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Abstract

We investigate the low moments E[| Ax|?7], 0 < ¢ < 1 of secular coefficients Ay of the critical non-Gaussian
holomorphic multiplicative chaos, i.e. coefficient of {2V} in the power series expansion of exp(3_re | X32"/Vk),
where { X }r>1 are i.i.d. rotationally invariant unit variance complex random variables. Inspired by Harper’s
remarkable result on random multiplicative functions, Soundararajan and Zaman recently showed that if
each X is standard complex Gaussian, Ay features better-than-square-root cancellation: E[|Ax|?] = 1 and
E[|An|?9] < (log N)~9/2 for fixed ¢ € (0,1) as N — co. We show that this asymptotic holds universally if
E[e"X*] < oo for some v > 2¢. As a consequence, we establish the universality for the sharp tightness of
the normalized secular coefficients Ay (log(1 + N))!/* of critical holomorphic chaos, generalizing a result of
Najnudel, Paquette, and Simm. Moreover, we completely characterize the asymptotic of E[|Ax|?9] for |Xj|
following a stretched exponential distribution with an arbitrary scale parameter, which exhibits a completely
different behavior and underlying mechanism from the universality regime. As a result, we unveil a double-
layer phase transition, occurring at exponential-type tails and exponential tails of parameter 2q. Our proofs
combine the robustness of Harper’s multiplicative chaos approach and a careful analysis of the (possibly
random) leading terms in the monomial decomposition of A .
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1 Introduction

For trigonometric polynomials ¢ on the unit disc D and a fixed constant 6 > 0, the holomorphic multi-
plicative chaos HMCy is defined as a random distribution

1T Xk ok gt
(HMCy, ¢) := g%?%/_wexp <¢§kzlﬁ(re ﬂ)k)qs(re ) v, (1)

where {X%}r>1 is a sequence of ii.d. rotationally invariant unit variance complex random variables. The
existence and uniqueness of the limit is straightforward for trigonometric polynomials since it is determined by
the secular coefficients

, >~ X
Ay = (HMCy, 9 — V) = [zN] exp <\/§Z \/%zk>, N eN, (2)
k=1

where [2V]f(z) denotes the coefficient of 2V in the power series expansion of f around z = 0, i.e.,

exp (V0 —Z" | = Anz".

For instance, Ay = 0X2/2 + X5./0/2.

The case of a general § where X}, is standard complex Gaussian has been recently investigated by Najnudel,
Paquette, and Simm [40], where the random measure (1) is defined in (1.11) therein as a distributional limit
of the characteristic polynomial of CAE inside the unit disc (8 = 2/0) and belongs to the Sobolev space H*
almost surely for any s < s(6), see Theorem 1.4 therein. The critical case of § = 1 is of particular interest, due
to its connections to the Circular Unitary Ensemble (CUE) and random multiplicative functions. Moreover,
the behavior of secular coefficients is more subtle in the critical case. We summarize the relevant literature in
Section 1.2.



In this work, our main focus will be the critical case § = 1. If each X} is standard complex Gaussian,
HMC; is defined on the real line as a version of the (critical) complex Gaussian multiplicative chaos in Theorems
1.2 and 1.3 of Saksman and Webb [47] (denoted by 7 therein) as a distributional limit of the characteristic
polynomial of the CUE inside the disc D and that of a randomized model of Riemann zeta function. They
also showed that HMC; belongs to the Sobolev space H™® almost surely for any s > 1/2. Recently, the
work of Soundararajan and Zaman [50] studied the low moments E[|Ax|?9], ¢ € (0,1] of secular coefficients
of HMC; as a model problem for multiplicative chaos in number theory. By exploiting the connections to
Harper’s remarkable result [28] on “better-than-square-root” cancellation for random multiplicative functions,
they proved the following.

Theorem 1.1 (Theorem 2.1 of [50]). For standard complex Gaussian variables { X} rp>1 and 0 = 1, uniformly
inqg€ (0,1] and N > 1,
q
1
1+ (1- q)VlogN) '

In other words, Ay is typically smaller than what one expects from applying Holder’s inequality to its
second moment, indicating a complicated limiting behavior for secular coefficients at § = 1. The parallel work
of [40] also established the sharp tightness of the secular coefficients.

E[lAn[*] = (

Theorem 1.2 (Theorem 1.11 of [40]). If = 1, both the families {An/(log(1+ N))~"*}nen and {(log(1 +
N))~Y4/An}Ynen are tight.

In this article, we consider the low moments E[|Ax[?9] when | X}| follows a generic distribution and establish
the full universality result of their asymptotics, together with a subtle double-layer phase transition associated
with the tail of | X;|. Our main theorem below generalizes Theorem 1.1 and shows that new phenomenon of
super-exponential cancellation (that is, (E[|An]|])?/E[|An|?] decays (super-)exponentially as N — 0o) emerges
as the tail of | X}| becomes heavier. Finally, as a corollary, we obtain a universality result for the tightness of
secular coefficients of non-Gaussian holomorphic chaos, extending Theorem 1.2.

1.1 Statement of main results

We now set the stage for our main results. Let {7} be i.i.d. uniformly distributed on [—m,7) and {Ry} be
i.i.d. real random variables with E[|R;|?] = 1 and independent from {7;,}. Let X; = €™ Rj. We may assume
that Ry is symmetric by a standard symmetrization procedure. We introduce a few short-hand notations for
the cases of interest:

e (¢-LT) For a given ¢ € (0,1], Ry, has a finite y-exponential moment for some ~ > 2¢. That is, E[e?F*] is
finite for some v > 2q.

e (EXP) Ry is a two-sided shifted ezponential random variable with unit variance. That is, P(|Rx| > u) =
exp(—y(u — ¢y)) A1 for u > 0, where 7 € (0,2q] and ¢, := log(v?/2)/7;

e (SE) Ry, follows a (symmetric) stretched exponential distribution with exponent p € (0,1), i.e. P(|Rg| >
u) = exp(—(u/cy)P) for u = 0, where ¢, := (2I'(2/p)/p) /2.

Here, we have implicitly imposed the constraints on the law of Ry, that Ry, is symmetric and E[|Ry|?] = 1, which
explains the shift ¢, and the scaling parameter c,,.

The cases (EXP) and (SE) are introduced as prototypes, where we do not attempt to achieve the greatest
generality by considering the largest class of laws. Indeed, our proofs only rely on the absolute moment
asymptotics of X; (along with rotational symmetry and the unit variance property). Our main results are as
follows.



Theorem 1.3 (First phase transition). (i) Fiz any q € (0,1]. Suppose that condition (q-LT) holds for the
i.i.d. input { Xy = €™ Ry }. We have

) q
1+(1 - q)VlogN) '

(ii) Fiz any q > 0. Suppose that (SE) holds for the i.i.d. input { X}, = '™ Ry}. It holds that

MMM%P<< 3)

2qN/p
2 2qcb
Bl A ) = (1+ o(1))(2m)' />~y /= <pflpp> N2 A/ (4)

The asymptotic (3) shows that the better-than-square-root cancellation phenomenon can still be quanti-
tatively analyzed for non-Gaussian inputs in (2) under a suitable light-tailed assumption. This considerably
extends the results in the Gaussian case (cf., Theorem 1.1). The result of (4) in the heavy-tailed case indicates
that the Gaussian-type behavior is limited to light-tailed distributions and does not apply in general to heavier
tails (say, heavier than the exponential distribution). This gives rise to a phase transition in the thickness of
the tail of |Ry|, leading naturally to the question of the primary criticality: case (EXP). The following result
completely characterizes the behavior in this critical phase, showcasing a second phase transition within this
critical phase.

Theorem 1.4 (Second phase transition). Fiz ¢ € (0,1]. Suppose that (EXP) holds for the i.i.d. input { X} =
e Ry, }. It holds that if v < 2q,

2(] 2qN
B[ Ay[21) = NV20 (7> ; (5)
if v =2q,
N1-a+d?/2
E[lAy|%] = : 6
and if v > 2q,

1 q
1+<1—q>¢m> |

Indeed, (7) follows directly from Theorem 1.3 (i), and is included here for the sake of completeness. The
critical phase (EXP) showcases a further phase transition. There exists a critical moment exponent, which
coincides with the parameter of the (shifted) exponential distribution |Ry|, that governs the asymptotic of the
moments: Gaussian-type asymptotic of Theorem 1.1 below such exponent (y > 2¢) and exponential growth
of moments above the exponent (y < 2q). At the secondary criticality, where the moment exponent coincides
with the parameter of the exponential distribution (v = 2¢), the moment exhibits a regularly varying growth
in N.

To visualize the double-layer phase transition, we may restrict the class (¢-LT) to laws satisfying

E[lAn[*] = ( (7)

P(| X[ > ) < exp(—1¥) (8)

as t — oo for some v > 0 and p > 1. In this setting, the phases of (EXP), (SE), and restricted (¢-LT) have
the alternative representation (8) for some v,p > 0, and the pair (7, p) uniquely determines which phase the
distribution of Ry belongs to. Figure 1 shows the phase diagram that illustrates our main results. Note that ~



is only effective in the phase diagram when p = 1.

2q
9 po ....O 2.. Y
v=2q
M 000 S ——
/1 /1
7/ 7/
0 p<1 p=1 p>1 P

Figure 1: An illustration of the phase transitions of low moments for secular coefficients depending on the law
of | X1] and the moment exponent (2¢). The tail satisfying —log P(| X;| > t) < P is heavier on the left side and
lighter on the right. The blue regime refers to the universality phase, i.e. (¢-LT) case, while the green and red
regimes correspond respectively to the (SE) case and (EXP) case with v < 2¢. The purple dashed line refers
to the second order critical phase with P(|X;| > t) < exp(—~yt) where v = 2q.

As a consequence of Theorem 1.3, we find the typical order of magnitude of Ay by considering the tightness
of the family {Ax/wn}nen for some deterministic sequence wy, generalizing Theorem 1.2. Our result only
requires the existence of some exponential moment.

Corollary 1.5. Suppose that there exists € > 0 such that E[e**] < oo for the i.i.d. input {X}, = "™ Ry}. The
followings hold:

(i) for wy = (log(1 + N))_1/4, {AN/wn}Nen is tight;

(ii) for wy = o((log(1+ N))~1/4), {An/wn}Nen is not tight.

Proof. Suppose that E[el**]] < co. The claim (i) is a direct consequence of Theorem 1.3 (i) applied with
g = ¢/3, and Markov’s inequality applied to \ANIE/ 3. For (ii), we apply the Paley-Zygmund inequality to
|A N]‘E/ 3 which gives that for some large constant C(¢) > 0, uniformly in N,

(log N)~/ o EIANEPD | AN
#(lavi > B ) 2 r(ave > S5 > Gt > o

where the last step follows from Theorem 1.3 (i). O

In what follows, we attempt to unveil the intricacies behind the distinct phases, without involving too
much technicality. The approach of [50] in the Gaussian case is to connect E[|Ay|??] to low moments of the
total mass of a suitably constructed (finite) multiplicative chaos, of the form

(/.

K .
X,.rkeiko 2 q
Hexp (%)‘ d9> ] where K €N, g e (0,1], and r € [e"V/K /K], 9)
k=1



However, as the tail of | Xj| becomes heavier, the contribution of the random variable X in (9) becomes more
prominent and will need to be isolated from other variables { Xy }x>2. In the cases of (SE) and (EXP) with
v < 2q, our proofs depend on a delicate but direct analysis of such domination effect of X1, without delving into
multiplicative chaos. The secondary critical case ((EXP) with v = 2¢) turns out more intricate and requires
both the domination effect and the analysis of critical multiplicative chaos. In this scenario, even speculating
the correct asymptotic is a non-trivial task.

Our approach is to first condition on | X1| (or equivalently, |R1|) before connecting E[|Ax|?9] to multiplica-
tive chaos. This reduces our problem into studying the low moments of a randomly weighted total mass of a
multiplicative chaos, of the form

“|(/.

and the (random) weight function U () ensembles a discrete Fourier transform of a random function sufficiently
close to a scaled Gaussian density, evaluated at the random frequency 6 + 71, where 7| is uniformly distributed
on [—m,7]. Intuitively, U(0) arises from the remaining randomness of 7 after conditioning on |R;|. To study
the magnitude of (10), we need both a careful analysis of U(#) and a uniform version of the estimates of the
partial mass of the multiplicative chaos,

= (T (22 [an)'].

where [ is an interval in [—m, 7] whose length is of a much smaller order. That is, the integration range in (9)
is restricted to a smaller interval, and the difficulty lies in obtaining uniformity in all those intervals of suitable
length.

A more detailed description of our approach can be found in Section 2.2, where we also discuss intuitively
how the regularly varying formula in (6) arises.

K i

U(9) x [ ex (W)fde 1 where Ken 0,1 “UK (UK 10

P(— where €N, ¢ge (0,1], refe” /", e /7], (10)
k=2

1.2 Related works and outlook

In this section, we exploit a few connections of holomorphic multiplicative chaos to random matrix theory
and number theory. Along the way, we also discuss a few further directions of interest that are beyond the
scope of this paper.

