centered at (z,0,...,0) in R%. We let V,, denote the collection (i.e. set) of particle
locations at time step n, and {1y (k) }o<k<n denotes the d-dimensional random walk that leads to
v € V,,. We define the FPT 7, of the BRW to B, that is,

T, =min{n > 0:Jv €V, nyn(n) € By}

In what follows, we will separately analyze the cases depending on whether the law of £ is
spherically symmetric or not.? In both cases, we impose the following assumptions on the BRW:

(A1) the offspring distribution has a finite second moment, i.e., Y, p; < oo;

(A2) the law of £ is integrable and centered, i.e., E[£] = 0.

1Replacing the radius one by any fixed positive constant will not change the analysis; the same proof goes through.
2 A probability distribution on R¢ is spherically symmetric if it is invariant under any orthonormal transformation.
Equivalent definitions can be found in Theorem 2.5 of [26].



For a stochastic process {1} } >0 and a positive deterministic sequence {¢; }»>0, we write T, = Op(t,,)
if the collection {Ty/ts}o>0 is tight, and T, = op(t,) if T/t — 0 in probability.

1.1.1 Spherically symmetric jumps

Denote the first coordinate of & by £, which is a real-valued random variable. We introduce the
large deviation rate function

I(z) == sup ()\x “log ¢>5()\)), (1)

A>0

where ¢¢(N) == E[e*¢] is the moment generating function for £. In this case, we make the following
assumptions on &:

(A3) the law of £ is spherically symmetric in R?, and its radial component R satisfies P(R = 0) < 1;

(A4) logp € (ranl)°®, where (ranl)® is the interior of the range of I. In other words, there exists
c1 > 0 such that I(c1) = log p. It can be shown that ¢; € (ran(log ¢¢)")°.

Note that under assumptions (A2) and (A3), I is C* and convex in its domain, and attains a unique
global minimum at z = 0.> We will also see from Lemma 24 below that (A3) implies that both
¢ and ¢ are non-lattice if d > 2.* A consequence of (A4) is that the number of particles forms a
supercritical Galton-Watson process. Denote by cq := I’(c1) the value of A at which the supremum
in (1) is taken for x = ¢;. In particular, (A4) implies that ¢¢ is well-defined in a neighborhood
of ¢3. The constants ¢; and ¢y here depend only on the offspring distribution (through p) and the
increment distribution (through ¢¢(\)) and will be fixed throughout this paper.

1.1.2 Non-spherically symmetric jumps

Let

I(x) := )‘sgﬂgd ()\ -x — log gbg()\)) = fg]gd ()\ -x — log E[e)"g]) (2)

denote the large deviation rate function for £&. We impose the following assumptions:

(A5) there exist m € N and r > 1 such that & +- - -+ &, has a density in L"(R?), where {& }1<i<m
are i.i.d. copies of &;

(A6) logp € (ranl(-,0))°, where I(-,0) refers to the function I with the last d — 1 variables fixed at
zero; let ¢ > 0 satisfy I(¢1,0) = log p, then (¢1,0) € (ranV log ¢¢)°.

Denote by ¢ = VI((¢1,0)), which is the value of A where the supremum (2) is attained at x = (¢1, 0).
The intuition behind the vector cs is explained by Figure 1 below. The assumption (A5) is crucial
for the non-degeneracy of the jumps. More precisely, (A5) implies that the support of & cannot be
contained in a proper subspace of R? and that & is non-lattice. Both conditions are necessary for
the BRW to be able to reach the target ball B,. A consequence of (A6) is that ¢¢ is well-defined in
a neighborhood of c3. We will see in Proposition 21 that (A3) and (A4) together imply (A6) with
C1 = C1.

3See e.g., Theorem 26.3 of [44].
4We say the law of £ is non-lattice if there is no y € R% such that the support of & 4+ y is contained in a discrete
subgroup of R%.
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Figure 1: A two-dimensional visualization of the vector co. The range of a (non-spherically symmet-
ric) BRW roughly grows linearly in time (illustrated with the shaded ellipses); at time 7., the ellipse
is nearly tangent to the target ball B, (shaded disk). Roughly speaking, the vector co is normal to
the tangent line.

1.2 Main results

In the following, we fix a dimension d > 1. Consider first the case of spherically symmetric
jumps. Let us define

A = — 1 .
(@)= L+ 2 2 10 )

For a finite set G, we use #G to denote its cardinality. Denote by S := {Vn > 1, #V,, > 0} the
survival event that the underlying branching process survives at all times. Since p > 1, we have
p:=P(S) > 0.

Theorem 1. Assume (A1)-(A4). Conditional upon survival, it holds that

d+2
Tz = A(x) + Op(loglog ) = % + eaes

log x + Op(loglog z). (4)

In other words, the collection {(1, — A(x))/loglogx},~0 is tight.

A natural question is whether the Op(loglogx) can be replaced by a Op(1), which we later
formulate as Conjecture 1. We discuss a few pieces of evidence that support this conjecture, and
further aspects will be discussed in Section 5. First, this is the case for d = 1 (Proposition 7 below)
and for the branching Brownian motion in R? (Theorem 1 of [54]). A second piece of evidence is
the following tightness result on first passage times that is also central to our proof of Theorem 1.

Theorem 2. Forr € (0,1) and x > 0, let tgf) be the r-th quantile of the first passage time 1., i.e.,
) = inf{t : P(r, < t|S)>=r}. Assume (A1), (A2), and (A6). There exist constants C,c > 0
independent of x such that for each y € [0, z],

P (m — /D] 5y | S) < Cev. (5)



In particular, conditioned upon survival, the collection of laws {1, — tg)}mw is tight for each r €
(0,1).

The analog of Theorem 2 for the maximum of BRW traces back to [21] and [41], which assumed
uniformly bounded jumps. The case of unbounded jumps was later resolved by [15] and [16] using
a different approach. Theorem 2 generalizes these results to the first passage times of BRW in
arbitrary dimensions. In this setting, for the jumps, we only require mean zero and assumption
(A6). Since (A3) and (A4) together imply (A6), Theorem 2 applies in the spherically symmetric
case as well.

Extending these results to the case of non-spherically symmetric jumps, we define

~ T d+2

A =S 0 o

where we recall the definition of ¢, from assumption (A6).
Theorem 3. Assume (A1), (A2), (A5), and (A6). Conditional upon survival,

-~ x d+2
T = A(x) + op(logz) = = + 5.0, 1.0) log 2 + op(log z). (7)
Z1 ’

In other words, the collection (1, — A\(ZC))/ log z converges to 0 in probability as x — oco.

There are certain instances for non-spherically symmetric jumps where the asymptotic (7) can
be improved. Such a class includes product measures and non-degenerate centered elliptical distri-
butions on R%.°> These will be addressed in detail in Section 3.2.

An immediate corollary of Theorems 2 and 3 is the following strong law of large numbers for the
first passage times.

Corollary 4. Assume (A1), (A2), (A5), and (A6). Conditioned upon survival,

T 1
— = = a.s.
x C1

As yet another consequence of Theorems 2 and 3 (while slightly modifying their proofs), the full
range of the BRW forms a dense subset of R?, complementing Corollary 2.5 of [43] that the full
range of the BBM is dense.

Corollary 5. Assume (A1), (A2), (A5), and (AG). Conditioned upon survival, the set

R:= U U {non(n)}

n=>0veV,

is dense in R* almost surely.
In Section 4, we test Theorems 1 and 3 numerically with a path purging algorithm that signific-

antly improves the computational efficiency for capturing the extremal behavior of a BRW.

1.3 Proof strategy

In this subsection, we discuss the high-level intuition of the strategy we will follow, building from
the case of d = 1. Throughout we condition on the survival event. We first assume the jump is

5We say that a centered random variable & follows a non-degenerate elliptical distribution if & 12 DU where U is
spherically symmetric and T is an invertible linear transformation.



spherically symmetric. For one-dimensional BRW, we expect the following parity relation between
maximum and FPT. Recall that the asymptotic for the maximum M, at time n is

3
M, =m, +Op(1), where m, :=cn— e log n. (8)
C2
Inverting (8) leads to the asymptotic (e.g., using the Lambert W function)
M,
n=— log M,, + Op(1).
C1 26261

It is then natural to guess that for one-dimensional BRW,

Tz = my(z) + Op(1), where my(x):= :_1 + Senc

log z, (9)

which we will prove in Proposition 7 below in Section 2.1. Recall (3). Let us decompose A(x) =
m1(z) + ma(x), where

ma(x) := A(x) —my(x) = log z. (10)

For a general dimension d > 1, we shall explain the extra term ma(z).

The main difficulty in analyzing the first passage times in higher dimensions is that the second
moment method does not immediately apply if one counts the number of particles in the target ball
B, at a certain time. To bypass this difficulty, we prove separately the upper and lower bounds for
T

A key step in these bounds is Proposition 8, which keeps track of the number of particles that
are near the frontier (say, a distance of logn away) for a one-dimensional BRW. Roughly speaking,
there are around xe®2”® many particles that are of a distance x behind the frontier, where z < logn.
This amounts to generalizing the proof of the asymptotic of the maximum (8); see [13]. A notable
distinction is that unfortunately, one cannot conclude from the second moment method the lower
bound for the number of particles near the frontier with overwhelming probability. Instead, one
only concludes the lower bound with a uniformly positive probability. This gap can be filled using
Theorem 2, which shows that a uniformly positive probability would already be sufficient.

A particularly nice feature of the spherical symmetry of the jumps is that the displacements
in different directions are approximately independent (likewise, the same result Theorem 1 holds if
we instead assume independent centered jumps in the d directions). In particular, at time n, one
roughly expects a proportion O(n~(@=1/2) of the particles that lie within unit distance from the
origin in the last d— 1 dimensions. In other words, one expects that the first passage event is realized
around the time when z(4=1)/2 particles reach a distance of z for the R?-valued BRW projected onto
the first dimension; see Figure 2 below. On the other hand, by (8), the extra time of mg(z) from
(10) pushes the frontier ahead by a distance of approximately c1ma(z) = (d —1)(logx)/(2¢2), which
amounts to having approximately z(?=1/2 extra particles in view of Proposition 8.

If the jump distribution is not spherically symmetric, applying similar arguments above (with
Proposition 8 replaced by Theorem B of [11] and Proposition 10 by Proposition 17; we omit the
details here) will lead to

7 = = + Op(log), (11)
1

where the corresponding upper and lower bounds for 7, are separated by an order of logx. To pin
down the coefficient of the logarithm correction term, we extend the arguments for the maximum
of one-dimensional BRW ([13]) with a modified barrier. The modified barrier event lies in R? and
hence results on random walks in cones ([23]) are applicable. Note that the same proof also applies
for the spherically symmetric case, but would yield less precise asymptotics compared to (4) (an
op(log z) instead of an Op(loglogz)).
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Figure 2: Schematic description of the heuristic for spherically symmetric jumps: around a propor-
tion 2~(4=1/2 of the particles that reach roughly = far in the first coordinate (represented by blue
dots) lie in the ball B,. The path in red represents (part of) the trajectory that realizes the FPT,
whereas the other branches are shown in black.