Connections to random matrix theory. HMCy with Gaussian inputs { X} }x>1 is closely related to random
matrix theory, especially to the characteristic polynomial of circular 5 ensemble (COE) with 6 = 2/8. A joint
distribution of N points with parameter 5 > 0 is said to be CSE if

CBEN(01,--.0N)  Livjeqr,.vy o,elnmy [ 1€ — ™7,
1<j<k<N

and for § = 1,2,4, it is also known as circular orthogonal/unitary/symplectic ensembles (COE/CUE/CSE),
respectively. For § = 2 (CUE), it is the distribution of the eigenvalues of a Haar-distributed unitary matrix,
and for 8 # 2, [34] constructed explicit matrix models such that CSE resembles the law of eigenvalues of some

random matrix UZ(\’? ), Therefore, we can define and study the characteristic polynomial

N
X0 (2) = det(I — 20y =3 alVP)m
n=0



on the unit circle T = {z € C: |z| = 1}. We may drop the superscripts if § = 2.

Secular coefficients anN of xn were first explicitly studied, to our best knowledge, by Haake, Kus, and
Sommers [26], where they delved into various theoretical and numerical properties of secular coefficients for
CUE, including an explicit formula of the second moment. Later, Diaconis and Gamburd [18] computed (2k)-
th absolute moments of secular coefficients a%N) of CUE in terms of magic squares, which is the number of
N x N square matrices with nonnegative integer entries summing up to n in each row and column. For a

fixed n, the convergence result of a%N’B ) is established via the formula connecting it to the first n power traces

Ty := Te(UD)F):

Ty 1 0 0
. 15 Ty 2 0
al"P) = ] det | : : R I
Tn,1 Tn,Q Tn,3 ... n—1
T, Th-1 Th_o ... T

along with the convergence result for power traces by Diaconis and Shahshahani [19] for 8 = 2, and Jiang and
Matsumoto [33] for a generic 8 > 0 that jointly,

(T )r_, = \/g{\/EN,;C}Zzl, N — oo,

where {NC}7_, are i.i.d. standard complex Gaussian variables. A natural question to ask is whether we can
find connections between other ensembles of random matrices and non-Gaussian HMCy, mirroring Theorem
1.3 of [40].

Question 1. Find other ensembles of random matrices V]E;g) such that its characteristic polynomial converges
in some sense) to exp(v/0 X3,2¥ /v/E) uniformly in |z| < r, for any r € (0,1).
k>1

Recently, Najnudel, Paquette, and Simm [40] established the convergence of ai?) / \/E[(a,(lN”g ))2] as
n, N — oo jointly for § > 4 (0 < # < 1/2), and expressed the limiting object in terms of the total mass
of a Gaussian multiplicative chaos (GMC). Moreover, [40] also established tightness for a general 8 > 0. As an
example, for § = 2 they showed that {(log n)1/4a£LN) : N > 2n} and {(log n)_l/‘l/a,(@N) : N > Ny(n)} are both
tight (for some Ny(n) growing faster than ny/logn (loglogn)). While the normalization and limiting behavior
are not clear yet in the critical case (# = 1), a question of universality and phase transition could be asked
reminiscent of our Theorem 1.3 and 1.4.

Question 2. When 6 = 1, does the limiting theorem (if any) for Ay hold not just for standard complex
Gaussian variables X}, but for every rotationally invariant, unit variance sub-exponential distribution? If the
tail of | Xj| gets heavier and reaches the (SE) phase, is there a phase transition in the limiting behaviors as
well?

Finally, we briefly summarize some related works along the journey of studying characteristic polynomials
of random matrices. Gaussian multiplicative chaos (GMC) and log-correlated Gaussian fields (LCGF) arise
naturally and are of growing interest. The first of such is the celebrated work of Hughes, Keating, and O’Connell
[32], in which the LCGF G€(2) = Y-32, NE/VkzF is introduced as the limiting object of log-characteristic
polynomial of CUE. For general surveys on LCGF, see [21]. Meanwhile, convergence results towards GMC
are established in [15, 41, 52] for characteristic polynomial of CSE on the unit circle. For general surveys on
GMC, see [44, 45]. For general connections between random matrices and GMC, we refer to [16] and references
therein.



Additionally, another set of studies gathering rising attention is inspired by the influential works of Fyo-
dorov, Hiary, and Keating [23, 24]; see [3, 10, 14, 17, 35, 36, 38, 41, 42, 43, 52] for a non-comprehensive list of
studies motivated by a conjecture in [23, 24] about the maximum of characteristic polynomial of CUE.

Connections to number theory. A random multiplicative function is a completely multiplicative func-
tion f : N — C, where f(p) are i.i.d. random variables for primes p and f(mn) = f(m)f(n) for m,n € N.
An important application is modeling arithmetic functions, such as Dirichlet characters (Steinhaus case, with
f(p) uniformly distributed on the unit circle T) and the Mo6bius function (Rademacher case, with f(p) uni-
formly distributed on {£1} and supported on square-free numbers). The recent celebrated work of Harper [28]
investigated the better-than-square-root cancellation phenomenon of random multiplicative functions through
computing low moments of the partial sums, thus resolving Helson’s conjecture [31]. More precisely, [28] showed

that
(| 500]] = Gogremae

n<e

while E[| >, ., f(n )|?] < z. Harper’s approach elegantly connects random multiplicative functions and critical
multiplicative chaos, which we summarize in Section 2.2. For further advances on random multiplicative
functions, we refer to [13, 29, 30, 49, 54] and the references therein.

The recent work of Soundararajan and Zaman [50] proposed that the secular coefficients Ay of Gaussian
HMC; constitute a model that describes the mathematical structure of (Steinhaus) random multiplicative
functions. As commented in [50], the same model also serves as the function field counterpart of Harper’s result
[28], as follows. Let M,, denote the set of monic polynomials of degree n over the ring F,[t] where ¢ is a prime
power and F, is a finite field with ¢ elements. Consider a random multiplicative function f on F[t] defined
analogously. It follows that if A, = ¢~™/2 Y rem, f(F), then

ZAnz = exp <Z X k> where  Xj, = \]{/k;; Z 1(P) .
q P irred. "
deg(P)|k
r=k/deg(P)

Therefore, we expect an analogy between the A, (in the limit case of ¢ — 00) and the secular coefficients A,
defined in (2). We refer to the introduction of [50] for related discussions around this analogy. Admittedly, we
have not found a framework that relates partial sums of random multiplicative functions to secular coefficients
arising from non-Gaussian chaos, and we wonder if an explicit connection can be made. We speculate that such
a connection might arise by considering some structured sparse partial sum with heavy-tailed inputs {f(P)}.

Question 3. Find an analogue of secular coefficients arising from non-Gaussian chaos in the field of random
multiplicative functions.

The secular coefficients { Ay} n>o (with Gaussian inputs {Xj}r>1) capture other aspects of random mul-
tiplicative functions as well, such as almost sure fluctuations. For instance, [13] established the almost sure
upper bound |} . f(n)| < v/z(loglog z)'/4+¢ for random multiplicative functions f, which mirrors the result
|Ay| < (log N)'/4t¢ in [12] for secular coefficients. In addition, for any function V (z) — oo, [30] proved the al-
most sure existence of large values x satisfying | 3, ., f(n)| > v/z(loglog z)/4/V (). The parallel for secular co-
efficients was established by [25]: there exist almost surely large values of N such that |Ay| > (log N)Y/*/V(N).
We leave the investigation for the almost sure fluctuations of secular coefficients with non-Gaussian inputs to
future research.

Question 4. Establish almost sure upper and lower bounds for secular coefficients arising from non-Gaussian
chaos. Characterize a phase transition as the tail of |X;| becomes heavier.



Let us also mention the work of [1] that numerically computes the secular coefficients in polynomial
time, supporting conjectures on finer asymptotics for their low moments. Naturally, one would also ask if the
asymptotics in the (¢-LT) and (EXP) phases can be improved to 1 4 o(1) asymptotics.

Question 5. Find precise asymptotics of (3), (5), and (6).

Moreover, [1] also conjectured a similar behavior of low moments of secular coefficients for real standard
Gaussian or Rademacher inputs { X} }r>1. While we do not directly resolve their conjecture, we shall illustrate
in Remark 4 below that the asymptotics (4) and (5) hold also in the real case, with essentially the same proof.
However, this does not apply to (6).

Question 6. Does (3) and (6) of Theorem 1.4 hold if one replaces the complex inputs { Xy }r>1 by their real
part {Ry}g>1?

Finally, in addition to random multiplicative functions, another significant stream of literature linking
critical multiplicative chaos to problems in number theory is the distribution of values of the Riemann zeta
function on the critical line. According to the Fyodorov—Hiary—Keating conjecture ([23, 24]), the local maxima
of log|¢(1/2 + it)| deviate from what one would predict from the Selberg’s central limit theorem, due to the
log-correlated structure of the zeta values. We refer to [4, 5, 6, 7, 9, 27, 39, 47| for the interplay between the
Riemann zeta function, multiplicative chaos, and log-correlated fields.

Organization. The rest of this paper is organized as follows. Section 2 is devoted to the intuition of the
phase transition regime and the main ideas of the proofs. In Sections 35, we consider respectively the (¢g-LT),
(SE), and (EXP) phases. Appendix A is devoted to some technical computations regarding Laplace functionals
of { X} }r>1 under distinct probability measures. Appendix B collects some deterministic calculations.

Notation. For quantities or functions A, B, We use Vinogradov’s symbol A < B (or A = O(B)) to denote
|A| < C'B with some constant C' > 0 that depends only on the distribution of Ry (equivalently, X}) and the
moment exponent ¢g. Write A < Bif A < B< A. If A(N)/B(N) — 0 we write A(N) = o(B(N)). We will
denote by L > 0 a universal constant that may not be the same on each occurrence, where the same applies for
C > 0. Vectors are typically denoted by bold symbols in this paper. Denote by £z the real part of a complex
number z. When dealing with events (or expectations) involving {(Rg, 7%) }k>1, we will use P (or E) to denote
the original probability measure. We will also use P to denote the probability measure of any Gaussian random
variable (or vector) with a specified mean and variance (or covariance matrix).

2 Intuition behind phase transitions and proof strategy

To understand the mechanism behind the phase transition phenomenon for low moments of secular coef-
ficients Ap, let us first rewrite it in a more tractable form in terms of partitions. By a partition A\ we mean a
non-increasing sequence of integers (parts) \; > Ao > ... with A\, = 0 from some n onward. Let Py denote the
set of all partitions of NV, and py = |Py|. For a partition A and k € N, we denote by mg(A) the number of parts
in A that are equal to k, and |A| the sum of the parts in A. For example, the all-one partition \* := (1,...,1)
has [\*| = n and my(A\*) = nlg_}. It follows from (2) that

ex OO&zk = a(\) 2
p(;ﬁ ) > a(n)zP,

A

where the sum is over the set of all partitions and

a(\) =[] (fj%)mk mlk| (11)

k>1



In particular, we arrive at the tractable form as a sum of monomials in {Xj}r>1:

A=Y a()). (12)
AEPN

We note the orthogonality relation that E[a(A)a(N)] =0 for A # .

2.1 A phase transition of the domination regime in the monomial decomposition

In different phases, the quantity E[|Ax|?7] is dominated by different interactions among parts in the sum
over partitions of N. This can be intuitively seen by comparing the magnitudes of

B[ X [*4m]

Ea)*) =TT s oy

k>1

A € Py, (13)

using independence, moment asymptotics for |Xj|, and Stirling’s approximation (see Chapter 3 of [8])
1< (2n) V221 /277D (2) < M/ 0122) g > 1, (14)

To be more specific, in the (SE) case,

E[’Xk‘quk] — = o (W I fep)p g QqﬂC?quF 2qmy, _ (15)
0 p " p

A finer computation using (14) reveals that E[|a(\)[?9] grows fastest in N when A = \* = (1,...,1)
(i.e. m1(A\*) = N), and is significantly larger than the (2¢)-th moments of a()\') at any other X' € Py for
N large. Therefore, the moments of Ay almost only result from a(A*), which contains a single random variable
X1. The same arguments apply to even heavier tails than (SE).

On the other hand, as a prototypical example in the (¢-LT) case, we consider the setting where Xy is a
standard complex Gaussian variable. Computing the absolute moments of Gaussian variables (see e.g. [53])
gives

1
Ef|Xe 7] < 27T (qmi + 5 ) = o(k™ (mg) ),

indicating that every E[|a()\)|?7] is of a vanishing order and therefore the main contribution to the moments of
Ap does not arise from a single partition. Instead, [50] found that, as inspired by Harper’s remarkable paper
on low moments of partial sum of random multiplicative functions [28], the main contribution to the moments
of Ay (in the complex Gaussian case) comes from those partitions A with a large part, i.e. A\; > N/(log N)¢
for some large constant C > 0, indicating an intricate interplay among all Xp.

As the exponent p of P(| Xx| > t) < exp(—ctP) decreases from above 1 (e.g. Gaussian) to below 1 (stretched
exponential), the contribution from X; becomes more prominent and experiences a phase transition at p = 1.
At the critical phase of exponential distributions where P(|X| > ¢) =< exp(—~t), more elaborate dependence
on variables Xj emerges. Fix a moment exponent ¢ € (0,1]. If the exponent v > 2¢, the tail of X} decays
fast enough to suppress the growth of each single E[|a(\)|?9]. As will be shown in Section 3, the mechanism of
Gaussian variables (i.e. (¢-LT) case) remains true. If v < 2¢, on the other hand, the tail decays slowly enough
to partially restore the dominance of a(A*) among all partitions. Now the dominant parts comprise not only the
all-one partition \* but also the partitions A with almost all ones, i.e. m1(A) > N — C, for some large constant
C, > 0. This hints at a second phase transition in the behavior of Ay and the interplay structure among the
ii.d. inputs {Xi}r>1 at v = 2q.

At the secondary criticality where P(|Xy| > t) =< exp(—2qt), a blend of the two aforementioned scenarios
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influences the 2¢-th moment of Ay. The dominating terms now appear randomly and depend on the value of
|R1| = | X1|. Roughly speaking, on the event that |R;] is close to a fixed z1 € [0, N], the primary contribution
to E[|Ax|?] stems from the a(\) with mq(A) close to z1. After conditioning on R; and fixing m1()), the rest
terms can be described in terms of partitions without ones and will behave similarly as in the (¢-LT) case.

2.2 Main ideas of the proofs

In the following, we delve into further details of the different cases described by our main results, and
illustrate the main ideas of the proofs.

(SE) phase. The orders of the moments E[|X|?9™*] are given by (15). Using (14) and that 0 < p < 1, one
observes that the quantity (13) with A = A\* = (1,...,1) (i.e., my(A*) = N) is of an order larger than that
with any other A € Py as N — oo. This can be directly quantified by Minkowski’s inequality for ¢ > 1/2 and
concavity for ¢ < 1/2.

(¢-LT) phase, universality. We adapt the proof of [50] to derive the proposed universality result of (3),
utilizing also the robustness of the multiplicative chaos approach in computing low moments of random
multiplicative functions in [28], together with several new observations and technical improvements. The
first observation is that low moments of Ay concentrate around partitions with a large part A, similar
to the complex Gaussian model. Using our assumption E[e”'RkH < oo and Markov’s inequality, we have
E[| Xy [24™*] < T(2gmy + 1)y 24, Inserting in (13), it follows from (14) that

C(24/7)* "y
Bla) < [ == 1m—— (16)
k>1

Since v > 2q, we expect that the contribution from a(\) is small unless my, is in general very small (for instance,
A = (N)). Indeed, Proposition 3.2 below states that it suffices to consider only partitions A with A\; > v/N/C(q)
for some large constant C(q).

Next, recalling that Ay can be viewed as a “Fourier coefficient” of the holomorphic multiplicative chaos,
we may apply Parseval’s identity to connect the sum over A to the moments of the total mass of a (finite)
multiplicative chaos, which is of the form

q K
T ) X
E (/ ]FK(reZG)\QdH) where K €N, Fi(z):= exp( E 7%2’“), and r € [e” /K /K], (17)
k=1

—T

However, a technical difficulty arises: since we only assumed (2¢ + ¢)-th exponential moment exists, certain
Laplace functionals of X}, /vk may not be well-defined for a small k. Therefore, it is necessary to eliminate
the dependence on Xj, for small k. Fortunately, this is possible by the rotational invariance of X and using
~v > 2q. Indeed, we show in Section 3.1 that it suffices to study the truncated secular coefficients

Ava= Y = Y TI (%)mk mlk' (18)

AEPN AePN k>M,
my=--=myr, —1=0 my=---=myy, —1=0
of the truncated chaos
K

Frm.(2) = exp( Z —zk). (19)
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Here, M, is a large constant that depends only on ¢ and the law of X;. After truncation at M,, we can apply
Parseval’s identity to convert the moments of Ay az, to that of the total mass of |F s, |* over the (scaled) unit
circle; see Propositions 3.2 and 3.10 below.

The non-trivial part of (3) is that the low moments of Ay (and hence of the total mass of |Fy ar,
by the aforementioned connection) are asymptotically smaller than those predicted by the second moment
(a.k.a. better-than-square-root cancellation). The fundamental reason is that on certain unlikely events, some
values of |F ar, |2 become exceptionally large and dominate the second moment. To intuitively see this, let us
consider the following random field

| 2

X
G(z) :=1log Fn . (2) = Z Lk ZeT, (20)
vSir. VE

where T denotes the unit circle, together with a branching random walk (BRW) analogue which also guides the
intuition in (EXP) v = 2¢ phase.!

Since the variance of each summand in (20) is of size < 1/k, it is natural to consider the partial sum over
an exponentially growing interval, i.e. Zkze[e"—l, eny X, 12* /V/k and rewrite the field as

|log N| |log N | en—1 X
G(z) ~ _Z O _Z ( le/gzk) zeT. (21)
n=|log M, | n=|log M«| \ k=em

The first observation is that for each z € T, the distribution of each increment Y, (z) approaches a standard
complex Gaussian as n increases. Next, if we consider two points z, 2’ € T with |z — 2/| close to e™™, then for
n < m, one expects Y, (2) to strongly correlate with Y, (2’). On the other hand, for n much larger than m, the
increments Y,,(2) and Y, (z") should be sufficiently decorrelated and are asymptotically independent as n — oo.
From these observations, the random field G(z) on T can be viewed as a BRW with “e offsprings” and |log V|
generations, with standard complex Gaussian increments Y, (z) at each step. The latest common ancestor of
z,z € T is of generation —log |z — 2/|. In other words, the values G(z) and G(z’) share a common part of

—log|z—2'| —log|z—2'|
Y Ve Y V) (22)
n=|log M, | n=|log M, |

and the rest are approximately independent. In particular, if |z — 2’| = o(1/N), G(z) is almost indistinguishable
from G(2').

Consequently, an exceptionally large value of (22) will affect a spectrum of z of length < e~ leading to an
exceptionally large second moment. To circumvent such an issue, the works of [28] and [50] borrowed a barrier
argument from BRW (see e.g. [48]), using a ballot event to discard the (unlikely) large values of (22). Their
first step is to view the term |Fiy 7. |? as a Girsanov-type change of measure, under which Y, has a non-zero
expectation u,. Next, they set up the barrier event

n

G(A;N) = {VlogM*<n<logN, Vz €T, Z (Yj(z)—uj)gA}
j=|log M |

LA BRW process with d offsprings, L generations, and standard Gaussian increments is a Gaussian process on a d-ary tree of
depth L, assigning i.i.d. standard Gaussian variables to each edge of the tree. The value assigned to each leaf is then the sum of
independent Gaussian variables along the shortest path from the root to that leaf.

12



and show that G(A; N)¢ holds with probability exponentially decaying in A. On the event G(A; N), one writes

E[1ga;n) [ Fvan P] = El| Fyar. ] Q(G(4; N)),

where dQ/dP < |Fy az,|? and the ballot-type probability Q(G(A; N)) accounts for the (log N)~%/2 correction
term arising in (4).

The technical difficulty in carrying over the above arguments to the non-Gaussian case is twofold. First,
we need to replace the precise computation of E[|Fy az, ] in the Gaussian case with a slightly more involved
asymptotic computation using Taylor’s expansion. This will be detailed in Appendix A. Second, it is harder
to quantify the dependence structure within G(z) and G(2’) for z,z’ € T as discussed near (22). To overcome
this issue, we apply the slicing argument of [28] and a two-dimensional Berry-Esseen estimate to analyze
quantitatively the dependence structure via normal approximation. However, Harper’s original proof relies
on the double-exponential growth of the number of summands defining Y,,, which leads to handy convergence
results. This approach unfortunately does not suffice as our Y,, only consists of an exponential number of
summands. Instead, we apply yet another change of measure to re-center the vector (Y, (z),Y,(z")) for each
pair of (z,2’), which guarantees a good enough quantitative approximation.

(EXP) phase with v < 2g. We compute directly that

o0
E[|X, 7] = 2 / W2 e =) dy < 42D (2gmy, + 1), (23)

Cy

which amounts to (using (14))

EH@()\)‘QQ] - H I'(2gmy + 1) - Hmllg/Q_q( 2q )quk‘

iy YAk (ml)2a LS Wk

Since v < 2q, large values of my are favorable. In other words, partitions A € Py with mj(\) close to N
dominate. On the other hand, for those )\, the magnitudes of E[|a()\)|?¢] are comparable (contrary to the case
of (SE)), and hence a naive Minkowski’s inequality argument (and concavity when ¢ < 1/2) similar to the (SE)
phase suffices for the upper bound but does not conclude the lower bound.

Observe that for the all-one partition \*, a(\*) = X{¥/N!. Tt follows that

X2 1 >
L ‘ ] = / g N e 1y, (24)
0

Blla(X)P) = E| |57 | = e

The contribution to the latter integral stems mainly from the range where z is close to 2¢/N/~. This motivates
us to restrict the expectation E[|Ax|?9] to the event |R;| = | X1| ~ 2¢N/~. By restricting to such an event, we
gain better control of the dominance of A € Py with m;(\) close to N.

We first use Minkowski’s inequality (and concavity when ¢ < 1/2) to exclude the partitions A € Py with
mi1(A) < N — C, for some large constant C, > 0. For X such that mi(\) > N — C, we may extract a common
large power of | X1, that of | X;|N~C*. Let us restrict to the event | X;| = 2¢N/v 4+ O(v/N). For the rest power
of | X1|™MW=(N=C4)  we may substitute | X;| with 2¢N/v with a negligible error term. This leads to tractable
control on

E

_ ~ 2q
‘|X1|N @y a()\)’ H{|X1|%2qN/’y}] : (25)
AEPN
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where

iT1ma |9 N/~ |1 — (N —=Cx) X\ 1
s O P 1

| |
ma! e \/E mg!

The finite sum in (25), which is independent of R;, can be separated from the expectation and approximated
in L? (for C, large) by an infinite series that one can offer a lower bound in probability.
The above arguments can also be adapted to the case of real inputs { X} }x>1; see Remark 4.

(EXP) phase with v =2g. A similar computation as in the case v < 2q using (23) yields

BlJaO0) 1) = [ el D) ] b2 g,

2qmy, kamk (m
o1 ! &) k>1

Compared to the above phases, we observe a new phenomenon here: the main contribution in (12) stems
randomly from a spectrum of A in a different way from the other cases. The dominating term cannot be
described deterministically and is governed by the random variable |R;| = | X;|. For z; € [0, N], conditioned on
|R1| = 1, we will show that the sum in (12) contributes mostly when mq(\) is close to x1. The contributions
from different values of |R;| can be roughly described by a slowly varying function in |R;|. If both values of
|R1| and m; are fixed, the situation is close to (¢-LT): among partitions of N —m; without ones, those with a
large component dominate.

We sketch the ideas for the lower bound of (6), which is the harder part. For m € [N/6,N/3] N Z, we
consider the disjoint events that |Ri| € [m, m + 1). On such an event, we show that the main contribution to

2 11 (Xk> mlk!

AEPN k21

2q

]l{xle[m,mﬂ)}] (26)

stems from the sum over A such that m;()\) = m + O(N/10), by arguing similarly as (24). Conditioning on
|R1| = x1, such quantity can be further rewritten into
2q
] : (27)

X \™ 1

> oI (7) o

‘ APy iss \WE MM
|1 (X) —m|<N9/10

E

where o ,
: i T
u(j) = e ————
(J) 7/
and z1 € [m,m+1). Note that we condition only on |R;|, and 71 is uniformly distributed on [—m, 7] independent
of anything else. The quantity (27) can be viewed as a generalization of E[|Ax|29] (which is essentially u(j) = 1).
To derive its asymptotic, we need to apply a finer version of the multiplicative chaos approach in the (¢-LT)
case. First, applying Parseval’s identity allows us to reduce our problem into studying the asymptotic of the
low moments of a randomly weighted mass of truncated chaos,

E (/ |FK,M*,m(7"6’9)!2d9> , (28)

vaM*,m(z) = Fr o, (2) X ( Z u(j)zj),

Jili—mI<NO/10

where
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cf. (17) and (19). For 7 close enough to 1, the second term on the right-hand side with z = 7 can be seen as

roughly the discrete Fourier transform of the function j + r™m/=™I'(m)/I'(j) at frequency 71 + 0, where one
expects that roughly,
Yo ulire?y

Jilj—ml<NO/10

xmin{ " \/]Vrm}

|7’1—|—9’7

Therefore, it is natural to decompose the integral in (28) depending on the magnitude of |6 + 7|, and reduce
the problem to estimating (uniformly) the low moments of the partial mass of the truncated chaos,

</|9|<

where K, < v/N. This is central to the proof and will be the goal of Section 5.2.2. As an example, we briefly

illustrate the ideas behind estimating
. q
([ Ircanteoyan)| (20)
|6

E
I<TR

E

, q
Frear, <re”>|2de) ]

1
K

E

using the afore-mentioned branching random walk analogue. The integration over {0 : |#] < 1/v/N} can be
translated as considering only those points 2’ € T having the latest common ancestor with z = 0 of generation
no earlier than (log N)/2, which form a sub-tree of the whole family. This suggests that we should 1) consider
a decomposition

X X
* \/—% k) X exp (kz\/:ﬁ \/—%zk) (30)

1%

Fiear,(2) = Frear, (=) % Fyear, (2) = exp
k=

=

so that if |6],]6'| < 1/V/N, uniformly F as, (re®) < Fra, (re?); and 2) the integration of Fy ny, over
{|8] < 1/v/N} should parallel that of Ff ys, over T, since each sub-tree of a branching random walk can
be considered as independently a new BRW with fewer generations. In other words, the term Fy s, (ret?)
shares roughly the same value (up to multiplicative constants that are bounded in probability) for all § with
18] < 1/v/N. This can be quantified using the generic chaining technique, which gives tail bounds of

VN i

R - X
0| 20 JRRK - )

under a suitable change of measure, allowing us to pull the term |F g az, (re®)|? out from the integral in (29).
With a change of variable # — mv/N6, the remaining term
™ . q
([ 1w (e 2a0)
—T

(),

shares the same log-correlated structure as the (¢-LT) case, and can be analyzed in a similar way. For details
we refer to Proposition 5.11, which establishes that roughly,

™ q 7“2mK E
E Frar.m(re®)2d0 | | < N9°/2 .
(/_,r' (e ) T+ (1 aViEk

E

‘ q
|E' ke ar. (7“619)\2019> ] = N"Y°E

1
Is7&
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Moreover, restricting to the event |Xi| € [m,m + 1) in (26) loses a factor of m™7, which can be intuitively
verified by the following property of the Gamma function:

m+1 00
/ e TxMdr < m_1/2/ e TxMdx.
m 0

Altogether, we obtain

N/3 —4,04°/2 Nl—q+q2/2
E[lANP] > ) = . ,
w1+ (1= q)y/log(N —m))7  (1+(1—q)VIogN)i

leading to the lower bound of (6).