2 Proofs of main results

This section is devoted to the proofs of the main results. We will first analyze the simple case
of d =1 in Section 2.1, where a precise asymptotic of the FPT follows directly from inverting the
maxima asymptotic (8). We then collect the necessary tools in Sections 2.2.1 and 2.2.2, and prove
Theorems 1 and 2 in Sections 2.2.3 and 2.3 respectively. The case of non-spherically symmetric
jumps (Theorem 3) will be addressed in Section 2.4, where we also summarize preliminary results on
random walks that are constrained to stay in a cone. Section 2.5 presents the proofs of Corollaries
4 and 5.

We begin by introducing some necessary notations. Following [13], we let {1, (k) }k=0,... » denote
the d-dimensional random walk where 7, (k) is the position of the k-th generation for the path
in the tree leading to the vertex v on level n, denoted by v € V,,. We also let 1, (k) denote the
first coordinate of 1, (k). When d = 1, these notions coincide. For deterministic quantities or
functions A, B, We use Vinogradov’s symbol A < B (or A = O(B)) to denote |A| < CB with some
constant C' > 0 that depends only on the distribution of £ and the dimension d. We write A < B
if A<« B < A. The notation ||| always denotes the Euclidean norm. We use Bx(r) to denote the
shifted ball of radius r centered at x € R%, By = By (1), and B, = B(y,0) for z € R.

2.1 Warming up in dimension one

For 8 > 0 and n € N we define the event

Gusm U U o > 222 1 54+ L togtminhn - 1) |

veV, 0<kn

Lemma 6 (Lemma 2.4 of [13]). Assume conditions (A1), (A2), and (A4), and assume that the
jump distribution is non-lattice. It holds that P(G, ) < Be™ 8.



Proposition 7. Suppose that a one-dimensional BRW satisfies conditions (A1), (A2), and (A4),
and that the jump distribution is non-lattice. We have

x
T = ma (@) + Op(1) = o * 2¢a0q

logz + Op(1).

Proof. For the lower bound, we fix £ > 0 and pick g large enough such that P(G,, g) < €, by means
of Lemma 6. In other words, with a probability larger than 1 — ¢, all trajectories of the BRW stay

below the curve
km,,

k—

4 .
— 6+ a(log(mm(k, n—k)))+.

It is clear that with C; = C1(8) > 0 chosen large enough,

km., 4 .
Lomax (T +08+ a(log(mm(k,m - k)))+) < .
This yields P(7, < mi(z) — C1) < P(Gr ) < €, proving the lower bound.

For the upper bound, we fix ¢ > 0. Pick Co > 0 such that P(M,,, (z)+c, > =) > 1 —¢/3 by
(8). Using the same analysis for the lower bound, there exists C3 > 0 such that P(M,,, 2)+c, >
x + C3) < ¢/3. Therefore, with probability > 1 — 2¢/3, there is v € V,;,,(2)4¢, such that z <
No,ma (2)+C (M1 (2) + C2) < x4 Cs. Since the distribution of § is non-lattice, by the Theorem 2 of
[42], the random walk initiated from v is recurrent, and hence there exists Cy > 0 such that the
descendants of v reaches [z — 1/2,x + 1/2] with probability > 1 — ¢/3 within time Cy. Combining
the above leads to P(7,, > my(z) + C2 + Cy) < €, as desired. O

2.2 Proof of Theorem 1

We now present the proof of Theorem 1 for d > 2, conditioned on Theorem 2. The proof of
Theorem 2 will be the focus of the next section. The following auxiliary results are necessary as
explained in our proof strategy.

2.2.1 The number of particles near maximum

The goal of this section is to prove the following result on the number of particles near the frontier
of the BRW, which might be of independent interest.

Proposition 8. Assume (A1)-(A4). There exists L > 0 depending only on the law of the BRW such
that the following holds conditioned upon survival. Given any e > 0, there exists C > 0 independent
from n and x such that uniformly for n large enough and for x € [2,/n],

P(#{v eV, :nunn) Z2m, —z} > Cre?* | S5) <e (12)
and
1 1
P (#{’U eV i nyn(n) =m, —x} > Execﬂ | S) > (13)

Remark 1. Proposition 8 may be compared against [11, 45], where it is proven that for a location
that is Q(n) away from m,,, the number of particles therein has the same order as its expectation.
Proposition 8 shows that this is not the case for locations that are O(y/n) near m,. On the other
hand, the number of particles that are O(y/n) away from the origin can be described by the BRW
central limit theorem [10]. An interesting question would be to analyze the phase transitions between
those regimes. We also expect that (13) holds if we replace its right-hand side by 1 — ¢, but the
current version suffices for our purpose.



Following the setup of Section 2.2 of [13], we introduce \,, which is the value of A where the
supremum of (1) is attained with & = m,/n. By (15) of [13], it holds 0 < ¢3 — A\, < (logn)/n. Let
Q™ be defined by

AP (e (m)—mn)—nI(ma/n) — o 3/2 —n—An(en () —mn)
Q™ =e =n>*p"e . (14)

It follows that under Q™ {Nvn(k) = kmp/n}r=o,.. n is a mean zero random walk. Let

km.,,

4
Qn,g = {v €V, : forany 0 < k< n, nua(k) < +6+ c—(log(min(k,n - k)))+}
2

and define
g9(n, B, ) = E[#{v € Qn.p : No,n(n) Z mp — 2}]. (15)
We first reduce the proof of the upper bound (12) into proving the following estimate on g(n, 3, z).
Proposition 9. Assume (A1)-(A4). Uniformly in x € [2,/n],
g(n, B,z) < Bz + B)e™".

Proof of (12) given Proposition 9. For fixed C,e > 0, we pick S large enough so that P(G,, g) < /2
by Lemma 6. On the event Gy, 5, Qn,g = V. By Proposition 9, uniformly for n and z € [2,/n],

E {#{v €EVa i un(n) =my — x}]lgflﬂ < Bz + B)e™”.
Markov’s inequality then yields that for some L > 0,

P (G‘;”@ N{#{v € Vi, : non(n) = my — 2} > LB(x + B)e™"}) < %

This yields (12). O
Proof of Proposition 9. Consider a fixed v € V,,. We have

E[#{v € Qn,ﬁ : nv,n(n) Z My — fE}]
= pn]P)(v S Qn,ﬁv nv,n(n) = My, — -I)

z+pB—1
= Z pn]P)(v € Qn,ﬁv nv,n(n) € [mn +B8—-j—1,m,+p _]))
=0

By substituting i = 3 — j, the latter probability is precisely x5, ,,(i) defined below (15) in [13]. It is
proved in (18) therein the estimate

X (i) < B(B—i+2)p e,

where our assumption z < 4/n is used. This leads to

z+0
E[#{v € Qup : non(n) > my —a}] < Y B +2)e™ =77 < Bz + B)e,
j=0
completing the proof. O



Proof of (13). We apply the second moment method. Define

km,
Pn::{veVn: for any 0 < k < n, nyn(k) < n }
n

For x € [2,y/n] and v € V,,, define the event
Hyn(z) :={v € Py, nunn) € [my,—z,m, —x+1)}

and A, 5 =" 1y, (z)- It follows that

vEV,
H0 € Vi on() > i — 7} > A (16)
Let us first compute the first moment E[A,, ;]. Using (14), we have
P(H, n(2)) > n3/2p "Eq {e_)‘”("“"(")_m”)le,n(m)}
> 032 Eg [ 1y, (] = n*/2p "€ Q(H, ().
By the ballot theorem, in the form of Lemma 2.1 of [13], We have
Q(Hy () > n 32 max(z — 1,1) > n~%/ 2.
Combining the above yields
E[A, 2] = p"P(Hypn(z)) > x®”. (17)
Next we estimate the second moment E[AZ ]. Observe that by (A1) (see (29) of [13]),

E[Afm] < E[A, 4]+ p" Z P°P(Hy n(2) N Hy p(x) for v ~5 w), (18)

s=1

where v ~4 w means that the distance of v and w in the genealogical tree is equal to 2s. To bound
the latter probability we condition on the location of the common ancestor of v and w, 1, ,(n — ).
We have for v ~4 w,

P(Hy n(x) N Hyn(z))

(n —s)my,

e +1). —j))

oo ki,
< ZP (Uu,n(k) < 7: fork<n—s, nunp(n—s)— -
i=0

2
X sup P(TL,S,(E,y) )
yEl=(+1),—7)

<

where

(n—s+m,

P(n,s,z,y) :-P(nvyn(n—s—kﬁ)é for 0 < /< s,

10



With the same change of measure and ballot theorem argument as above, we get

(n—s)my,

n

fork<n—s, nynp(n—s)—

ke,
P(m,n<k>< o

< eB(nfs)(log n)/(2n)p7(n75)6)\nj

€l-G+1). —j))

x (max(1,n — 5))~%2 max ((m,_s — (n — s)mp/n+j),1)

< p~(178) An((3/(2¢2))((n=s)(log n) /n—log(n—s))+j)

xmax(( ”_Slog” 1og(n_s)),1>

<<p7(nfs)j662j73log(n s)/2+43(n— s) logn/(2n)

where in the last step we use 0 < ¢z — A, < (logn)/n. In a similar manner, (while using (6) of [13]),
we obtain the estimate

P(?’L, s, , y) < pfijecz(mfj)qLS((s logn)/n—log s)/2'

In conclusion, we arrive at

n oo

E[Ai,m] & re® 4 ZZjeczj73log(n75)/2+3(n75) logn/(2n)
s=1 j=0

% (jxe(32(m—j)+3((s logn)/n—log s)/2) 2

n n3/2e(35 logn)/(2n)

< C2z+ 2 2cox < 2 2621 19
SR D vy A 19)

where in the last step we argue similarly as in the proof of Lemma 2.7 of [13]. Combined with (16),
(17), and the Paley-Zygmund inequality leads to (13). O

2.2.2 Large deviation computations

In the following, we let {(X,,Y,)}jen be a sequence of i.i.d. random variables with the same
distribution as €, and (X,Y) = 37, (X;,Y;). Recall the definition of m,, from (8).

Proposition 10. Fiz a large constant C > 0 and a dimension d > 1. Suppose that the R*-valued
random variable & satisfies conditions (A2)—(A4) from Section 1.1.

(i) Uniformly for any positive sequence u(n) < Cy/n and any ¢ = ¢(n) € [—Clogn, Clogn],

P(Y € Bo(u(n)) | X > my, +¢) < u(n)dtn=@=-1/2, (20)

(i) Fiz a(n) — oo and a(n) = o(logn). Uniformly for y with |y]] < Cyn and ¢ €
[-C'logn, Clogn],

P(Y € By(1) | X € [my + ¢, mp + ¢+ a(n)]) > n~(47D/2, (21)

(iii) For any e > 0, there exists K > 0 such that uniformly for ¢ € [-Clogn, Clogn],
P(Y € Bo(K+v/n) | X > m, +c¢) <e. (22)

The proof of Proposition 10 is deferred to the appendix.
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2.2.3 Proof of Theorem 1 conditioned on Theorem 2

Recall (3). Let us define

Aq(z) = A(z) + 2 loglogx, As(z):= A(z) — € loglog x.

C2C1 C2C1

In view of Theorem 2, it suffices to prove that for any a(z) that tends to infinity, and any ¢ > 0,
there exists N > 0 such that for any x > N,

1
P(r, > Ai(w) +a(z) <1- 7 (23)
and
P(r, < Aa(z) —a(x)) < e. (24)
In the following, we fix € > 0 and a(x).
Proof of the upper bound. Define
d—1 1
a(z) = 20, logx — . loglog x + cra(x)
and
W, = {’U €V :inun(n) € (mn — a(x),mn> X Bo(\/E)}.
We first prove that for z large enough and some large constant L to be determined,
1
P(#Wiogz)2 < Liz!?™D/%) <1 I (25)

Indeed, let
Wn = {’U eV, imunln) € (mn — a(:t),mn>}.

It follows from Proposition 8 that for x large enough, ]P)(#Wn < Lyz4=Y/2) <1 —1/L. Moreover,
a union bound gives that out of Liz(?=1/2 particles in Wn, the probability that the last d — 1
coordinates fall outside Bo(y/z) for some of them is at most Liz(?~V/2P(||Z|| = v/z/logz) = o(1),
where Z denotes a standard Gaussian random variable on R~1. This proves (25).

The plan is to evolve (on the event of (25)) the L1z(4=1)/2 particles in Wijog)2 (independently)
so that at least one of those families has a descendant landing in B, at time A;(z) + a(z) with
high probability, where we recall that B, is the ball of radius one centered at (x,0). Let us now fix
w € Wiiog z)2. Define 7/(z) := Ay (x) + a(z) — (logz)? and

p(’w) =P ("71;,7’(1)(7'/(33)) € B, — nw,(logm)z((log ‘T)Q) for some v € VA1($)+a(w)—(logm)2) s

which is the probability that at least one descendant of w lands in B, at time A;(x) + a(x). Here
and later, we will without loss of generality assume that quantities that tend to infinity are integers.
By independence and by picking the constant L; in (25) large enough, it suffices to prove p(w) >
z=@=D/2 for w € Wiiog z)2- Since nw,(logz)2((10g$)2) € (Moga)2 — (), M(10g )2) and M (zy =
T — (M(10g z)> — (), by the main result of [39],

1
P (77@,7-’(1)(7'/(95)) € Bw(l) - nw,(logz)z((log :E)Q) for some v € VAl(z)Jra(m)f(logm)Q) = z
Conditionally on existence, applying Proposition 10(ii) to the particle v € V4, (2)+a(2)—(logz)? With
No,rr () (T (%)) € Ba(1) = Ny (tog )2 (log 2)?) leads to p(w) > x~@=V/2 /L. This establishes (23).
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Proof of the lower bound. Our goal is to bound P(7, < As(z) — a(z)) from above. According
to Propositions 8 and 10, at time Ay(z) there will be less than O(1) number of particles that lie in
[z,00) x Bg(1) in expectation. We need to argue that other particles that stayed in B, earlier but
currently do not stay in [z, 00) x Bg(1) do not contributed asymptotically. This is because most of
the O(1) particles will arrive not much earlier than m4 () 4+ mz(x), and will not move quickly.

Consider n = As(x). Recall that ¢ > 0 and a(z) — oo are fixed. We define T, () := min{0 <
kE<n:nyn(k) >z} and for an integer j € [a(z), ma(x)],

Vi, = {U e Vo : Ty n(z) = Asz(x) —j}.
It follows from Lemma 6 that for any € > 0, there exists Ly large enough such that
P(r, < Az(z) — a(z))

ma(x)+L2

<P U U U {nun(k) € Bo} | +P (May(2)—mo(a)—L, = T)

=a(z) vEVn,; Ty n(z)<k<n

ma(x)+La
e
<Y U U umesy)+= (26)
iZa(e)  \VEVa, Tym(@)<ksn

Let us further decompose the event {n, (k) € B,} depending on the location at the first time the
random walk {0, (k) }o<k<n Teaches [z, 00) x R4~1 whether 1, ,, (T, n (7)) € [x,00) X Bo(csj) with
some c3 > 0 to be determined.

First, with j fixed,

P U U {nv,n(k) € B;Eu nv,n(Tv,n(x)) € [LL',OO) X BO(CSj)}

vEVn,j Ty,n(z)<k<n

<SP {J {(mon(A2(2) = j) € [2,00) x Bo(esj)}
vEVy,;

=P U {nv,Az(m)fj(A2(x) _j) € [JI,OO) X BO(C3j)}
VEVA(2)—j

Using Proposition 8 (while adjusting the proof suitably), we see that for some L3 > 0,

. 2 —cac1] — _g
P (#{U € Vias(@)—j * Mo, As(a (AQ( y—j) =zt > L332e 217, (d 1)/2> < TrER

Applying Proposition 10(iii) and the union bound then yields

P U {as@)—i(A2(@) = ) € [2,00) x Bolesi)} | < — 10 — + Lyj%e 2V (c35)" "
VEVas (2)—j

Second, using that j > a(z) and a(z) = oo as © — oo, as well as Theorem 3.2 of [29], we have for
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some cg, cqg > 0 large and independent of x, such that for all x large enough,

P U U {Mv,n(k) € Bz, Non(Ton(z)) € [2,00) X Bo(csj)}

VEVn, j Ty, n(z)<k<n

(1501 > (ca - 1)3)

Lo (e —1)j
<dP v, J)| 2 —F=—
(sl (] > 2
e dle,
Inserting the above estimates to (26) leads to

Z (10 5+ Laj?e ™2 (c3f) ™! +e” J/m)'

j=a(z)

P(r, < Ag(x) —

rlklm

For any € > 0 and a(x) — oo, the right-hand side is < € for = large enough. This completes the
proof of the lower bound (24).

2.3 Tightness of first passage times: proof of Theorem 2

We build upon ideas from [41], while in contrast, we do not assume uniform boundedness of
the increments.® In the following, we write C;,C5,Cs, ... as large constants and cs, ¢4, ... as small
constants that may depend on the law of & and the branching rate.” Here, we do not assume that
& is spherically symmetric. We start with a few preparatory lemmas.

Lemma 11. Assume (A6). For any C1 > 0 and cg > 0, there exists Co > 0 such that the
following holds for k large enough: let (X;,Y;) be a sequence of i.i.d. random variables with the

same distribution as €, C' > Ca, and (X,Y) = ZJC:kl (X;,Y;). Then uniformly for k >0 and z € R?
such that ||z|| < Cik,
P((X,Y) € B,) > e k.

The proof of Lemma 11 is deferred to the appendix.

Lemma 12. There exist some Cs,cq > 0 such that for k > 1 large enough,
P(#{v € Vioyk : Mo.0sk(Cak) = k} < e“F | S) < ek,

Proof. We first claim that for any cs > 0, there exist cg,c7 > 0 such that uniformly for n large
enough,

P(#{v € Vi : |[non(n)| < esn} <e®™ | S) < e . (27)

Indeed, given cs, let cg = ¢5/(6dc1) where here ¢, stands for the maximum linear speed of the BRW
across all d directions, so that by Theorem 3.2 of [29],%

P (30 € Vegns Imucan(esm)| > ) < ™7, (28)

6In fact, we expect that our approach also leads to a concentration result for the maximum of BRW without
assuming uniform boundedness of the increments.

"Not to confuse with the fixed constants ¢, ca defined in Section 1.1.1.

8Theorem 3.2 of [29] is stated in the Schréder case, where po + p1 > 0. However, the proof for the upper bound of
the large deviation probability does not rely on this assumption; see Remark 3.3(b) therein.
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Conditioning upon the survival event S, with an exponentially small probability we have that
H#Vean = €™, Evidently, each v € V., will lead independently with probability > 1/2 to a particle
w €V, where |0y n(n) — Nwn(csn)|| < csn/2. This along with standard binomial estimates proves
(27).

We continue to the proof. We apply first (27) with n = k and ¢5 = 1. Outside a set of
exponentially small probability, we may consider a subcollection of e“* particles in {v € Vj :
Mok (k)| < k}, which we label by v;, 1 < j < e®*. We next evolve the particles v; independently
and check if they reach k£ in the z-direction. It suffices to consider the presence of the particles
evolved from v;, 1 < j < e in a ball of radius one and at most k + k + 1 < 3k apart (from the
locations of v;). By Lemma 11 applied with C1 = 3 and ¢3 = ¢6/2, for each j we have for some
Cy > 0, with w; denoting the location of (a fixed descendant of) v; after time Csk, that

P(’LUJ‘ € [k,oo) X Rdil) > ]P(wj € B(k-{-l,O)) > e osk/2, (29)

Note that such a fixed path exists for at least half of v;’s with overwhelming probability. In conclu-
sion, we evolved at least e°* /2 many particles independently at time k for time Cyk, each resulting
in a probability of > e~%*/2 to land in [k, 00) x R?~!. A standard binomial estimate yields that
with overwhelming probability, there exist e“6*/4 particles at time (C5 4 1)k present in [k, oo) x R?~!
(conditional on survival). This completes the proof. O

Lemma 13. There exist constants c1g9, Cy > 0 such that for x large enough,
P(r, > Cyx | S) < e 107,

Proof. The proof is almost the same as Lemma 12, by replacing & by z and using the second
inequality of (29) only. O

In the proof of Theorem 2, we wish to use Lemma 13 to bound probabilities of the form P(7, >
a, 17, < ), where 8 < . This is intuitively possible since we may run the particle v, that reaches
By and bound the probability that it never reaches B, in a time longer than o — 3, where we have
used the strong Markov property of the random walk. There is, however, a subtle issue for the
survival of the branching process initiated by the particle v,, as this event is almost independent
of the survival event S we are conditioning on (in the proof of Theorem 2). We will bypass this
difficulty by excluding this termination event a priori, or by first having an exponential number e“”
of particles in By instead of a single particle v,,.

Recall our notations beginning Section 2 and denote by ¢ =1 —p =1 —P(95).