The upper bound follows a similar approach: condition on |R;|, construct (27) for all m € N, use the
multiplicative chaos upper bound for the (¢-LT) case, and finally apply Minkowski’s inequality (¢ > 1/2) or
concavity (¢ < 1/2).

3 The universality phase

3.1 Reducing the proof to Proposition 3.1

To prove the asymptotics for E[|Ax|?¢] under the (¢-LT) condition, we first show that, given any constant
M, > 0, removing summands a(\) in Ay with m;(A) = 0 for all i« < M, from (12) costs at most a constant
factor depending only on the distribution of X}, (equivalently Ry), ¢, and M,. This will be applied later with
M, picked in terms of the distribution of X and g only. The same idea will be recycled later a few times, for
instance, for the (EXP) case with v = 2¢ in Section 5.2.1.

Recall (18). We use the following proposition on the low moments of Ay yz, with a suitable M, to deduce
the asymptotics of low moments of Ay. We will prove the upper and lower bound parts of this proposition in
Sections 3.3 and 3.4 respectively.

Proposition 3.1. Fiz an integer M, larger than some constant depending only on the distribution of Xy. For
any large N and any q € (0, 1], under (q-LT) we have

1 q
1+<1—q>m> ’

where the implied constants may depend on the distribution of Xy (equivalently Ry), q, and M,, but not on N.

E[|An.ar, 2] < (

Remark 1. The truncation parameter M, is chosen so that every exponential moment regarding X used in
the proof of Proposition 3.1 is finite for any k > M,. It is possible to track down this threshold in terms of the
constant kg defined in Lemma A.2, but we omit the work here.

Deducing Theorem 1.3 equation (3) from Proposition 3.1. We first establish the upper bound of E[| Ay |?]. De-
fine

Prag, = {(mi)ngM* V1 <i< M, mi €{0,...,N}and > im; < N}. (31)
1<i< M,

For m € Py . » we define

Am:N M, = Z a(N).
AEPN
(m1,....mpr,—1)=m
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In particular, Ag.n v, = An,m,. For ¢ < 1/2, using concavity we have

ElAnPT < ) EllAmyvar I+ ) Ella(A)]

mepﬁ,M* A <M
M,—1
- X 1
] 1 \( L

o

A<M, k=1

2q

< > E [\A No$M i A

<
mEPN,M*

By Proposition 3.1 and (16) and since M, is fixed, the first sum is bounded by
g NE (X)’” RS
1 \/% my!

2qmy,
S I en
weri sy, (14 (1= )\ floa(N — S gy i =

Z ! m L o
1 . 5
meplff,M* (1 + (1 - q)\/log(N — E j'w:*l ljmj))q k—1 € \/E

2q

> E [1AN_2]M*11 jmg M,

<
mEPN.’M*

where § > 0 depends on -, q. Next, since M, is fixed,

M—1 - 2q M.—1 Lo 2qmy, M,—1
q —om
S IIE ‘( 97 L« X I om (,M) « ¥ e et

A<M, k=1 AN <My k=1 A<M, k=1

where we used in the last step that >, _,, mi > N/M, for A € Py with Ay < M,. We thus arrive at

) 1 e A L
E[|An|* — —.
ENEESDY ()

mepsz,M* (1 - (1 o Q) \/log(N - Z;\/lz*l_l jmj))q k=1

Let us divide the above sum over m € P]f,, M, into two parts depending on whether Z;W:*fl
First,

> : ()"
(1+(1—q) \/logN ZM* Ljmj))e k=1 eVk

<
mEPN’M*
My—1 .
Zj:*l Jm <N/2
>2qu

1 M,.—1
AT gvieNy H(

mEPf, My
My—1
S M1 jm; <N/2

S (1+(1—q Viog N Mﬁl i (eéf)quk

k=1 my=0
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1
(1+(1—q)VIogN)e

Second, if Zj\il Ljm; > N/2, then ZM* Ym; > N/(2M,). This implies

<

1 Mi.—1 1 2qmy,
> T (.7)
5
mers . (L (1= )y flog(N = M ) = \eVE
ST jmy>N/2
Mi—1 2qmy,
1 25N 1
< NM- — —.
< 2 (o) oo (i) < &
mePy o, k=1

2 my> N/ (2M..)

Altogether, these yield E[|Ayx|?Y] < (1 + (1 — ¢)v/Iog N)~4 for ¢ < 1/2. The case ¢ € (1/2,1] is similar by
looking at E[|Ax|[?7])'/(29) and using Minkowski’s inequality instead of concavity.

Next we show a matching lower bound on E[|Ax|?9] by using that of E[| Ay . |?9]. The first observation is
that we can, with the cost of a constant factor depending on L, remove those a(\) such that 0 < m1()\) < 2% for
some large integer L to be determined later. Denote by Aj C Py the set of partitions of N such that 2¥|my()),

for 0 < k < L. Using X, 4 — X1, we get

Av=Ya+ > a2 -3 a+ Y a(n),

AeAo AEAS A€Ao A€A§

and therefore,

‘ STan+ Y a(A)‘quL \ - Y an+ Y a()\)‘Qq]>

AeAy AEAS AeAg AEAS (33)
1 1 2q
> 32| 5 ooof”] - 32| 5 ool
AEAG A€A;

where we used that max(|w — z|, |w + z|) < |2| for complex numbers z,w. Further, to get rid of A € A} N A,_1,

im/2k

we use X1 de X1 and apply the same argument. By induction, finally we have as claimed above

Ef|An[™) > rLE[{ > a(A)\zq].

AEA]

Continuing this procedure for ma, ..., mys, —1, we get

EllAn[] > 2‘M*LE[\ 2 a<A>12q] = 27 M ER[ A ],

/\EB]\/[* L

where
BM*,LZ{AGPN:V1<k<M*,2L|mk(A)}g{AePN:vKMM*,mk(A)#o — mk()\)>2L}.

Since we assume the unit variance condition E[|X1|?] = E[|R;1|?] = 1, we may assume there is some
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g0 € (0,1) such that P(|R;| < eg) > 0 (otherwise |R;| = 1 being sub-Gaussian, Theorem 1.3 equation (3) follows
from Proposition 3.1 with M, = 1). The strategy is then to restrict to the event that |X;| = |R;| < g for each

1 <j < M,—1, that is, with E denoting the conditional expectation on the event {|R;| < g, 1 < j < M, —1},
E[|An[*) > E[|An|* | |R;| <0, 1 <j < My — 1] = E[|Ay|2).

Using either concavity or conditional Minkowski’s inequality, it then suffices to prove

> ()
my!

AEB, L k>1
Fje[L,M.), m;#0

2q

~

E 24] (34)

1
< =E[lA
o E[|An ar.

where C' > 0 is a fixed large constant that depends only on M,. Let Cy > 0 be the implied constant in
Proposition 3.1. Let PN]%/[ be the subset of P ;, with my(\) > > 2F for all 1 < k < M, such that my(\) # 0.
We have for ¢ < 1/2 (and similarly using Minkowski’s inequality for ¢ > 1 /2),

< k) , 2q]
Z II |
)\EBM L k>1 Mk
Jj€(1,My), mﬂéO

~

E

~ Xk 1 2q
<> r O
<L AeP k>1
mle);g\]()M* (ma,.. :mMiV—1)—
_ T EIXP X )™ 1 [
= > 1 g >, (%) wa
mepol k=1 AePNn k=M.,
m;évo ! (m1,...mp, —1)=m
< CO Mi—1 €3qu‘
mep;f\f/[* (1—|— 1—q \/10g N — ZM* ljm]))q el kam
m#0
M* 1

The sum over m with } ;™
by

jmj > N/2 can be controlled similarly as in (32). The rest terms are bounded

Mi—1

¢ e 20,
Z & H %0 < 0 H 82qu
qmy _ E

mePy Y, (1+(1—gq) \/log N — ZM* 1jmj))‘1 Pt ks (14+(1—-¢q)ylogN)4 L2

N, My
m#0 m;éO

Mx—1
Zj:*l Jm;i<N/2

Note that
M,.—1 M.—1 00 €2L+1
2 2
S oMame I (e 3 dm) -1ty
— &
mepyL k=1 k=1 mp=2L 0
m#0
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By picking L large enough, we obtain

X \™ 1
SR (G
AEBu, . L k>1
JjE1,Mx), mﬂéo

2q 1
Ri|<ep, 1<j<M,—1| <
[l <o LSS S Goi (- gvie Ny

1

< =E[|A 2
C [| N,M*| ]7

thus proving (34) and hence the desired lower bound. O

3.2 Setting the stage for proving Proposition 3.1

We now proceed to the proof of Proposition 3.1. In this short section, we prepare ourselves with a few
notations. First, motivated by our discussions on page 12, we define two probability measures as follows.

For any K, M, r satisfying log M, < M < log K and e V& < r < e¥X | define the measure QS])\/[K by

QN P2 TRy cos(my)) 55)

dP E exp(2zk oM kaCOS(Tk))

In addition, let K, be such that log K, is the largest integer with K, < mln{4logT, K}, and M = M(r,0) be
the smallest integer such that eM > min{103/|6|, K, /e, M.}. For e /5 < r < /K and 0 € [—n,7), define the

2
measure Qi ])V[ K0 by

2 fe) r
dQ%), o exp2EKr  (Zo(m) + Zo(m)))

= — , (36)
dP Elexp(2 Y11 (Zo(m) + Zo(m)))]
where for any M < m < log K, and 6 € [—7,7),
X k ik0 k
Zo(m):=R Y % - ¥ %Rk cos(7i + k). (37)

em—1l<k<em em—1lg<k<em

When the values of r, M, K, 6 are clear from the context, we will drop the subscripts and write instead Q1)
and Q2

To further understand the sums Y,, defined in (21) under the new measures, we define and compute using
Lemma A.4 that

QM rk _ r2k —3/2
pp :=E ﬁRk cos(ti)| = - +O(k ) (38)
and
k 2k k
Ve = vo(6) = EQ? %Rk cos,(Tk)] = Tk + Cos(k;f) O3 (39)
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We also refresh ourselves with the truncated multiplicative chaos. Recall (18) and (19). It holds that

ANy, = [zN] exp( i X zk)

T
Moreover, inserting K = N/2 into (18), we have
N2 0
k n
Fnyom, (2) = exp < Z \/Ezk> = Z ( Z a(A))z . (40)
k=M. n=0 AEP,,
)\1<N/2

V1<k< My, my,(A)=0

In the next two subsections, we establish the upper and lower bounds for Proposition 3.1 respectively.

3.3 Upper bound of Proposition 3.1

By Hélder’s inequality, it suffices to prove the upper bound for 1/2 < ¢ < 1. Proposition 3.1 then follows
from the two propositions below.

Proposition 3.2. Suppose that E[eﬂRl‘] < oo for some vy > 2q. For1/2 < q <1 and N large enough, we have
for some C(q) > 0,

11/C0)

J
1 1 (7 . i 1
E[| Ay, [*]9) < N E I (277/ |Enji . (exp(j/N + 19))|2d9> TN
i=1 -

where J = [log(C(q)vV/N)/log?2].

Proof. The main idea resembles that of [50, Proposition 3.1]: separate the sum over A\ € Py according to the
values of A1, control the contributions from partitions A with a small A; (and hence some my () is large), and
apply Parseval’s identity to the rest A.