Proof of Theorem 2. Pick C3 and ¢4 as in Lemma 12 and let § € (6_013/(203), 1) for some ¢;3 > 0 to
be determined. For z,y > 0, let

s=s(z,y):=inf{t > 0:P(rp, <t|S) > dY}.
It follows that P(1, <s—1|.5) < ¥ and
P(ry > s+ 1) <1—pd¥ < exp(—pd?). (30)

Let k = y/C5 and set C5 > a + Cg + Cr, all to be determined. Denote by Tiil}c) the waiting time
until e“''* many particles reach the ball B, ;. Now note that

Pﬁ@>s—1)gP@—1<Tr<s+C%ﬂ+P(é$?>s+%%k+1+CM}@

(31)
—HP’(TI > s+ Csk, Tiil,lc) < S+C3/€+1+Cﬁc7/€)-
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We first decompose the second event T(C“) > s+ C3k+ 14 CsCrk of (31) depending on the number
of particles at time Cs3k that lie beyond k: in the z-coordinate. On one hand, by Lemma 12,

P(#{v € Vegr : o,cak(C3k) =k} < e“F) < g+ o(e™ "),

On the other hand, on the event that #{v € Vo,k : Mu.csk(C3k) = k} > e we may label ec1*
many particles by {vi};ciceear. Our goal is to show that the probability that fewer than e'* of
{vit1<igeesr Teach B, in the period of time [C3k, O3k + s + 1 4 CgCrk] is small. Note that the
trajectories for each ¢ in the period [C3k, Csk+ s+ 1+ CsCrk] are independent and equivalent in law
to a BRW trajectory initiated at 1, c,x(Csk). A technical difficulty arises, however, as the events
of reaching B, are not monotone in z in dimensions d > 2. It would be nice if we had stochastic
monotonicity for 7, in z (as in the one-dimensional case), but this appears out of our reach. Instead,
we use the following argument to bypass this technical difficulty.

Recall that each 7,, c,x(C3k) = k, and the notation x = (z,0...,0) € R% By a standard large
deviation estimate on the last d — 1 coordinates of 0., c,x(Csk) and using the triangle inequality, we
may assume that ||x — 9y, o,k (C3k)|| < x4 Csk for all 1 < i < e“4* by losing an event of probability
O(e~“12F) with ¢4 chosen small enough. Similarly, we may assume 7, c,x(Csk) < Cgk with an
overwhelming probability of at least 1 — O(e~“12¥) (since there are e“** many particles in total and
we can apply a union bound). As a consequence,

P (V1 <i< e, 2 — Csk < [|x — 0,00k (C3k) || < z+ Csk) =1 — O(e™2F).

For each 1 < i < e“* | consider the set of x;’s such that ||x; — 1., .c,x(C3k)|| = z. Selecting Cs > Cj
and on a set of overwhelming probability of at least 1 — O(e~“12) we can select x; such that
x — xi|| < Csk. For z € R, we denote by 7, the FPT to the ball of radius one centered at z.
By Lemma 13 applied with Cy = C7/2 and picking C7 large (and without loss of generality, a p/2
proportion of the e4* many particles do not terminate, by losing an exponentially small probability),

(#{1 1< 5604797 T, Csk(C'gk) >s4+14 CﬁC7/€} > ecuk)
(#{1 < { < 9 C4k7 Txi*nvi,c3k(C3k) > s+ 1} > 601176) + O(e_clzk)
p

N <i < Ee M, g a2 8+ 14 CoCrhy T cpu(cu) < 5+ 1)

/A

<P (#{1 <1 gec4k

k
’ sz'—mi csk(Csk) zs+ 1} =z e )

+ Z (TC k1~ 0607k) + O(e12F)

1<iLecak
<P (Bin(gec“k,]P’(Tm >s+1)) > ecnk) + eCikemerok O(efcmk).

Here and later, we use Bin(n,p) to denote a generic binomial random variable with n trials and
success probability p. By choosing ¢4 and then ¢1; small enough and using (30), we obtain that the
above satisfies

P (Bin (ge“k,P(Tz > s+ 1)) > ecnk) + elea—cr0)k 4 O(e=12F)
< exp(—pd¥e#F) + O(e k),
Inserting back to (31) and using Lemma 13 on the second term of (31), we have
P(1, > s — 1) < ¢+ exp(—pd¥e”2F) + O(e™ %) + P(s — 1 < 7, < s + Csk). (32)

Since 6 € (e=¢3/(2%) 1) and k = y/Cs, for y large enough we have exp(—pd¥e13*) < §¥. Thus, we
conclude from (32) that

P(ry > s+ Csk) < g+ Oe™“%Y). (33)
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For ¢ > 0, using the fact that P(#V,, > 0| S¢) = o(e~°*¢™) (this is a consequence of Theorem
13.3 of [5]), we obtain

P(1y > s+ Csk) = pP(1p > s+ Csk | S) + ¢P(mw >y, #V, =01 5°) (34)
2 pP(re > s+ Csk | 5) +q(1 —o(e”*Y)) = CoP(re <y, 5°).
Again by using P(#V,, > 0| 5¢) = o(e~“*¢™), we have for some c17 to be determined later,

P(r, <y, 59 <o(e” 7)) + P(7, < c17y)-

Recall that M,, denotes the maximum in the first direction of the BRW at time step n. Using Lemma
5.2 of [29], it holds that for M; denoting the maxima of #V; many independent random walks,

c17yY ci7y

P(r. < c17y) ZP )QZ]P)(MJ>:17)
j=1
It is straightforward to show using a Chebyshev argument that uniformly for y < x, with ¢y7 small
enough, the right-hand side is bounded by e~¢18¥. Inserting into (34) yields
P(rp > s+ Cs5k) =2 pP(r > s+ Csk | S) + ¢ — Croe™ 9V,

Using (33), it then holds that
P(ry > s+ Csk | S) < e™ 19V,

We conclude that for y < z large enough,
Ps—1<1,<s+Cs5k|S)=21-06Y—0(e ) > 1—0O(e” ).

Therefore, for some yo > 0 large enough, P(s — 1 < 7, < s+ Csy0/Cs | S) > 4/5, so that
s—1< #(1/2) < s+ Csy0/Cs. For y > 2C5y/Cs, we then have

C
i (m — (/D] 5 g | S) <1-P <s 1<, <s+ g + 5y0 | s> O(@e~c20Csy/(2Cs)),

This establishes (5). O

2.4 Proof of Theorem 3

First, let us recall our notations. Let A(A) = log¢e(A) = logE[e*%] and I(x) be its Fenchel-
Legendre transform, which coincides with the large deviation rate function for the jump distribution
&. The unique positive solution to I(¢1,0) = logp is given by ¢;. Our goal is to prove that
72 = A(z) + op(log ), where

~ T d+2
Aa) = Z 4 (—22 Vioga
@) =7+ (26@11(61,0)) 8T

2.4.1 Random walks in cones

For estimating 7., we need a few preliminary results on random walks and Brownian motion in
cones. The intuitive reason why random walks in cones come into play is explained in Figure 3.
In this section, we try to be self-contained and summarize only the necessary results. We refer to
[6, 19, 20, 23] for more background on this topic.
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Figure 3: Visualization of how random walks in cones are related to estimating first passage times.
The first passage time 7, is roughly the time when the growing range (illustrated with the shaded
ellipses) of the BRW becomes tangent with the target ball B,. In our proof, we will construct
moving cones (that are circular centered in the direction —cg in the sense of (35); the boundaries
are indicated by the blue lines) and show that with high probability, the range of the BRW always
lies within the moving cones.

We first fix some notations. Let {U;};>1 be i.i.d. copies of U = (Uy,...,Uy) in R? and S,, =
Ui +- -+ U, denote its partial sum. Consider an open connected subset & C R? and let K be the
cone generated by the rays emanating from 0 € R? that go through &. For z € K, let

X —min{n>1:24+8, ¢K}

be the first passage time of the random walk {S,},>1 to K¢, starting from z € K. Similarly, let
7EBM he the first passage time of the standard d-dimensional Brownian motion to K¢, starting from
z € K. We will frequently consider cones that are circular (in the sense of [20]), that is, of the form

Ko(v) :={z€R?*:0< 0 < al, (35)

where a € (0,7),0 # v € R and 6 = 6(z,v) is the angle between nonzero vectors z and v in R%.
In the case v = (1,0), we may write K, = K,((1,0)).
The following result combines several results of [23].

Lemma 14. Suppose that U is centered, non-lattice, and E[U;U;] = Lgi—jy- Let x,y € K. There
exist positive functions V'V satisfying max(V (x),V(x)) < C(1 + ||x]|)P and

V)V(y)

P(x + S, € By, 7¢ >n) < nptd/2 (36)
where p = p(K) is such that P(TISBM > ) < t=2/2. Moreover, for firedy € K,
V(x)
P(x+SnEBy,TE>n)XW. (37)
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Proof. The asymptotic (37) is a direct consequence of (1), Theorem 6, and Lemma 13(b) of [23].
On the other hand, (36) follows from the derivation of Lemmas 27 and 28 therein, along with their
Theorem 1. The results in [23] are stated in the lattice case but non-lattice walks can be proved in
the same way. O

Remark 2. As commented in [23], if U does not satisfy E[U;U;] = 1;—;; but has a positive definite
covariance matrix, then the same results hold with K replaced by MK = {Mx : x € K}, where
V = MU satisfies E[V;V}] = 1;—j3.

The exponent p(K) is in general not explicit and is related to the smallest eigenvalue of the
Laplace-Beltrami operator; see [23]. However, it suffices for our purpose to understand the behavior
of p(K) when K is a circular cone that is close to a half-space. The following result shows that p ~ 1
if the circular cone K is close enough to a half-space.

Lemma 15 (Section 3 of [19]). Let o € (0,7) and z € K, be arbitrary. There exists a decreasing
and continuous’ function pa.q such that Prj2,a =1 and

E[(rE)1?2] < 00 = gqa< g

The following ballot-type lemma provides bounds when the cone is shifted by a function of time,
borrowing ideas from Lemma 2.3 of [13]. We do not attempt the sharpest bound here, but state the
minimal result needed for our purpose.