Denote by P%’M* the subset of Py satisfying mi(A) = --- = mas,—1(A) = 0. Recall (11) and (12). Suppose
that E[e?1] < 0o for some v > 2. Then E[|R;[] < v ‘I'(£ + 1) for £ > 0. Therefore,

Zqm] Cry~2ame T (2gmy, + 1) C(2q/~)?amx
21 _ E[|Ry[*™*] gl (2qmy, q/7
Efla)) = ] (m,ququ < 1T = < 1 —@— @
k:mg>0 k:mg>0 k:my>0

where we have used (14). By Minkowski’s inequality,

2471/ (29) 2471/ (29)
E[ S a ] —E' S a ] < Y Efla(n)pee
AEPR,’M AEP&M* AeP?VM*
M<N/27 M<VN/C(q) M<VN/C(q)

VN/C(a)

2q 2q 2=t
< Z H C ( > < pNCVN/C(q) (7) , (42)
AEPR pp,  Fimu>0

M<VN/C(q)

where py is the number of partitions of N. Note that for partitions A € 77]({,, a, With the largest component at
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most v N/C(q), we have

x/ﬁg(q) C(q) \/Nf(q) Jw
my > —= kmy. = C(q) VN (43)
k=DM, VN k=M.

Inserting back to (42), together with the bound py < €™V 2/3VN (see [2]), we have

2¢] 1/(2) 9\ COVN/2
E Z a(\) < <> <<N’
AEPY At i
M<N/27

where we take C(q) large enough in terms of the fixed constant C' and ¢,7. The rest of the arguments follow
similarly as in Section 4 of [50], which we sketch below for completeness. By Minkowski’s inequality,

D DENTEY

)\EPR,JM*
N/2I <\ <N/29~1

+ (44)

21D
N

J
E[|An, Y00 < 3R
=1

For a fixed j € {1,...,J}, we may decompose

S a= Y e,

AP ol lol=N
. PTE o|=
N/2I <\ <N/2971 1p|>0

where the parts of p lie in (N/27, N/2/~!] and of o lie in [M,, N/2/] (here and later, we keep such constraints
in the sums over p or 7). Let E; denote the expectation in { X} y/2j<p<n/2i-1- Note that if A # ) are distinct

partitions, then E[a(A)a(\)] = 0 by independence of {Xj}r>1. Therefore, by applying Jensen’s inequality and
expanding the square, we obtain

E; [ > a(\)

)\E'P?\,’ M
For a partition p whose parts lie in (N/27, N/2971], we have

N/27 <X <N/29—1
C,Y—ka(ka)l CQJ r
) 2| < <
E; DG(P)’ } S H _ (my)2kme ( N ) ’
N/2i<k<N/2i-1

B [la(o)P?]- (45)

pPEPn

> alo)

0
TEPN _n M

2¢q 1/q
"z

N/2i<n<N

where r is the number of parts in p. Using r < 2/ < C(q)2N/27 for 1 < j < J, it follows that

Z E; [’a(P)ﬂ < Z (C]V2j>r<LN£2iJ1+ r)

pPEPn 2i=1n/N<r<2in/N
27 crt 1 2j(N —n)
<= — mCAASRA |
N 2 (r—l)!<<NeXp< N >

20—In/N<r<2in/N
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Inserting in (45) leads to

E, U > a(\)

AEPR ar,
N/27I <A\ <N/27 1

a1 24N =)y
N

2
<<% > ‘ > alo)

N/21<n<N ' o€PQ_, 41,

o

™

1
<« ——

2N | FN/2J',M* (exp <% + z@)) ‘2(1197

where the last step follows from Parseval’s identity applied to

Fnjoioa, (2) = Z ( Z a(o))z’“.

T 0677,2]\/1*
Taking expectations on the g-th powers of both sides of (46) completes the proof. 0

Proposition 3.3. Fiz any q € (0,1]. Suppose that E[e”'R”] < oo for some v > 2q.> For any K sufficiently
large (in terms of M) and 1 < r < /K we have

. (/_Z’FK’M*(Tew)‘Qd9> < <1+<1 —I;m) ’ (47

where the implied constant depends on q,~ but is independent of K, r.

Inserting Proposition 3.3 into Proposition 3.2 then yields the upper bound of Proposition 3.1. To set up
the proof of Proposition 3.3 we need the following two-sided ballot estimate for a centered Gaussian random
walk, which is due to [28].

Lemma 3.4. There is a large universal constant L1 > 0 such that the following holds. Consider a sequence of
independent centered Gaussian random variables { Gy }nen with variances between 1/20 and 20. Then uniformly
for any functions h(m), g(m) satisfying |h(m)| < 10logm and g(m) < —Lim, and for a,n large enough,

PIVI<m<n, g(m) < ZGj < min{a, Lym} 4+ h(m) | < min{l, %}

7=1
The same conclusion holds if we replace min{a, Lym} above by a.

Proof. The first claim is [28, Probability Result 2]. For the second claim, the upper bound follows from [28,
Probability Result 1], and the lower bound follows from the first claim. O

Definition 3.5. Fiz a large universal constant Ly > 20 as in Lemma 3.4. Let K be large enough (in terms of
M) and1<r < el/K, and suppose that 1 < A < /log K. Define the event

X k ik0
Gr(A0;K) = {VlogM* <n<logK, —A— Lin < Z <§RW - Mk) <A+ 10logn}.
M, <k<em \/%

Define also the event G.(A; K) that Gr(A, 0; K) holds for all 0 € [—m, 7).

2Strictly speaking, Proposition 3.3 does not rely on v > 2¢. Assuming only v > 0, the same conclusion holds if M, is large
enough in terms of ~.
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Proposition 3.3 then follows from two propositions below.
Proposition 3.6. For any K sufficiently large, 1 <r < e'/%, and 1 < A < Iog K,
P(Gr(4; K)°) < exp(—A4).
Proposition 3.7. For any K sufficiently large, 1 <r < e'/%, 0 € [-m,7), and 1 < A < Iog K,

AK
Viog K’

E(lg,(a.0.5)| Frc,ar, (re”)?] <

and therefore

E

log K

-

HQT(A;K)/ |FK7M*(rei0)|2d9] <

Deducing Proposition 3.3 from Propositions 3.6 and 3.7. If ¢ = 1, the upper bound of (47) is equivalent to K?
(up to constant) and the desired claim follows from Lemma A.3. If ¢ € (0,1), it suffices to prove

s q K q
E F 9y1240 )
</—w‘ s (re”)| ) < (Vi)

Next, we partition the whole probability space into the events

G.(1; K), G-(27;K)¢, and G,.(2/; K)\G. (2" K), 1 <j < J:= |loglog K|.

Then we have by Proposition 3.7 that

q

" 0y |2 K g
]lgr(l;K)/ |Frc . (re'®)|2do < (K) 7

™ q
E 1 1g,a:x) (/ FK,M*(rew)Fde) <|E x

-7

and by Holder’s inequality and Propositions 3.6 and 3.7,

- q
E | 1g, 2k, (27-1;K) (/ !FK,M*(TBW)Fde)

—T

q
™

: K
Lg, (2116 ’FKM*("”@ZG)‘Q(M] <<(

Vieg K

< (PG (2L K)) | E )q2jq exp(—(1 — )27 1h).

—T

Note that

Zqu exp(—(1 — )2 ) < Z 29 exp(—(1 - )27 < <1>q.

: , 1—q
721 1<j<—logy(1—¢q)

Finally, by Holder’s inequality, Lemma A.3, and Proposition 3.6,

q
™ ; K q
E ]197»(2‘];K)C (/71- ‘FK,M*(TG 9)’2(:10) < <W) :

Combining the above estimates concludes the proof. O
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3.3.1 Proof of Proposition 3.6
By definition, if G,(A; K) fails, then there must be some log M, < n < log K such that either

enil .
Xk,r,kezke
max R—— — > A+ 10logn 48
oI kg\; < N g (48)
or
en—1 .
XkT‘kEZkG
min R——r— —up | < —A— Lin. 49
oe[—m,m) k_z]\:/[* ( vk H 1 (49)

Applying the union bound, we can bound the probability of the first event (48) by

en_l .
X k ik0
P Jdlog M, <n<logK: max Z (?RW

—Mk> > A+ 10logn

06[771-771') k:M* \/E
log K e"—1 Xkrkeikg log K
< P R—— — > A+ 101 =: Pn.
2B 3 ( 7 Wf) ogn) = 3 P
n=log M k=M., n=log M

The quantity P, is then controlled using a chaining argument. First, we discretize the interval [—m, 7) into ne™
points. Define 6; = 27j/(ne™), 0 < j < ne™ (and identifying 6 with § —27). Then on the event in the definition
of P,, it holds that either

e"—1 k0.
X k _ik0 A
Z (%W - ,uk> > o) +5logn (50)
o\ VR
for some 0 < j < ne™ or
e"—1 Xka A ' g e"—1 ' A
R Z B (e — i) = 3%/ Z X (ivVke™)dy > = + 5logn
vor, VE %5 k=M. 2

for some 0 < j < ne™ and some 6 € [#;,0;11). In particular, the second case implies
e —1

%+t kT ik A
Z XprFVke y‘dy2§+5logn (51)
0 k=DM,

for some 0 < j < ne™. Therefore, by the rotational invariance of X, it holds that
Pn < ne™ (P, + P,

where P), (resp. P//) is the probability that (50) (resp. (51)) holds with j = 0.
For P/, using Markov’s inequality and Lemma A.3 we have

A e"—1 e"—1 L
Pl < exp —2(5 + 5logn + Z Mk) E |exp | 2 Z T—Rk cos(Ty)
k=M, k=M, vk
e—n—A

< exp(—A — 10logn — 2n)e" = ———



Next, we estimate P//. Applying in order Jensen’s inequality, Markov’s inequality, and the fact that the law of
X, is rotational invariant, we have for 5 > 0,

1 o el . A+101
Pl <P 91/0 exp (5‘ k; Xkrk\/%e ky‘)dy > exp <7291 Ognﬁ)
I 0 e"—1 A
< exp <_A+21;)110gnﬁ> E 011/0 ! exp (5’ k;:/l* Xkrk\/EeZkdey
: e"—1
< exp (-Wﬂ)lﬁl exp (,B‘k_z]\;* ka“k\/%D
e"—1
< exp (-Wﬁ) E |exp (25‘ Z Ry, cos(Tk)rk\/%D .
k=M.,

Since R}, are i.i.d. sub-exponential, so is Zinz_]\} Ry, COS(Tk)T'k V'k. Then by Bernstein’s inequality, there is some
constant C' > 0 depending on the distribution of R; such that

e"—1 2
1 u u
k .
P ’ kEM Rk COS(Tk)T \/%‘ zu | K exXp <_C mln{eﬁ, 677//2}> y

which implies
e"—1
E |exp (26‘ Z Ry, cos(rk)rk\/ED < exp(Cp%e*" 4+ log B).
k=M,

Finally, plugging in 8 = e ™ we get the desired bound P” < e~47"/n!0 (which is loose but sufficient).
Combining this with the bound of P!, we get P,, < e~4/n?, and therefore

A

PlVliI<n<logK: max Z NG —uk>>A+1010gn <Le .

Xkrkesz
P
oe[—m,m) Py,

By replacing Ry with —Rj, and also py with —puyg, the probability of the lower tail event (49) can be bounded
by the same argument. This concludes the proof of Proposition 3.6.

3.3.2 Proof of Proposition 3.7
Let M = M(A) = max{2v/A, 20, log M.}, and define

eM—l .
XkaBZkG
A0 = 3 (m—uk |
k=M, \/E

E(A,0; M) :={—A— LM < Ag(M) < A+ 10log M},

Define the event
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and for B > 0, define the event

X k ik
L.(B,6;K) = {VM<n<10gK, ~B-Lin< Y <§Rk:/£—uk>§3+1010gn}. (52)

eMLk<en

Then we can replace the event G, (A, 0; K) by the less restricted event &,(A,0; M)NL,.(2A+ L1 M, 6; K), where
we used 10logx < 2x when x > 20. By rotational symmetry and independence,

E(lg, (a0.x)|Fic.ar, (re”®) ] = E[lg, (a0.50) | Fx1. (1) ]

eM

<E|1 e p(2§R i X’Crkﬁ e (23% KZ X’“rk)
X Er(A0;M) €X —7 ) LL,.(2A+L1 M,0;K) €XP
(A,0;M) Rl vk (2A+L1 M,0;K) =, vk
B eM_1 K-1
Xk’l“k Xkﬂ“k
=E :H.gT A,0;M exp 2% E ]]‘Lr A+L1M,0;K exXp 2% .
aoanesw (28 32 ) B et o (R 3 )
Proposition 3.8. With the notations above and let B :=2A + L1 M, we have
K-1
Xk K B
E |1z, (B,0;x) €XP <2§R ) L (53)
k:Z:eM vk M \/log(K/eM)

Deducing Proposition 3.7 from Proposition 3.8. Note that B = 2A + L1 M = O(y/log K). By definition of M
and Proposition 3.8, we have

]\/1_1

» K(A+ M) c rk
E[lo (a9.50 | Fic ar. (re®)|?] < E |1s 4000 €xp (23% —Xk>
(L6, (a,0:5) | Frc,pa. (re”)[7] T ioa (K Je) 0 (A0 M) k; i
]V[_l
AK ‘— r* AK
<« 2 R (23% T x ) < :
eM /log K P k;\; Vi F Viog K
where the last step is due to Lemma A.3. This concludes the proof. O

3.3.3 Proof of Proposition 3.8

Recall our definition of Q) = QS&K from (35) and the event £,(B,0; K) from (52). The constant M,
is chosen depending on the law of Ry so that for all k > M., every Laplace functional below (i.e. expectations
of the form E[exp(ay Ry, cos(7x))] for some ay) is well defined, and the conditions in Lemmas A.2 and A.4 hold.
Using Lemma A.3, the left-hand side of (53) becomes

K-1 k
E eXp< > %RMOS(%O QW(L,(B,0; K)) = eﬁMQ(l)(ﬁr(B,O;K))-
k=eM

It then suffices to calculate the ballot-type probability Q) (£,.(B, 0; K)). Define

Tk
Y, = Z (x/ERk cos(7) — uk> . (54)

em—lgk<em
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Next, we approximate these random batches Y,, with centered Gaussian variables with uniformly bounded
variance, which allows us to use Lemma 3.4 to compute the probability

Q()<VM<n logK, —B—Lin< Z Yo B+1010gn>.
m=M+1

Lemma 3.9. For any r, such that |rp,| < m?2, there is some centered Gaussian random variable N,, with
variance o2, = EQ(1>[Y2] 3 +0(e™™) such that

QY (ry < Vi Kt +m ™) = (14 O(m 2)P(rm < Ny < 1 +m %)

Deducing Proposition 3.8 from Lemma 3.9. We use a slicing argument as in [28]. Note that on the event
L.(B,6;K), it holds —B — Ly(n — 1) < 30! g1 Ym < B+ 10log(n — 1) and =B — Lin < Y0 10 Vi <
B + 10logn, then there must be

Y| < 2B+ Lin+10logn < A+n, M <n <log K.

Since M > max{2v/A,20}, we know further that |, ] < n? umformly in M <n <log K. Then there must be
some 1, € Ry, := {r € n74Z : |r| < n?} such that r, <Y, <7, +n~% In particular,

n 1 n
~B-Lin— Y — < Z < B+10logn, M <n <logK. (55)
m=M-+1 m=M

Denote by D(M, K) the set of all possible vectors (ry)ar<n<iog &, T™n € Rp that satisfy (55), then Lemma 3.9
yields

QW (VM <n<logK : —B— Lin < Y, < B+ 10logn

log K
1
< 1) il
X Z H Q (Tm<Ym<7nm+m4)
(rn)€D(M,K) m=M-+1
log K 1
= Y I 0t 0m ) B(r < N <t )
(rn)eD(M,K) m=M+1 m
log K 1
< Y TI ]P’(rmgNm<rm+m>
(rn)eD(M,K) m=M+1

n n

1 - 1
<SP(VM<n<logK:-B-Lin— Y —< » Np<B+10logn+ Y —
m=M+1 m=M+1 m=M+1
< B
log(K/eM)’
where the last step follows from Lemma 3.4. This completes the proof of Proposition 3.8. O

Proof of Lemma 5.9. That o2, = EQ" [V2] = 1/2 + O(e™™) follows from Lemmas A.1 and A.4. We first
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compute the characteristic function of Y,, under Q. Using Lemma 3.3.19 of [22] and Lemma A.4, we have

k 2 w [
EQU) exp | 7t 71—1‘2 cos(7y) — =1— —Var® — Ry, cos(T + D (t
p (\/Ek (k) Mk) 5 N (k) k(t)

2k
=1- (24032 ) 2+ Dy(t)
4k
with some Dy (t) satisfying

1)

3
|Di(1)] < [tPE2 Ry.cos(my) — ug| | < IR,

7

and similarly | D} (t)| < |t|?k~3/2. Rewriting this in exponential form, we have

k

EQY |exp [ it(-=
p ( it( 7

2

" k
Ry, cos(x) — Mk)) = exp —§Va1rQ

—— Ry, cos(7x)

Vk

. + Tx(2)

with again |Tx(t)] < [t|°k~%/2 and [T} ()| < [t|*k~%/2. By independence, we then have

o [exp(itY;,)] = exp o + Sm(t) | =exp r Z ~ +Ok32) | + St
" 2 " 2 2k "

em—lgk<em

with | S, (1) < [t]3e™™/2 and |5 ()| < |t|?e™/2. Let A, := 1 /02, < m? by our assumption that |r,,| < m?2.

Define a new measure Q( ) by

d@(l) B e K exp(AmYm)

dQW i B2V fexp(An Vo))

and the characteristic function of Y;,, under @(1) is

= 2
EQ® [exp(itY;,)] = exp (irmt - %”t? + St —idm) — Sm(—z')\m)> )

Note that when Y;,, € [rp, rm +m ™3],

Yo — Ao < AL 2 s

= o2 mt
Together with the estimates on Sy, (t), we have

@(1) (rm <Yn<rm+ m_4)
(1) ow [ —

2 ~ 56
= exp (%”)\gn + Sm(—i)\m)> exp(—TmAm + O(m™2) QW (r,, < Yy <7y +m™?) (56)

2 ~
= (1+0(m ) exp (= 55 ) QV(rm < Yin < +m ™),



For each m, let N,,, be a Gaussian random variable with mean r,, and variance o2, under P, i.e., with charac-

teristic function )

Elexp(itNyy,)] = exp <irmt - %’1#).

Applying Berry-Esseen bound (see equation (3.4.1) of [22]), we obtain

e/ QW ity, it N,
QY (rm < Yo <1+ m ™) = Pl < Ny < 1+ 7 )| < / / E” L |]t| gy 4 et
—em 9
Further, since |Sy, ()| < [t|3e™™/? < 1, we have the estimate
BV (] — EleN]| < e 2 exp(Sin(t = idm) = Sm(=iAm)) — 1]
< e 218, (= iAm) — S (—iAm)]
g
< eﬂfntz/Q/ 157 (s — iAm)| ds
0
< 722 (| ]+ |tf).
Therefore,
. » em/Q .
QW (rpy < Yoy <t +m™) = P(r < Ny < 7 +m ™3| < e—m/Q/ ([ Am|? + |t} e omt /2dt + e~™/0
—em 9

< (1+|rm[He™? 470 « 7™/

for any |r,,| < m2. Note that P(rmy, < Ny < 7 +m™%) > m™, we have

QW (rm < Vi <1 +m™) = (1 + 0> ™10)P(ryy < Ny < 1 +m™4),

Finally, a standard Gaussian computation yields

2
P(rm < N < 7 +m~ 1) = (1 + O(m~2)) exp (;—";)Mrm < Ny < 7 +m ).
O’m

Combining with (56) yields the proof. O

3.4 Lower bound of Proposition 3.1

In this section, we prove the lower bound of Proposition 3.1.% We first reduce the proof to the following
two propositions.

Proposition 3.10. Fiz ¢ € (0,1]. Suppose that E[e"f1]] < oo for some v > 2q, i.e. (¢-LT) holds. Then for
any 0 <7r <1,

—T —T

q q
1 i . m .
E[|An, s, 9] > N E (/ \FN/z,M*(Tele)’2d9> —E |rN </ | Fny2,0. (619)\2(19)

Remark 2. Proposition 3.10 mirrors Proposition 8.1 of [50], which focuses on ¢ € [1/2,1] instead of ¢ € (0, 1],

3The proof of the lower bound does not strictly rely on the (¢-LT) condition, but the bound may not be tight for the other cases.

30



together with a Holder’s inequality argument for ¢ € (0,1/2), in order to obtain uniformity of the constants in
q. Here, we do not attempt to have the asymptotic constants in (3) independent of g.

Proof. We mainly follow the arguments in Section 9 of [50]. First, it follows from the same symmetrization
procedure as (33) that E[|Ay . |?9] > E[| By . |?9]/2, where

Xn
By, = E %AN—TL,M*-
N/2<n<N

By Khintchine’s inequality, in the form of Lemma 4.1 of [37],* we have

2q ’Aan,M*‘Q ? 1 2 !
IE[UBN,MJ |{An,M*}1<n<N/2]>> > — ) >y > Ananl?) -

N/2<n<N n<N/2

Taking expectation yields

Elaxar P> 5| (5 3 Hnar) |

n<N/2
Recall from (40) that with
AN, = > a(N),

AEP,
M <N/2
V1<k< M., my(A)=0

it holds that Fv/o a7, (2) = >_,50 An.N,M.2", and hence by Parseval’s identity, for r € (0, 1],

S v P 2D N Annan P =N A v )
n<N/2 n=0 n=0 (57)
1 ™ N ™

i r i
=5 |Fijonr. (re'®)|?d6 — o | /o, () [2d0.

—T

Moreover, by definition ﬁn N, = Ap oy, for n < N/2. The claim then follows by applying the inequality
|z + w|? < |z]7 + |w|? for g € [0, 1] to (57), and taking expectation. O

Proposition 3.11. Fiz any q € (0,1]. Suppose that (q-LT) holds. Let K be large enough. For any e~ /400 <

r <1, we have
q q
T - K
E F re')|?do > u ,
(/,T| K. (re”)| ) 1+ (1-q)vIogK,

where log K, is the largest integer such that K, < min{—1/(4logr), K}.

Remark 3. Here, K, is the threshold below which the variances of Y}, (defined in (54)) are comparable (say,
between 1/20 and 20). This appears necessary to make sense of the random walk analog of (21) proposed in
the proof sketch.

—C/N

Deducing the lower bound of Proposition 3.1 from Propositions 3.10 and 3.11. Consider r = e for a large

4The proof therein is stated for Rademacher random variables, but the same arguments work for sub-exponential random
variables, using a standard concentration bound (e.g., Lemma 8.2.1 of [51]).
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constant C' to be determined. Then Proposition 3.11 gives that for N large enough,

q q
1 g . 1 1
—E F DR | | > = :
N4a (/71-| N/2,M, (7”‘6 )‘ ) Cl (C(l + (1 _ q)\/@))

On the other hand, applying Proposition 3.3 gives

—C

q q
1 4 ) e
—FE |rNe F 91240 <C .
B (/\ w2 () Ty

Therefore, by picking C' > 0 large enough depending on the constants C1, Csy, Proposition 3.10 yields

q
1
E[|A 2] >
H N7M*‘ } 1+(1_Q)\/W
for N large enough. By adjusting constants suitably, the conclusion stands for all V. O

3.4.1 Proof of Proposition 3.11
For any (random) subset £ of [—7,7), we use Holder’s inequality to obtain

E [ 2| Frcan, (rei9)|2de} ) o

E (/7r FKM*(re”)Fde)q > (

w (E [<fﬁ |Fr, M. (Teie)‘2d9>2]>1—q'

We then carefully choose this random set £ as inspired by [50]. Recall (38).

Definition 3.12. Fiz again a universal constant Ly > 20 from Lemma 3.4. Let A be a real number with
1 < A< Vlog K. Define L(0) = L(A,0; K) as the event that for each log M, < n < log K,, one has

Xkrke”“(’
—A—-Lin< R—r — < A->5logn.
1 k—zj\:/l* ( vk a °

Also, let L = L(A; K) be the random subset of € [—m, ) such that L(8) holds.
First, we give a lower bound of the numerator of (58).
Lemma 3.13. For any 1 < A < +/log K, and e~ 1400 < < 1, we have

, AK,
E / Fx ret? 2d9} > .
L eanreien] >
Proof. The proof is similar to the proof of Proposition 3.7 in Section 3.3, so we only sketch the key steps. First,
observe that by rotational symmetry,

E U |Fre., (rew)\ZdH] =F
L

—T

/ Lr o) Fre . (Teie)\2d9] = 21 E[1z(0) | Fi . (r) ]
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It follows from Lemmas A.1 and A.3, and definition of K, that
ork
Bl P (0P = exp (3 2 Recos(n) ) [@0(£0) = K0 ()
M.<her VE
Next, recalling the definition of Y, in (54), we replace £(0) by the less restrictive event

L£(0) := {VlogM <n<logK,, —Lin< Z Y., < min{A4, Lln}—5logn}
m=log M,

On the event £(0), we have

< m, logM, <m < log K.