Lemma 16. Let v € RY v # 0, and a € (0,7). Let p = p(Ko(—V)) be the exponent defined in
Lemma 1/, p’' < p, and C > 0. Then uniformly in z,y € R? such that z —y € Ko(—v) and n € N,

P(S,, € By; V1 <k <n, Sy —y — Clog(min(k,n — k))1v € Ko(—v))

(L + [lz[)P( + llyl)” (38)
np’ +d/2 )

<

Moreover, uniformly forn € N, 1 < £ < n, and z,y € R? with z —y € Clog(min({,n — £)),v +
Ko (—v),

P(S¢ € By; V1 < k <4, S, —y — Clog(min(k,n — k))4+v € Ko (—V))

A+ [lz[)PA + liy])* (39)

< s

Proof. Let y = —y — (C'logn)v and z = —z — (C'log n)v. We have by using (36) of Lemma 14,

P(S, € B,; V1< k< n, Sy —y — Clog(min(k,n — k))1v € Ko(—V))
<P(S,€B,;VI<k<n, Sy —y— (Clogn)v € K,(—v))
=Py +8S,€BzV1I<k<n, y+ S, eK,(-V))
(14 [[yDP 1+ [|z])”

np+d/2

(L + Nyl + [l=1)?
np/+d/2 '

<

<

This completes the proof of (38). The proof of (39) is similar and is omitted here for brevity. O

9The continuity is not explicitly stated in [19], but follows from the continuity of the hypergeometric function.
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2.4.2 A large deviation computation

In the following, we work with a sequence {£; = (X, Y;)}jen of 1.i.d. centered random variables
in R that are not necessarily spherically symmetric but have densities belonging to L"(R?) for some
r > 1 and a positive definite covariance matrix V. Let A(X) = log ¢¢(A) = log E[e*¢] and I(x) be
its Fenchel-Legendre transform.!’ Let also ca = VI(z/n,0). By definition,

x x
Alcy) = -(—,o)—l(—,o). 40
(c2) =e2-( - (40)
We have the following counterpart of Proposition 10. The proof is similar and deferred to the

appendix.

Proposition 17. Fiz a large constant C > 0 and a dimension d > 1. Suppose that the R%-valued
random variable & satisfies conditions (A2), (A5), and (A6) from Section 1.1. Let (X;,Y;) be a
sequence of i.i.d. random variables with the same distribution as & and (X,Y) = >0, (X;,Y;).
Fixe>c>0.

(i) Uniformly for any ¢ = c¢(n) € [-C'logn, Clogn| and any x € [cn,En],
]P(Y c Bo(l) | X>a+ C) < e—n[(w/’ﬂ,o)—CQ'(C,O)n—(d—l)/2e’ﬂ](;ﬂ/n)+c]/(m/’ﬂ)' (41)

(i) Fiz a(n) — oo and a(n) = o(logn). Uniformly for y with |y]] < Cyn and ¢ €
[-Clogn,Clogn], and any © € [cn,¢n],

P(Y € By(1) | X € [t + ¢,z + c+ a(n)])

> efnl(z/n,o)fw~(c,y)n7(d71)/2enl(m/n)+cl’(m/n)' (4’2)
2.4.3 Upper bound of Theorem 3
Let € > 0 be arbitrary and
-~ T d+2+42e
=A = ———— | logu. 43
n=Ale) =7+ <2aa$11(a,0)> o8 (43)

Our goal is to show that the event {7, > A;(z)} has a small probability. Define ¢, := VI(z/n,0).
By definition,

Afes) = ¢ - (f,o) .y (%,0). (44)

n

We set up a barrier event. Pick a € (0,7/2) such that po ¢ = 1 +¢; cf., Lemma 15. Recall (35).
Let

P,: {UEV VO <k < nnvn(k)—k—XEK( )}

and let

Apa = > 15, @) = Z L{n, .(n)eB.} (45)

veP, veP,

be the number of particles lying in the target B, at time n = Al( ) that is controlled by the barrier
given by P,. The quantity An » serves as a lower bound for the number of particles lying in the
target B, at time n. As a consequence, it suffices to show that

P(A,.>1)>1/C (46)

10Not to confuse with the functions A and I for the first coordinate which is defined on R, since we may assume
d>2.
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for some C' > 0 independent of x, which in turn gives the upper bound for 7, by Theorem 2. We
compute first and second moments for A,, ;. Define

Qni={veVn: YO<k<nnun(k) € Ka(—c2)}.

Applying the change of measure (71) and using a similar change of measure argument as in the proof
of Proposition 17, we have

E[A, ] = p"P (v € Pyymun(n) € Bm) > pe M (@/m0)Q (v € Qu, Mo ()] < 1) :
By (37) of Lemma 14,
Q (v IS @n, 170.n(n)] < 1) = p Pad=d/2 o p—Paa—d/2

Here, we may without loss of generality replace ca by Mcy where Eq[(M§);(ME);] = 1y—;3. This
does not affect the analysis since an invertible linear transformation of a half-space containing 0 is
a half-space containing 0 and we are in a regime where p, g = 1; see Remark 2. Using (43), we have
the approximation

nI(E,O) _ logp$+ <(d+2+25)logp 3
n C1

d+2+2 I 1).
— 2.0, 1(21,0) (d+2+ 5)) ogx + O(1)

These altogether lead to

o~

E[An,m] > pnpfz/Elpf(d+2+2s) logm/(2€1811I(El,0))x(d+2+2s)/2x7pa,d7d/2 =1, (47)

where we used po g =1+¢€.

Next, we compute the second moment of A,, ,, following the same type of arguments that lead
o (19). Recall the definition of H, ,(z) from (45). By conditioning on the closest integer point to
Nun(n —s) € (n — s)x/n + K,(—c2) and applying (36) of Lemma 14, for v ~; w (recall that this
means that the distance of v and w in the genealogical tree is equal to 2s),
P (Hyn(2) N Ho(2))
< Z (e*(nfs)l(m/n,O)*CQ.y(max(l7n _ S))fpa,dfd/Z(l T ”y”)zpa,d)

yGKQ(fcz)ﬁZd

2
x (efsl(r/nyﬂ)wr(fy)Sfpa,rd/2(1 + ||y||)2pa,d)
< e (FI@/M0)(max(1,n — §)) Pea— /25 2Pasa—d Z €Y (1 4 ||y]||)0Pe-e.
yEKa(—Cg)ﬂZd

By the definition (35),

S ey =) Y ey

Y€K (—c2)NZd J=0 yeK, (—co)nzd
v (—c2)€lf,i+1]

oo
<Y eI (14 ) res < 1.
5=0

As a consequence and using p, ¢ = 1 + ¢, for v ~5 w,
P (ﬁvn(:v) N ﬁwn(:ﬂ)) < e (mHI@/m0)(max(1,n — §)) Pea=d/2g2Paia—d

< pf(n+8)$(pa,d+d/2)(n+5)/n(maX(L n— S))*;Da,d*d/QS*Q:Da,d*d_
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Therefore, by assumption (Al),

E[A2,] < ERn.]+ Yo" P (o (@) 0 Hyn(@) for v~y w)

s=1
<1+ Zx(p‘*’d+d/2)("+s)/"(max(l,n - s))_p“’d_d/Qs_zpﬂ’d_d <1,

s=1

where in the last step we argue similarly as in the proof of Lemma 2.7 of [13]. Combined with (47)
and the Paley-Zygmund inequality leads to (46). This proves the desired upper bound.

2.4.4 Lower bound of Theorem 3

Fix € > 0. Define
~ oz (d+2—2¢)logx

T o 2010,,1(¢1,0)

Our goal is to show that the event {7, < Ay(z)} has a small probability. We first consider the
number M, of particles in B, at time n = Ay(z). We find a € (0,7) such that Pa,a =1 —¢/2.
Recalling ¢ = VI(x/n,0) € Ry x R4 we may assume that x/n € K, (—ca). We may decompose
M, =37 _o My, where

k
My, = # {v € Vi i Mun(n) € By; VO k< n, nyn(k) € % + (k) + Ka(—CQ)} ,

where ¥, (k) := (C1 + C2(log(min(k,n — k)))+) ca for some Cy,Cy > 0 to be determined, and for
0<l<n—1,

k
My = #{v €V i nyn(n) € By V0 < k< L, myn(k) € % + Y (k) + Ko (—ca),

(¢+1)x

Mon({+1) & +Yn(l+1) +Ka(—02)}~

Denote by {S,, }»>1 the random walk with i.i.d. increments {&;};>1. Applying the change of measure
(71) and (38) of Lemma 16, we have

k
E[M, ] = p"P (Sn €B,;VO<k<n, S, € % + (k) + Ka(—CQ))

= ple ™M @/M0)Q (S, € Bo; VO < k < n, Sk € (k) + Ko(—c2))
< pne—nl(m/n,O)n—pa,d+€/4—d/2(1+Cl)pa,d
< I75/4.

Next, we bound E[M, (] for 0 < £ < n — 1. We condition on the location of 1, ,(¢), which may
take value in ¢x/n + ¥, (£) + Ky (—cz). This leads to

E[M,.¢] < p* > P (vo Sk<{ S, € bx Yn(k) + Ka(—c2), S¢ € Bu)
uez? "
u—(€x/nt4pn (£))EKa(—c2) (48)
{+1
x P (5 € —u+ (+ Lx + Y, (0+1)+ (Ka(—r:z))c) :
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We bound separately the above two probabilities for a fixed ¢. Applying the change of measure (71)
and (39) of Lemma 16,
kx
P{VOS k<Y, S, € — + (k) + Ko(—c2), Sy € By
= e 1OQ (VO < k < £, Si € (k) + Ka(—c2), St € Bu_sx/n) -
< e*ZI(U/l)n*pa,dJrs/ﬁlfd/?(1 + Cp)Pd
Ix

u— —
n

721275/4 6702~(u7€x/n)'

< p

On the other hand, since the moment generating function of £ exists in a neighborhood of ¢z, we

have for some § > 0,
P(¢ € B,) < e~ (19)e2x

It follows that for v € K, (—c2),

P(6 € vt 2+l +1) — 9ull) + (Ka(-c2)")

< exp <_(1 +6)  inf (c2 . (y vt % Fapa(f4+1) — ¢n(e)))>

yE(Ka(—c2))°

< exp (—(1 +90) inf  (c2-(y - V))) ;

yE(Ka(—c2))°

where we have used that (z/n,0) € (Ky(—c2))°.
Inserting the above estimates back to (48) with the change of variable v = u — (¢x/n + ¥, (¢))

leads to
EMed < 30w v (g ec (@)

)

veZINKy (—c2)

cow (<040t (e v-v)

ye(Ka(—e2))°

Kty et 2. [V 4+ apu ()] o2 )
j=0

vEZINKq (—c2)
infy ek, (—eg))e (C2-(y—V))ElF,5+1]

< 27/ max(1, min(¢,n — f))_CZH‘:?”2

o0
% Ze—(1+5)J Z [v]ee,
§=0

veZiNKy (—c2)
infye kg (—eg))c(c2 (y—v)) €l j+1]

where the last step follows from the definition of 1, (¢) and 1, (¢) < logn < logx. By elementary
geometry and properties of K, (—csz), for j > 0,

E [vle Y <« e .
veZiNKy (—c2)
infye kg (—eg))c(C2 (y—v)) € j+1]

Together we obtain
E[M,.] < 2~/ max(1, min(¢,n — ﬂ))_02|‘°2”2 Z e %
§=0

—¢/10 —Callez|)?

LT max(1, min(¢,n — £))
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We thus conclude with the following bound on E[M,]:

n n—1
E[M,] = Z M, < x=/* 4 g=5/10 Z max(1, min(¢,n — 6))7C2HC2H2.
£=0 £=0

With Cy picked large enough, we have E[M,] < 2~/1°.