Xk,r,keikﬁ
2\

emLk<emtl

It then follows from Lemma 3.9 and a slicing argument as in Section 3.3.3 that
QW(£(0))

> Q(l) Vieg M, <n <logK, : —Lin < Z Y, < min{A, Lin} —5logn
m=log M,

n n
>P | ViegM, <n<logK,: —Lin+ Z m~* < Z N,, < min{A, Lin} — 5logn — Z m™
m=log M m=log M m=log M
A

>,
log K.

where the last step follows from Lemma 3.4 and by adjusting the constant L suitably, while noting that M, is
a fixed constant. This completes the proof. O

For the upper bound of the denominator in (58), we first expand the square to get

</L | Fic o, (re™®) ’2d9> 2

| | nael)|FK,M*<rei91>|21£<92>|FK,M*<re"92>|2deldez]

L (59)
:/ E |::[].E( @ Fr (7 )’2|FK,M*(Tei0)‘2] do

—T

Proposition 3.14. With notations as above, for any 6 € [—m,7) and e~ /400 < < 1, we have

. K?  min{K,,2r/|0|}
E[1 F 2| DP| < AP < '
c)nc@) [Fr . ()7 Fr o (re”)| ] < dte log K, (log min{K,, 27 /|0|})7

Deducing Proposition 3.11 from Proposition 3.14. As in [50], applying equations (58), (59), Lemma 3.13, and
Proposition 3.14 with A := y/log K, /(1 + (1 — ¢)v/log K,) completes the proof. O
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3.4.2 Proof of Proposition 3.14
Let us define M = M(r,6) to be the smallest integer such that e™ > max{min{103/|6|, K, /e}, M.}. Set

eM— X k0 eM—1 k
7" e T
R ( £ Mk) = (Rlc cos(7y, + k) — Nk) , 0 €[—mm).
k=M., k=M, vk

Similarly as in the proof of Proposition 3.7, we replace the event £(0) N £(8) with a less restricted event L,
defined by the constraints that

and for any M < n < log K,

— A — Lin —max{Ay(M), Ag(M),0}

X]J“k Xkrke““e )
< X (W om). X (REEE ) <A mingA4o(0). 4(20).0}

eM Lk<en eMLk<en

Also recalling our definition (37), and using py = 2% /k + O(k=3/?), we get

E |1y | P (r) P Ficar, (re) 2|

log K1 K L

H262A0(M)+2A9(M) H 2%0(m)+2Zp(m) o (2 Z T%(XkJereike))]
m=M+1 k=K, vk

—1 ok

< exp (4 ez %)E

k=M

log K
< €4ME HZ eQAo(M)-i-QAg(M) H 62Z0(m)+2Zg (m) E

m=M+1

K

k
exp (2 3 %m(xk + Xke“"’e))].

Using Lemma A.2 (i) and definition of K., we arrive at

Kk Kk
o iko r
E| exp <2k§< \/%%(Xk + Xe )) < E| exp (4k;< \/%%Xk)]
< H <1 + =+ O(k‘3/2)> < 1.
k=K,
We conclude that
log Ky
E ]]-E(O)ﬂﬁ |FK M*( )| |FK,M* (7“619)|2} < €4ME 11262A0(M)+2A9(M) H 62Z0(m)+2Z9(m) . (61)
m=M-+1

We now state a two-dimensional version of Proposition 3.8, which suffices for proving Proposition 3.14.

Proposition 3.15. Notations as above, and let M’ = max{M, A}. Given any B, B’ satisfying B' <0 < B and
B,—B' < LM’ with some absolute constant L > 0, define the event

Xk Xjrketkd
E:=<{VM <n<logK,, B — Lin< Z 3?\/% - |, Z %T—Vk <B;. (62

eM Lk<en eMLk<en
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Then

lOg KT K2 M, 2
E [15 exp(2Zo(m) + 2Z9(m))] < =7 — | .
m:lz_wlﬂ M\ V1 + log(K, /)

Deducing Proposition 3.1/ from Proposition 3.15. Our plan is to condition on {Xj};<xc.n and insert Propo-
sition 3.15 into (61). First we claim that, with a constant Ly > 0 large enough, setting B = A —
min{Ag(M), Ag(M),0}+ Ly and B’ = —A —max{Ayg(M), Ag(M),0} — Ly in the definition of event £ gives that
LCE. Indeed, this is a consequence of Lemma A.5, with

Lo= Y > (e —w)

m2>2M ' em—1l<k<em

< 1

Moreover, we have by (60) that on the event L, B—B < LM and M’ < A+ M with some large enough
absolute constant L > 0. Together with (61) yield that

K362M
14+ 1Og(Kr/eM/)
KerM
< .
1+ log(K,/eM)
K3€2M e24 A2
< 1 —i—log(KT/eM’) M3 E |:]]'{AO(M)<A—510gM}€

E [ﬂc(O)mc(e)\FK,M* (") | Fi . (Teie)\2] < E [15 (Ao +A (M) (4 4 M)Q}

E {]lf QQ(AO(M)+A9(M))A2M2]

2A0(M)} :

where in the last step we used rotational symmetry while bounding Ag(M) < A —5log M. On the other hand,
Lemma A.2 yields

E | 11a0(m)<A—510g M} 6’2A°(M)} <E[*M] <« e, (63)

Next, using M’ = max{M, A} < max{M,/Iog K,.} we obtain (1 + log(K,/eM"))M > log K,. Combining the
above and using the definition of M completes the proof. O

3.4.3 Proof of Proposition 3.15

Suppose first that log(K,/eM) < 10. Using rotational symmetry and Lemma A.2 (i),

log K log K- log K X Tk
E []lg H exp(2Zp(m) + 2Z9(m))] < E{ H exp(4Z0(m))] = E[exp (4§R Z b )} < 1.
m=M+1 m=M-+1 m=M+1 \/E

Now if K, > eM*+10 we can assume 6 satisfies 103/|0| < K, /e and eM|9] > 103. Recall (36). In view of
Lemma A.6, it suffices to bound Q) (). Recall from (39) that

X k 2k kO 2k
v = EQ? | R j% ] = % + Cos(k)r +O(k™3?),
and define N L ik
X X ¢
Xk = %kT]: — U and Xk = 3‘%% — U, ke N.

We apply the same strategy as in the proof of Proposition 3.8: approximate the batched sums of X}y using
Gaussians, and apply Lemma 3.4. We first use Lemma A.4 to compute the joint characteristic function of
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(Xk,0, Xrp) as

REQ® lexp(iuXyo + ivXkp)]

2RQ™) [ x2 2RQA) [ x2 Q@ >
—u2EQ? (X2 | — v?EQ? [X2,] — 2uvEQ” [ X} 0 X} 6] 1 j
s .0 . k.0 +3 :FEQ@)[(WXM +ivXp )]
j 377
(u? +v2)r?*  wwr?® cos(k0) 9 1
—1- - + (u? 4+ v?) ( 32) j [(uX g0 + 10 X5 0)7]
4k 2k K =3/
(u? +v?)r?*  wor?* cos(k0)
=:1- - D
1 ok + k(ua 1}),

and using Lemma 3.3.19 of [22] and Lemma A.4, we have

(a) |Dp(u,v)| < (u2 4 v2 + [uf® + [v]?)r3*E—3/2,

0Dy (u,v 0Dy (u,v _
(b) [2Palwv)) HODElwD) | o (1) 1 fo] 4 [uf? + |v|2)r¥Fk—3/2;

0° Dy (u,v _
(c) |ZDe0)) o (14 Ju] + [0])r3kE—3/2,

Before using independence to form a product of the characteristic functions over k, we need to transform our
expression into an exponential form. We have

2 | ,2\,.2k 2k L0
EC [exp(iuXpo + ivXpg)] = exp (—(u tur”  uwr” cos(kd) +Tk(u,v)> ,

4k 2k

where the above (a)—(c) hold with Dy (u,v) replaced by Ty (u,v).
Next, we group the random variables X}, o, X; ¢ and approximate their sums using Gaussian distributions.
Define

Ymo= >, Xpo and Ypg= > Xigp, meN

em—l<k<em em~l<k<e™

After summing over e™ ! < k < e™

2 21,2k 2k L0
EQ® [exp (iqu,o + iUYm,e)} = exp m§< . (— (u +4Z r L ;I?S( )> + Sp(u,v) |, (64)

where

(@) |Sm(u, )] < (u2 + 02 ful + [o)e ™2 < (1 Juf® + Juf*)e™™/2;

ASm (u, as _
(b) |28mlwn)) 2 < (Jul + o] + [ul? + [o]2)e™/%;

028 m (u, _
() |Z0mn) | o (1 4 fu] + [v])e™/2.

Our Gaussian approximation will have the same covariance structure of (Y, 0, Y, 9) under Q ), which we
compute first. Define the covariance matrix
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where oy, p, are defined such that 3, is the covariance matrix of (Y3, 0, Y, ¢) under Q@ 1t follows from
Lemmas A.4 and A.5 that

n= > ﬂ+0(1<f3/2) —Lioeme
Tm = 2%k PR

em—lgk<em

and

2k
me'T2n _ Z (r COS(]CH) —I—O(k_3/2)> _ O(GM_m+€_m/2).

2k
em—lgk<em
In particular,

pm KL T

M—m —m/2
Iy O(e—72) <e +e . (65)

Let Ny, := (N1, N 2) be a two-dimensional centered Gaussian vector with covariance matrix ¥,,. That is,
XNy, 1 T 2
Ele ] =exp —5X Ymx |, x € R, (66)

Lemma 3.16. For any |up|, |vm| < m, it holds that

Q(Z) (um < Ym,O < U + m737 Um < Ym,@ < Um + mig)
= (1+0(m™2)P(up, < N < U + m=3, v, < N2 < v + m=3).
Proof of Proposition 3.15. We use a slicing argument to bound Q3 (€ ). A direct argument as in the proof of
Proposition 3.8 would not work properly since our bound on |Y;, 0|, |Yin,0| is not yet uniform in m € (M, log K,].

For this reason, we condition on the values {Y,.0, Ym0} m<m<nr and consider the ballot event with partial sums
of {Yin,0, Ym0} M/<m<log k,, Where M’ = max{M, A}. Observe that by definition (62), on the event &,

B'—LiM'< ) Yo Y, Yje<B
M<j<M’ M<j<M’

and Yy 0/, [Yime| < m for M < m <log K, using M’ > B — B’. Therefore,
Q@ (€) = E[@(Q) (€| {YM,OaYm,H}M<m<M’)}
<Q® (ww’ <m<logK,, B—Lim-B< Y Yo, > Yj9<B-B+LM
M/ <j<m M'<j<m
and VM’ <m <log Ky, Yool |[Ymel < m) (67)
Given a set of values {Y, 0, Ym0} M<m<log K, satisfying the event in (67), there exist numbers uy,, vy, € Sy 1=

{te (1/m®)Z: |t| < m}, M’ < m < log K, such that for all M’ < m < log K,

3 3

Um < Yo < Um +mM" 75 Uy < Y9 < Uy +m 7,
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and in particular,

B—Lim-B- > m?®*< > w, > v <B-B+LM (63)

M'<j<m M'<j<m M'<j<m
Denote by C(M’, K,) the set of all possible vectors (um,vVm)m’<m<iog K> Um,Um € Sm satisfying (68). Using
Lemma 3.16 and (67), we have
Q@) < Q? (vM <m<logK,, B—Lim-B< Y Y, Y Yj3<B-B+LM
M'<j<m M'<j<m
and VM' <m <log K,, |Yiol, |Yimel < m)

1 1
< Z Q®@ <Ym,0 € [Um, U, + —3], Ym0 € [Um, Um + —] for all M’ < m < log K, >
(Um7vm)€C(M/,K7-) m

< > II «a+om™)

(uT?L7U77L)EC(M/7KT‘) M’<m§log K

1 1
P <Nm,1 € [Um, Um + —3], N2 € [Um, v + ] for all M’ < m < log K, >
m m?>

m m
1 1
( Lme2) 5B P N 3 Ne B2} B
J=1 M’'<f<m M’'<t<m 7j=1 J
forallM'<m<logKr>
SP(-Lm< > Ny, > Nep<IM forall M <m<logk, |,

M'<t<m M'<t<m

where in the last step we used that B, B < M’ < m and L is some other absolute constant.
Before applying the Gaussian ballot theorem, we shall decorrelate each pair of random variables
(N1, Nm2). Recall from [50, Section 12] that for any Borel set B C R?,

1+‘pm’

P((Nm,1; Nm,2) € B) <
1= [pm|

P((Nm,1, Nmy2) € B),
where le, ]\me,g are i.i.d. N(0,02,(1+ |pn|)) distributed. Using (65), it is straightforward to see that

1+
I1 Lt loml oy (69)
M’ <m<log K, = lpm]

By Lemma 3.4, we conclude that

QPE) <P |-Lm< Y Nei, Y. Ny <LM for M' <m <logK,

M'<e<m M'<e<m
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<P(-Lm< > Ny, Y. Nep < LM for M' < m < log K,
M'<l<m M'<l<m
2

=|P[-Lm< Z ]Vg,lgLM’forM’<m<10gKr

M’ ?
< _ | .
(%1 +log(K, /e >>
This yields the desired result. O

Proof of Lemma 3.16. Let Y, := (Ymo,Ym?g)T,u = (Um,vm) ", and X := X -lu, where we recall that X, is
the covariance matrix of (Y0, Y:m,¢) under Q®@. First, we apply an exponential tilt of the measure so that
(Ym0, Yinp) is centered at (um,vy,). Define the tilted measure Q) by

d©(2) L eXp()\ ) Ym)
dQ® " Q@) (exp(A-Yp))’

Let ﬁm = (th ng) be a two-dimensional Gaussian vector with the same mean and covariance matrix as
Y,,, under Q2. By (66) and since exponential tilts preserves the covariance for Gaussians, we have