The rest of the arguments is standard. Recall the weaker bound of (11). If a particle reaches
B, at time n — t where ¢t = O(log ), the probability that one of its descendants is located in B, at
time n is > (log z)~%. On the other hand, E[M,] < 275/1% = o((log z)~?). As a consequence, with
probability o(1), there is no particle present in B, before time n = A\Q(I) This finishes the proof of
the lower bound of Theorem 3.

2.5 Proofs of remaining corollaries
2.5.1 Proof of Corollary 4

Denote by 7,(r) the first passage time of the BRW to a sphere of radius » > 0 centered at
x = (z,0). Note that for a fixed r > 0, the proofs of Theorems 2 and 3 go through.
Using elementary geometry, we have

(1) > max(r(2), 7041 (2) (49
and
sup  7,(1) < min (Tn(%),Tn+1/2 (%)) (50)
2€[nyn+1/2]

Applying Theorems 2 and 3, we have for any fixed ¢ > 0,

(2 m(1/2) 1
ZP(T—()—r >5)+ZP(M—A— >a> < 00.

n ¢l n/2 c1
neN neN

By Borel-Cantelli lemma,
- o(1/2
7n(2) N Ai and M — ,\i a.s.
n c1 n/2 c1

Applying (49) and (50) then yields that almost surely,

limsupTz—(l) < i < lim inf 7'93_(1)

=~

T—00 X C1 T—0 &€

This proves Corollary 4.

2.5.2 Proof of Corollary 5

Denote by E,, the event that the range
R, = {nunn):veV,}

is not (1/n)-dense in (n/C2)Bo (meaning that there exists y € (n/C2)Bo with (y+(1/n)Bo)NR,, =
(). To bound P(E,,) from above, we need a slight modification of Theorem 3 that applies for balls
of radii 1/n instead of a fixed radius. By performing the same analysis in Section 2.4.3, we have the
upper bound

x
Tz, 1/n < a +C1 logloga: + OP(l)v
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where 7, 1/, denotes the first passage time to a ball of radius 1/n centered at (x,0) and C; > 0. We
need to show that ¢ is large in all directions. For a d x d orthogonal matrix ©, denote by ¢;(©) the
¢1 corresponding to the BRW with jump distribution ©&. It follows from assumption (A5) that the
domain of I contains a neighborhood of 0, and hence

inf1(0) > 0. (51)

Applying (51) gives that there exists Cy > 0, so that 7, 1/9 < (C2/2)z + Op(1) in all directions
0 € S¢~1. Therefore, by applying Theorem 2,

’n,/Cz n/c2
P(E,) < Y Ci*" sup P(rjime>n) < Y O e ™% <o/
j=1 6eSa—1 =1

for some C'3,Cy4 > 0. Thus ), P(E,) < co. The rest arguments follow in the same way as Corollary
2.5 of [43].

Remark 3. We expect that using a similar argument, one can prove uniform versions of (4) and (7)
under stronger assumptions on I. For instance,

d+2
(,\ v + log :C) ‘ — 0 in probability,
C1

©) " 20(0)0,,16(@(0),0)

sup —— ‘T@x —
©cSsd-1 IOg.I

where g is the large deviation rate function of ©¢.

3 Extensions and applications

3.1 The delayed branching model

In this section, we revisit the applications of BRW to modeling polymer networks. In partic-
ular, the FPT for the BRW to reach a unit ball at a distance of z can approximate the shortest
path (SP) between cross-links placed at a distance x away from each other in a polymer network.
Experimentally, obtaining the SP statistics is infeasible. However, extracting the SP statistics from
computational simulations of polymer networks using coarse-grained molecular dynamics (CGMD)
has been shown promising [50, 51]. As argued in [54], the SP statistics can be reproduced by FPT
statistics of a small variation of the classical BRW model (the reason of which will be explained
below), which we refer to as the delayed branching model.

Consider the classical BRW model satisfying p3 > 0 and pg + p1 + p3 = 1 (i.e., only branching
instances are into three particles) with a spherically symmetric jump distribution (for simplicity).
The choice of branching into three particles is to be consistent with the real polymer network being
modeled where branching represents the cross-link (bond) between two polymer chains. The first
particle would correspond to the continuation of the first polymer chain beyond the point of cross-
link whereas, the other two particles would correspond to the segments of the second polymer chain
(see [54] for a detailed description).

The classical BRW assumes that the three particles emerge from the same point. However, the
more realistic picture states that the first and second chains are displaced at the point of branching
due to the presence of the cross-link. The delayed branching model is a modification of such a BRW
process, where at each branching event (in which the particle was supposed to give rise to three
offsprings), a particle branches into two, and one of the two descendants branches again into two
particles in the next time step.!! That is, the branching event (into three particles) is broken into two
pieces, one of which is delayed by one step. Thus, each branching event consists of two sub-events,

11 A particle may die in each of the two branching sub-events.
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which we call types I and II respectively. Here, type I branching corresponds to the branching of
the parent, and type II branching corresponds to the branching of one of the two children born in
the type I sub-event.

classical BRW Delayed branching BRW
B”

Figure 4: BRW tree representations of polymer networks in the classical and the delayed branching
regimes. The red path from A to A” represents the first polymer chain and the blue path from B
to B represents the second chain that cross-links with the first. In the BRW tree genealogy, the
particles A”, B, and B” are the descendants of the particle starting from A.

We first derive the analogue for p (the parameter governing the growth of the number of particles)
in the classical BRW. By construction, the expected number N,, of particles in the delayed branching
model at time n satisfies

Nyt1 = p1Ny + p3Ny + 2psNy—1(1 — po). (52)
The characteristic polynomial of the recursive equation (52) is given by
2 — (p1 + ps)x — 2ps(1 — po). (53)

Denote the unique positive zero of (53) by

p= ! _2p0 + \/(1 _4p0)2 + 2p3(1 — po). (54)

In particular, N, = o

Let ¢; satisfy I(¢1) = log p where the rate function I is defined in (1), and ¢ = I’(¢1). We define
g(m) similarly as in (3) with ¢, ¢co replaced by ¢;, ¢a. The parameters ps and py are denoted by
%k and 7 in [54] respectively, where K represents the branching rate of the BRW and 7 represents
the death rate of the branches to account for the finite length of the polymer chains in the CGMD
simulation. Let 7, be the first passage time to B,.

Theorem 18. Assume (A3) and (A4) with p replaced by p. Conditioned upon survival, we have the
asymptotic
d+2

Tz = A(x) + Op(loglog x) = g—l + T log z + Op(loglog ). (55)

In other words, the collection {(7, — A(z))/loglog x}e>0 is tight.

Theorem 18 partially resolves Conjecture 1 of [54]. We sketch its proof below, which will be very
similar to the proof of Theorem 1. A key ingredient in the proof of Theorem 1 is the analysis of
the expected number N,, of particles present at time n, conditioned upon survival. If the branching
events are independent across layers, then NV,, = p™. On the other hand, for the delayed branching
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BRW, due to the two-step branching regime, the branching events are not independent. The following
two lemmas perform a similar analysis related to the number of particles for the delayed branching
model. In particular, the analogue for our expected number of descendants for each particle, p,
becomes p for the delayed branching model.

Lemma 19 (Lemma 5 of [54]). Conditioned upon survival, the expected number of particles N,, at
time n satisfies Ny < p".

Lemma 20. For 1 < s <n, let
Nyps = E[#{(v,w) € V2 : v~ w}]

be the expected number of pairs of particles at level n whose distance in the genealogical tree is equal
to 2s. Conditioned upon survival, N, s < p"*5 uniformly in 1 < s < n.

Proof. By Lemma 19, the expected number of choices of the common ancestor u of v, w is N, _ <
p"~°. We now fix u. Let S, denote the survival event of the underlying branching process initiated
from u. Let N, s and N, ; denote the number of particles initiated from u in s steps conditioned on
S and S, respectively. By a coupling argument, if « initiates a branching sub-event of type I,

E[Nu,s]]-S] P E[NAS]]-SH] = Ny < [)S.

Moreover, E[N, s1s] can be controlled by the expected number of particles without conditioning
upon survival, which is < p®. Otherwise, if v initiates a branching sub-event of type II, an extra factor
of 2 exists but will be absorbed into the asymptotics. Therefore we conclude that E[N, s | S| < p*
(that P(S) € (0,1) has been proven in Lemma 5 of [54]), and hence N,, s < p"~*(p*)2 = p" ™. O

We briefly identify the modifications required for the proof of Theorem 18. Note that the only
difference between the classical BRW and delayed branching BRW is the branching structure, i.e., the
underlying tree that describes the genealogy of the particles. Given that Theorem 2 holds, the proof
of Theorem 1 depends on such structure only through (17) and (18). The corresponding modifications
can be made by replacing p by g in view of Lemmas 19 and 20. The proof of Theorem 2 depends on
large deviation estimates for the maximum of delayed branching BRW in (28). Nevertheless, this
applies by performing the same proof as in [29] by comparing against the maximum of independent
random walks (Theorems 3.1 and 5.2 therein). The other changes needed in Theorem 2 are minor
and will be omitted for brevity, as the constants can always be adjusted to take into account the
delayed branching property. Otherwise, the proof of Theorem 18 is almost verbatim.

The same arguments apply for non-spherically symmetric jumps, where we instead assume (A1),
(A2), (A5), and (A6) and replace Theorem 1 by Theorem 3.

3.2 Finer asymptotics for non-spherically symmetric jumps

We discuss a few cases with non-spherically symmetric jumps where the asymptotic (7) can be
improved. The only instance where we explicitly required spherical symmetry of the law of € for the
proof of Theorem 1 lies in the proof of Proposition 10, where we apply the change of measure (65).
More precisely, applying the exponential tilt only in the z-coordinate in (65) does not guarantee
that the random variable & is centered in other coordinates under the new measure; cf. (71).

In certain nice cases, the non-spherically symmetric case can be analyzed using the same ap-
proach. Let I be the large deviation rate function for the jump &€ and ¢; be such that (¢, 0) = log p.
One may also define the constant ¢; that arose in assumption (A4) for a non-spherically symmetric
jump &, through the relation I(l)(cl) = log p where I(1) is the large deviation rate function for the
first marginal of &. If ¢; = ¢1, we can show using essentially the same proof of Theorem 1 that

T L d+2
¢1 2010.,1(¢1,0)

The following proposition gives a necessary and sufficient condition for this to happen for all p > 1.

log z + Op(loglog ).

Te =
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Proposition 21. [t holds that ¢; = ¢ for all p > 1 if and only if E[&; | &1] = 0 for all 2 < i < d,
where & denotes the i-th coordinate of the R%-valued random variable €.

Proof. Since IV is strictly increasing on its domain intersecting (0, c0), an equivalent condition for
¢1 = ¢ for all p is that I(l)(cl) = I(e1,0) for all ¢;. By definition, this amounts to

sup ()\101 - E[e)‘lgl]) = sup (/\101 - E[e)"s]) .
A ER A, AgER

Since the range of I’ is R, this is equivalent to

YA\ €R, inf E[e*¢] = E[eMé].
A2,..., AgdER

By taking partial derivatives with respect to A; at A\; = 0, 2 < ¢ < d, we obtain that for each

2 < i < d, E[¢eM&] = 0. Since this holds for all A\; € R, by the uniqueness of the Laplace

transform, we must have E[; | £&;1] = 0. The reverse direction is obvious by Jensen’s inequality. [

There is yet a different method to deal with distributions on R? that can be transformed into a
spherically symmetric distribution under an invertible linear transformation of space. Suppose that

I3 faw T(¢) for some spherically symmetric distribution ¢ and invertible linear map T. The FPT for
the BRW with jump & to B, is then equivalent to the FPT for the BRW with jump ¢ to T=(B,).
Since Theorem 1 holds with the radius of the ball replaced by any constant (with the same proof)
and T is invertible, we may without loss of generality replace T~1(B,) by Bp-1y, where x = (x,0).
This leads to

_ 77| d+2
al) 2600, 1¢(61(¢), 0)

Summarizing the discussions above, we arrive at the following.

log 2 + Op(loglog ). (56)

Tz

Theorem 22. Assume assumption (A1). Suppose that either of the following holds:

(i) the law of & = (&1,...,&q) satisfies E[¢; | &1] = 0 a.s. for all 2 < j < d, and satisfies (A2) and
(A4);
(ii) there exists an invertible linear transformation T on R with & faw T(¢) for some spherically
symmetric distribution ¢ satisfying (A2)—(A4).
Then the first passage time 1, has the asymptotic

T d+2

4 — 1 Op(logl . 57
& 500, (e, 0) 08 T Oellesloga) 57

Te =

Proof. By comparing (56) and (57), it suffices to show for case (ii) that

x |7
2@ - @ (58)
and that
61 ()0, Te(@1(€),0) = 61(C)0n e (@1(C), 0). (59)

Let e; = (1,0) € R%. By definition (2) and since T is invertible, I¢(x) = I¢(T~'x). By spherical
symmetry of ¢,

-1 61 ) T71 El 3 ~
<um&m—k(3ﬁ%§£§—k<£T%%$%>—Q@@mx
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proving (58). Denote the radial component of I by f. By applying the multivariate chain rule, we
have

890115(81 (é)a O) = VIC (Tﬁl(al (5)7 0)) ' 8901T71(/C\1 (é)a O)
_1(61(5)70)

— ' (l7-1(z T -1
=T @@ 00 e T
_ p@ey @I el
= 8%1[C(81(C)70) ||T7181H .
Combined with (58), this establishes (59). O

Condition (i) handles the case where the law of £ is given by a product measure. The condition (ii)
above is satisfied, e.g., for centered non-degenerate elliptical distributions. In particular, this applies
to non-degenerate Gaussian distributions, which we explicitly compute in the following example.

Example 23. Suppose that £ is centered Gaussian with an invertible covariance matrix ¥ = AAT.
In this case, & = A{ where ¢ is standard Gaussian. In this case, I¢(x) = x'¥71x/2, so that

1 = +/2logp/(X71)11 and Oy, I(¢1,0) = /2(log p)(X~1)11. By Theorem 22, we have

d+2
Ty = x + + log z + Op(loglog z).

V2logp/(X~1)  4logp

One can check indeed that this also follows from (56), using ||A~x|| = z+/(X~1)11 where x = (z,0).

4 Numerical analysis

In this section, we test Theorem 3 numerically. Since tracking the locations of all particles
in a BRW is time-consuming and memory-intensive, we introduce a path-purging algorithm that
removes particles that are highly unlikely to have descendants that realize the first passage time.'?
A preliminary version of the algorithm for spherically symmetric jumps can be found in Section 2.3
of [54].

Recall that I denotes the large deviation rate function of the jump distribution €. In the path-
purging algorithm, we purge along the normal vector

n = VI(,0). (60)

That is, we retain particles that have the ¢./2 largest inner product with n, where ¢. is a prefixed
large number. To intuitively justify this, suppose that a particle is found at x' = (2/,0) where
a2’ < z. The expected time for the BRW initiated at x’ to arrive at B, is around (z — 2’)/¢1. In
order for another particle located at x’ 4+ v to reach B, within roughly the same amount of time,

we need
e~ (@=a)I(1,0)/e1 _ —(z—a")I(@(x—x'—v)/(z—2")) /1

For small v, this holds if and only if v - VI(¢1,0) = 0, independent of the choice of z’.

If € is spherically symmetric, or satisfies condition (i) of Theorem 22, the normal vector n is then
parallel to the direction towards the termination site x = (z, 0).

In our implementation, we take q. = 9000 and consider BRW where particles only branch into
three (i.e., {t > 1 :p; > 0} = {3}) in dimension d = 3. At times, we also consider the delayed

12 An efficient algorithm that simulates the tip of one-dimensional BBM has been proposed in [18]. Unfortunately,
the arguments therein do not seem to carry over to general BRWs in higher dimensions.
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Figure 5: The numerical 3D BRW obtained ¢; compared against the reference calculations at different
ps for the (a) classical BRW and (b) delayed branching BRW with pp = 0.004. The mean of the
FPT at each x is computed from 2000 samples.

branching model from Section 3.1. We compute the first passage times for offspring distributions
with p3 € {0.05¢:1 < ¢ < 19} and p; = 1 — p3 (meaning py = 0, unless otherwise stated) while
varying x and the distribution of £&. We showcase the following two cases:

e In Section 4.1, we discuss the case where & is uniformly distributed on S2.
e In Section 4.2, we deal with Gaussian distributions with a general covariance matrix.

Finally, we note that the main result of [30] shows that there rarely exists an infinite path in a
one-dimensional BRW that always stays above the curve n +— (¢; — €)n for € > 0 small. While this
suggests that our path purging algorithm cannot be backed up by theory for a fixed g. as * — oo,
the simulations work effectively well in the regime where ¢. is quite large compared to x.

4.1 Uniform distribution on the sphere

Consider when ¢ is uniformly distributed in S2?, i.e., we are in the spherically symmetric case.
The statistic that we compare is the coefficient of the linear term for the estimation of 7, in (4).
For any given p3 € {0.05¢ : 1 < ¢ < 19}, in the numerical BRW simulation, we calculate the FPT
distribution at different offset distances, € {0.25L,, 0.5L,, 0.75L,, L.}, where L, = 65.5. The
mean FPT E[r,] is then fit to a function of the form

E[r,] = % + Blogz + C. (61)

The numerical implementation validates the theoretical predictions to the classical and delayed
branching BRW models, as shown in Figure 5. This also indicates that the numerical approximation
of path purging does not affect the linear coeflicient of the scaling behavior of the FPT distribution,
and can be used as a suitable approximation for carrying out the numerical BRW simulations. The
error between the theoretical and numerical implementation can be attributed to the limited range
of z over which the fit of (61) is executed. Figure 5 suggests that classical model requires a smaller
range of x for the FPT evaluation for a higher fidelity estimation of ¢; in comparison to the delayed
branching model. Figure 6(a) shows the FPT distribution at different . Figure 6(b) shows the
linear increase in the mean FPT (negligible logarithmic effect), whereas the Figure 6(c) validates
the asymptotic in (55) by showing a negligible change in the standard deviation of FPT distribution
with the increase in the offset distance, x.
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Figure 6: (a) The FPT distributions at different values of = for the classical BRW. The (b) mean
and (c¢) standard deviation of the SP as a function of z, respectively. The data points correspond to
x=0.1Ly;, 0.15L4;, 0.2L,, 0.25L,, 0.5L,, 0.75L,, L, and p3 = 0.0856 for the classical BRW, where
L, = 65.5. The mean of the FPT at each x is computed from 500 samples.

4.2 Gaussian distributions

Suppose now that the jump & is centered Gaussian with a positive definite covariance X.
We have A(A) = ATEA/2 and I(x) = x'%7'x/2. In particular, c; = VI(z/n,0) =
(E Y1a/n, ..., (X Hgx/n) and A(ce) = (z/n)%(X71)11/2. By (60), the normal vector n is a
constant multiple of ¥ ~'e;, where e; = (1,0) € R% If ¥ is diagonal (independent jumps), the
normal vector n is then parallel to the direction of the termination site x. This is the case in our
previous work [54] as opposed to the general case of non-spherically symmetric and dependent jumps
that we will discuss in this section.

We look at three specific examples: (i) symmetric and independent (S.I.) jumps (presented
earlier [54]), (ii) non-symmetric and independent (N-S.I.) jumps, and (iii) non-symmetric and de-
pendent (N-S.D.) jumps. The corresponding covariances for the three cases are given by

1 00 1 0 0 1 05 025
Ser =10 1 0|, Sxsr=10 1.5 0|, Swsp. =05 15 05
00 1 0 0 05 0.25 0.5 0.5

We follow the same procedures as Section 4.1 that estimate the statistic ¢; in (7) through fitting
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Figure 7: The numerically obtained ¢; compared against the theoretical ¢; for Gaussian BRW with
(a) symmetric and independent (S.I.) jumps, (b) non-symmetric and independent (N-S.I.) jumps,
and (c) non-symmetric and dependent (N-S.D.) jumps. The mean of the FPT at each z is computed
from 10000 samples.

(61). Note that at any given ps, the ¢; is a function of (X71);;. As a result, we expect the c; of
the Gaussian BRW with S.I. and N-S.I. jumps to be identical as confirmed by our numerical results
in Figures 7(a) and 7(b). We use pg = 0 for the comparison between the numerical and theoretical
results in this section. In the case of the N-S.D. jumps, the (X71)1; is larger and we expect the
¢1 to be smaller. Figure 7(c) shows the agreement of the numerical implementation in being able
to capture the lower ¢; at every ps. The agreement of the numerical results could be improved by
incorporating a larger number of paths for the computation of the mean FPT or by increasing the
range of x over which the mean FPT is computed to execute the fit in (61). To ascertain that 500
samples are sufficient to capture the mean, we present the mean FPT E[r,] at different values of
p3 at x = 65.5 for the Gaussian BRW with N-S.I. and N-S.D. jumps. Figure 8 confirms that the
statistics from 500 independent samples are sufficient to capture the mean of the distribution. This
confirms that the approximation of ¢; can be improved by fitting the FPT values over a larger range
of x.
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Figure 8: The numerically obtained expected FPT compared against the theoretical asymptotic (7)
for Gaussian BRW with (a) non-symmetric and independent (N-S.I.) jumps and (b) non-symmetric
and dependent (N-S.D.) jumps. The mean of the FPT is calculated at © = L,, where L, = 65.5,
from 10000 samples.

5 Concluding remarks

In this paper, we studied the first passage times of an R%-valued branching random walk (BRW)
to a shifted unit ball. The first passage time asymptotics consists of a linear term and a logarithm
correction term, as a function of the Euclidean distance of the target ball from the origin. We dis-
cussed extensions of this result to the delayed branching BRW model. As an immediate application,
we obtained theoretical predictions of the shortest path statistics for polymer networks consisting of
long chains and random cross-links. We conclude with a conjecture on finer asymptotics of the first
passage times.

The first passage times of the branching Brownian motion, the continuous-time sibling of the
BRW, possess better tractability due to its connection to the Fisher-KPP equation. It is proven in
Section 4.1 of [54] the finer asymptotic for the first passage times of a standard branching Brownian
motion that

x n d+2
V2 4
where the Op(1) is tight. We refer the readers to [54] for the proof and a detailed discussion. In

view also of the tightness result of Theorem 2, it is natural to postulate the following conjecture for
BRW. Recall the constant ¢; from Section 1.2.

logz + Op(1), (62)

Te =

Conjecture 1. Assume (A1)—(A4), or (A1), (A2), (A5), and (A6). Conditioned upon survival, the
first passage time for BRW in dimension d > 2 to B, is given by

T d+2

z=A ==+ =577
T ({E) +OP( ) C1 + 201(9111(01,0)

logx + Op(1),

where the Op(1) is tight.

Conjecture 1 is also supported by our numerical simulations; see Figure 8.

The main technical obstruction to improving upon op(logz) lies in the application of ballot
theorems—the cone K in Sections 2.4.3 and 2.4.4 cannot be simply replaced by a half-space as
certain sums would not converge (if this was the case, Conjecture 1 would hold). One possible
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approach is to develop bounds for random walks in time-dependent (and possibly non-circular)
cones, where K = K,, may depend on n, the number of steps in the random walk. The op(log 2) may
be improved if one applies such estimates in the case where K,, — K  o(—cz) with a certain rate.
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A Large deviation estimates

In this appendix, we collect the deferred proofs of the large deviation estimates (Proposition 10
in Section 2.2.2, Lemma 11 in Section 2.3, and Proposition 17 in Section 2.4.2). We first quote a
result on a quantitative version of the central limit theorem for non-lattice distributions.

Lemma 24. Consider d > 2. Suppose that the radial component R of the spherically symmetric
random variable & has exponential moments and P(R = 0) < 1. Let XA € R? be such that Ep[e™X]
exists and define a probability measure Q by dQ/dP(x) := e**/Ep[e*X] where P is the law of X.
Then the law of & under Q satisfies the strong non-lattice property

lim sup |Eg[e®™¢]| < 1. (63)

[t| =00

Moreover, consider an i.i.d. sequence {Xy}n>1 with the same distribution as & under Q with a
positive definite covariance matriz V. and suppose that Eg[[|€]|’] < co. Then

1 n
sup | — X, — Eg|X;]) — po,v(B)| = o(1),
B\/ﬁ;(a olX;]) (B)| = o(1)
where the supremum is taken over all boxzes B C R and to,v 15 the Gaussian measure on R? with
mean 0 and covariance V.

Proof. Let us first assume that P(R = 0) = 0. Denote by & = (21, ...,Z4) the uniform distribution
on S%1. Suppose that & = R1EM and & = RyE®@ are i.i.d. copies of €, and ¢ = & + &»; since
each &; is radially symmetric, R; and 2% are independent. We first find the conditional density
ZRy.R,(1,0) of ¢ under P given Ry and Ra, where r and 6 are the radial and polar components.
Observe that the conditional distribution of ¢ given R; and Rs is spherically symmetric. We have
conditionally,

P(ICI = 7 | Ry, Re) = P([|(R1,0) + RoE| > 7)

=P (R} + 2R RoE1 + RS > 1?)

2 p2_ p2
p(z, > —Ffi-Fa)
2R Ro
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By Theorem 2.10 of [26], for y € [—1, 1] and some C(d) > 0,

Yy
P(Z > y) = C(d)/ (1- t2)(d73)/2dt'

-1

Altogether it follows that for some C(d) > 0,

r2 _ R2 _ R2 2\
2Ry R, (1,0) = C(d)r [ 1 — (W) , 7 €[|R1 — Ra|, R1 + Ry], 0 € S4 1.

Therefore, the conditional law of ¢ under P, and hence also the unconditional law under Q, has a
density in R, If P(R = 0) > 0, the laws have densities except for an atom at zero, and the densities
are non-trivial since P(R = 0) < 1. By Lemma 4 in Section XV.4 of [27], (63) holds with ¢ in place
of &, and hence (63) holds since ¢ is a sum of two i.i.d. copies of €. The final claim follows from
Theorem 2(b) of [9]. O

Proof of Proposition 10. Let A(\) = log ¢¢(\) = logE[e*¢]. Tt is clear from (A2) that ¢ is non-
lattice. The Bahadur-Rao theorem (Theorem 3.7.4 of [22]) then implies that uniformly in ¢ €
[-Clogn, Clogn],
P(X e—nl((mn—i-c)/n) e—nl(cl)—(c—3logn/2)l/(cl)
2 My = =
( My, + ¢) NG NG

By definition ¢2 = I’(¢1), the constant ¢y > 0 is such that the measure Q defined by

=mnp "e (64)

dQ Co2T— Cc2
@(x) = eC2mA(e2) (65)

satisfies that under Q, {X; };en are i.i.d. with mean ¢;. The random variable ()N(i, Y ;) is then centered
under Q where X; = X; — ¢1. Define X := X1 +--- 4+ X,,. It follows that

P(X > my, +¢, Y € Bo(u(n)))

= Mg [e7 L xom, e, YeBo(um))}]

- s 3 3
= enAlez)=mnez Z ) (X € {j —-1- %o logn,j — %o logn), Y € Bo(u(n))>
J=ct1 C2 C2
> 4 X,Y) j—1—5>logn j— 5> logn u(n)
— ,—"n,,3/2 Z —c2j <( ) 2co 2co B
p~"n e Q € ; X Bo(—=) |-
S (B il I ey o)

Note that for j > \/n, we may bound the probability from above by 1. For j < y/n, the sets

j—l—%lognj—% u(n)

logn
) ()

are bounded as n — co. Therefore, by Lemma 24, with j9,1v denoting the centered Gaussian measure
with covariance matrix V on R¢,

Ej, = [

Q <(X\;HY) < EJ‘m) = (1+o(W)uo,y (Ejn) = u(n)'~n~ 42, (66)
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where the last step follows from the multivariate Gaussian density formula and that the positive
definite matrix V' depends only on the law of €. Altogether this yields

P(Y € Bo(u(n)) | X > my,) < (np "e=2¢)"Lpmn?/? Z eIy (n)d"1n=4/2
j=c+1

< u(n)dtp=d=1/2,

This establishes (20).
Using a similar approach, we see that

P(X € [mn +c¢,my +c+a(n)]) <np e ¢
and that
P(Y € By(1), X € [my, + ¢, mp + c+ a(n)])

cta(n) =~ '_1_i1 ,__1
-n, 3/2 —caj (X7 Y) J 2co ogn Jj 2¢a ogn N 1
<pTn Y e Q(ﬁ e /n T )XBW(\/E)

j=c+1

> p—’ﬂn—(d—B)/2e—CQC'
This proves (21). The same computation also yields
P(Y € Bo(K/n), X =m, +¢) < p "0’/ ?n~YV2 = pp™™,

where the asymptotic constant does not depend on K. Together with (64) completes the proof of
(22). O

Proof of Lemma 11. We use a similar change of measure argument as in the proof of Proposition
10. Denote by I the large deviation rate function for the R?-valued random variable €. For ¢y :=
VI(z/(Ck)), we define the tilted measure Q by dQ/dP(x) := €% *~A() where we recall A = log ¢¢
is the log-moment generating function. Under Q, each &; is i.i.d. with mean z/(Ck). It follows that

P((X,Y) € B,) = " Eg[e > XY 1y vyep,y)
X Y B
>> CkZA C2 C2 z (( , > E z )
Q VvCk VCEk VCk

_ CkA(@)—Cz X Y Bo
) Q((ﬂ’m < Vor ) (67

where each (X;,Y;) = (X;,Y;) — z/(Ck) is a centered random variable. Using definition of €, we
have

VA z

@) =VI(5r) e~ 1(Gr) (68)

In addition, Lemma 24 yields

X Y Bo a2
Q((@@) em> > (Ck)~4/2, (69)

Combining (67), (68), and (69) yields that

P((X,Y) € By) > e~ Ck(@/(CR) (Cp)=d/2,
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Recalling that I is convex, C! on its domain, and 1(0) = VI(0) = 0 (by Jensen’s inequality, E[e*€]
is minimized at A = 0 when £ is centered), we have

4 X X c3
CI(—) < C sup I(—) < Cp; sup VI(—) H <=
Ck Ixl,=cy € Ixll,=C4 ¢z =2
for C > C5 as we pick C5 large enough. This concludes the proof. O

Proof of Proposition 17. The Bahadur-Rao theorem yields that uniformly in ¢ € [-C'logn, C'logn],
P(X >+ C) - n71/267n1(m/n)7c1’(m/n)' (70)

Mimicing (65), define the probability measure Q by

dQ

c— C2'X—A(C2)
P (x):=e¢ . (71)

It follows that Eg[¢] = (z/n,0). That is, the random variable (X;,Y;) is then centered under Q
where X; = X; — z/n. Define X := X; +--- + X,,. It follows that
P(X >z+4+¢, Y € Bo(l))

_ enA(C2)EQ |:67C2.(X1Y) Tix>aqte, YGBo(l)}:|

= erhlemer(00) §7 omerU0Q (X € [j— 1,5), Y € Bo(1))

j=c+1
_ —nl(z/n, = —c2-(7J, (X’Y) ];1 L L
e § 8315 )

= e—n[(m/n,O)—CQ»(c,O)n—d/Q,

where in the last step we apply the same argument that leads to (66) and use that the first coordinate
of cg is positive by our assumption z/n > ¢ > 0. Altogether this yields (41).
Using a similar approach, we see that

P(X € [z + ¢,z + ¢+ a(n)]) < n~ V2 nI@/n)—cl(x/n)

and that
P(Y € By(1), X € [z + ¢,z + c+ a(n)])
cta(n) ~ . .
. —eo(i X,Y) j—1 3 1
 pnh(e)—cs-(a.y) e Go)g (X [SLEEAPT MY
=e e S s X Dy
3 oo (SR e (1200 (G
> efnl(z/n,ﬂ)7C2~(c,y)n7d/2.
This proves (42). O
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