E[eix'ﬁm] = exp <—;XTEmX +iu- x) , x € R
The corresponding characteristic function of Y,, under the tilted measure @(2) is given by
E2® [eYm] = exp (;XTEmX +iu-x+ Sp(x — i) — Sm(i)\)> , x € R? (70)
where we recall Sy, from (64). Following [46], we have

)@(2) (um < Ym,O < U + m—37 Um < Ym,@ < Um + m—3)

_P(um gﬁm,l <Um+m_3a Um gﬁm,? <0m+m_3)‘
- / C A gear / " B fexp(isYim0)] — Elexp(isNma)] | (71)
—em/9 J_em/9 st —_em/9 S
m/ 0(2) . e
. /e * | EQ® [exp(thm,a)]t— E[exp(it N 2)] ‘ dt + em/9.
_em/Q

where
A(s, 1) = EQ? [exp (isYimo + itym,g)} — E[exp(isNp.1 + it Ny )]

— E@(Q) lexp(isYm,0)] E@(Q) lexp(itYm 0)] + E[exp(is]\AfmJ)] E[exp(z’tf\\fm,g)].
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For x; = (s,0), we estimate

S35 — IA) — Sm(—iA)| = / dSp(t —dzqu, _Z)‘Q)dt
’ B (72)
< €_m/2/ (L4 [t + AN de < ™21+ Jul*)(|s] + |s]),
0
where we used ||A]| < HZ;}HOP lul| = (62, — |pmc2,) 7 ul| < |Jul|, since 02, > 1 and p,02, = o(1) by Lemma

A.5. Inserting back into (70), the second integral of (71) can be bounded by

em/9 | Q2 . . AT e™/9 | S (x1—iA) =S (—iN) _
/ E¥" [exp(isYm,0)] — Elexp(isNpm,1)] ds </ eSm(x1=iX)=Sm(=iX) _ 1 o—0252/2 4
—em/9 S —_em/9 S
em/9

S (%1 — iX) — S (—iA)

_ 2 .2
‘6 05,8 /st

f
_em/Q
em/9

<e ™21+ ud, +vd) / (1+ 82)6_03”82/2(18
—em/9

< efm/2m2 < efm/9.

A similar estimate holds for the third term. We now bound the first integral of (71), where we consider
x2 = (0,t) and x3 = (s,t) in (70):

2
IA(s,1)| = ) exp ( - %m %3]|2 + iu - x3) [exp(—pmaznst S (x5 — iA) — S (—iN)) + 1
— exp ( - pma?nst> — exp(Sm(x1 — IA) + Sp(x2 — IA) — ZSm(—i)\))} ’

2
Sexp [ — 2 |1xs)2 ) ||ePmomst — 1|eSmxa=iX)=Sm(=iA) _ 4
PATH

i ‘esm(ng—i)\)—Sm(—i)\)"GSm(xl—i)\)+5'm(xz—z’)\)—Sm(X3—i)\)—Sm(—i)\) _ 1‘]

2
o . .
< exp (= 22 sl ) [Ist]|Sim(x3 = iA) = Sin(=i)]
1S (x1 — iA) + Si(x2 — iA) — Sp(x3 — iX) — sm(—mn]
where we used Lemma A.5 in the last step. Similarly to (72), we have

1S, (%3 — GX) — S (—iA)] < S (X3 — iA) = Sy (X1 — i) + [ Sy (X1 — iA) — Sy (—iN)]
< e ™24 8+ [ul ) ([t + [HP) + e ™20+ al?)(Is| + [s]?)

and also

s t 952 s o
|Sim (X1 — i) + S (X2 — iA) = S (X3 — IX) = Spu(—iA)| = / / Ol = iAL,v = a) g,
0 0

oudv

< e A+ Is| + e st
< me ™2 (1 4 |s| + |t])]st|.
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Therefore,

m/9 em/9
/em/Q/em/Q

st

m/9
’dsdt < e / » / b (= 2 gl ) [0+ 52+ TP+ )

(1 [P (Is] + ) 4+ m(1 + [s] + [t])]st] | dsdt

m/2 —m/9‘

< m2e” Le

Plugging back to (71), we obtain

Q(2) (um < Ym,O < Um + m737 Um < Ym,@ < Um + mig)

~

—P(upm < Nt <t +m73, 0y < Nypg < 0y +m~3)| < e7™0

uniformly for all |um|, [vy,| < m, M < m < log K. We may replace the absolute error by a multiplier of
(14 0(e —m/ 10)), since (Nm 1, Nm 2) is centered at (um,vm) and has constant order variances with vanishing
correlation. This gives that for |upy,|, [vm| < m and M < m < log K,

Q@ (U, < Voo <t +m ™3, vy < Vi < g +m3)

=(1+ O(e_m/lo))P(um < ]Vm,l Sum+m3, vy, < N2 < v + m_?’).

Now note that if Y, 0 € [tm, um+m 3] and Yy 9 € [m, vm+m 3], it holds that [A- Y., —A-u| < [Jul|/m3 < m™2
Therefore, we have

QP (i < Yo <t +m 73, 0y < Vg < 0 +m7%)
=EU* [X Y] QO (67“{’“ L <Y 0<tm+m=3, vmgym,ggvm+m—3})
=exp < - %UTE;}u + Sm(fi/\)) (14 0(m=2) Q® (uy, < Yoo < Um +m7>, v < Yipg < v +m™2)
=(1+O(m™?)) exp ( - %uTZgilu> (14 0(e ™) P(u,, < ]\Afm,l U +m 73, vy < ﬁm’z < v +m 7).
Thus,
QP (U, < Yyno < U +m 73, v < Yino < O +m™3)
= (1+0(m™2))exp ( - %uTZ;lu) P(uy, < ]/\7 U +m73, vy < Nm’g < U +m73).
By a standard Gaussian computation,
P(tm < Nopt < U +m2, vy < Nypa < vy +m™°)
~ 4 ~

1
= (1+0(m™?%))exp ( — §uTan1u) Pty < Nont < U +m72, vy < Nypo < v +m73).

The proof is then complete. O

4 The stretched exponential phase

Recall in the stretched exponential case (SE), P(|Rx| > u) = exp(—(u/c,)P) with 0 < p < 1 and ¢, =
(2I'(2/p)/p) /2. Denoting by A\* = (1,...,1) the all-one partition of N, Theorem 1.3 in the (SE) case follows
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from the following proposition, which shows that the contribution from A* alone is the main term in low
moments of Ap

Proposition 4.1. For all N large enough and any g > 0

[1AnP) = (1 o()E [Ja ()P = (1 + (1)) 2m) /271, 2GRN oy /p= 120
where Cp 4 = 2qch/(pe'~P).
Proof. Recall that a(\*)

(73)

X{V/N!. The asymptotic formula of E [|a(A\*)|*?] then follows from (1
first asymptotic relation, by concavity, we have for 0 < ¢ < 1/2
E [la(A)/) -

5 &[] <5 vt <2 vy +
o

and by Minkowski’s inequality, for ¢ >

=

5). For the

> aflcn]
IX=N
1/2,

mi <N
E [la(] "

1/(2q) 1/(2q) . /(29) 1/(2q)
= 3 E[laP] T <E[lAnf] E [l + 37 E [la]
[Al=N A=N
m1<N mi<N
Therefore it suffices to show for 0 < ¢ < 1/2
> E [la)] = o(E [Ja(x)] ) (74)
A=V
mi1<N
and for ¢ > 1/2,
. 1/(29)
> Eflap] " = o(&[la ] ") (75)
[A[=N
mi<N
as N — oo. Fix ¢ € (0,1/2), by (14) we have
N N—k 2
X
2q !
> el < e i
IA=N k=1 |X|=k
mi<N ( ):
< Zc2q(N RIP(N — )2/ DN=B$1/2-0 3™ g [|a()\’)|2‘1}. (76)
N =k
ml()\’):()
For each X' as a partition of k € {1
may vary from line to line) that

N} with mi(\) = 0, we have with some constant ¢ = ¢, 4 > 0 (which

|2q] < HCCquJ/p 2q 1/p—1)m;+1 < k(k)fI(l/Z’l)k+\/ﬂ’
2
where in the last inequality we use the fact that |N| =k = Z? o Jmj =23 5 omy, and that 37 o 1oy, oy
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v2k. Recall the partition number p;, < €™V 2/3\/E, we can bound (76) from above by

V2k
2 2q(N—k)/p 29(1/p—1)(N—k)+1/2—q 7\/2/3VE s q(1/p=1)k+V2

> E[la(x y}<<§c (N — k) v <2>

=N k=1

mi<N

)24(L/p=1)(N=k)+1/2-q([; /2)a(l/p=D)k+V2k
N2q(1/p—1)N+1/2—¢

r 7 — N —k
< E |[a(A")[* Zopqu’f/peck(

- - S8 1
<E[laW)| Y exp (ck - q(}—? - 1)(2N log N — 2(N — k)log(N — k) — klog k))

) T k=1

[ *\ 12 T 1
<L E ||a(X™)|* Zexp ck—q<f—1>kzlogN

L : p

k=1

<E :\a()\*)|2q: iN‘Ck —0 <IE [|a(A*)|2qD ,
k=1

establishing (74) and hence (73). A similar computation proves (75) and hence the result follows. O

5 The exponential phase

Let us recall that in the exponential phase (EXP), P(|Ry| > u) = exp(—y(u — ¢y)) A 1 for u > 0, where
v € (0,2q] and ¢y = log(7?/2)/v. Our goal is to provide asymptotics for E[|Ay|??] as N — oo where ¢ € (0, 1].
To this end, we split into two cases: v < 2q and v = 2q.

5.1 The case v < 2q

In this section, we prove Theorem 1.4 for v < 2q, that

2qN
E[|An|%] < ¢(N) = ¢y~ (N) := NY/274 (?) . q€(0,1], v < 2q. (77)

5.1.1 Proof of the upper bound

A direct application of Minkowski’s inequality together with (23) yields for ¢ > 1/2,

Xp\™ 1
Ell v < 3 E[ (%)

AEPN k>1

Qq] 1/(2q)

Cy~™ (2 1)1/(29)
< Z H g (2mgq + 1)

mg /2
APy k21 k2]
m7#0
<<F(2NQ+1)1/(2") +i 3 T(2(N — j)g+ 1)/ I CT(2mpq + 1)1/
NN! N—j — ! my Lmy /2
(A =2  AePy PN =) pes YRR k/2my,!
m1(N)=N—j m 70
By (14),
I'(2mpq + 1)1/ _
kq < C(2q)mkm’1€/(4q) 1/2.



On the other hand,
m/4a)-1/2

[1 Ome  ~ <1
kamk/Z ’
k>2

m7#0

since the product on k& > C? can be bounded by one and the product on 2 < k < C? is bounded by a constant,
where C' may depend on ¢. Therefore, for A € Py with m1(A) = N — j, we have

H Cy~" T (2mpq + 1)1/(20) - H 2¢\ "™ _ (2 /2
ke /2my | = '

k>2 k>2 v v
my#0 my#0

Combining the above leads to
E[| Ay |[?9]"/ (24)

-Np@oNg + DY) X ~(N=DT(2N — i) + 1)1/ 2D (24 /~)i/2
< (2Ngq+1) Y y (2(N —j)g+1) (2q/7)

! —
N j=2  \ePy (N =)
ml(/\):N—]
N
< v N(2q)N NV (ED-1/2 4 Zpﬂ—(N_j/z)(zq)N_j/g(N _ )/ aa)-1/2
j=2
N . )
—N (9 \N n1/(4g)—1/2 ovi( Y 2N =g\ Ha)-1/2
e N 15 () (V)
N
< (?) NYUED=1/2 — () (24),

where we have used (14) again. This leads to the upper bound in (77). The case ¢ € (0,1/2) is similar by using
concavity instead of Minkowski’s inequality.
5.1.2 Proof of the lower bound
Recall from (77) that our goal is to show E[|Ax|?4] > ¢(N). Observe the decomposition
Xe\™ 1 X\ 1
= S () e S () ™
| |
APy kSl vk MM AePy kol vk MM

mi(\)=N—C mi(\)<N—C

for C' > 0. A careful examination of the proof of the upper bound yields the following lemma, giving an upper
bound for the second term in (78).

Lemma 5.1. For any € > 0, there exists C = C(e) > 0 such that

Xk Mk 129
E > H<> — ]<g¢(N).
‘ AePy k=1 vk !
ml()\)<N*C

We will focus on the sum over partitions that have a large number of ones, and use Lemma 5.1 to show
that the remaining terms are negligible. To this end, let us fix a large constant C, > 0 to be determined. For
a given A € Py with mi(\) > N — C,, we let A\, denote the partition after removing N — C, ones from A. In
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particular, A, € Pc, and there is a bijective correspondence between such A and A,.
Consider M = M (v, q) € N such that

20\ 2M 2\ 2
) =) (1)
v Y
We will restrict to the event that |X;| € [(2¢N — v/N)/v,2¢N/v] and | Xa|, ..., |Xa| < 1. More precisely, we
have
2 2
E[ AN > E||AN "L, (2qn—v) 2080 Ryl <1, <500}
> ¢ VE [ANPIL gy o | IR S 12 <5 <MY (80)
Therefore, in the following, we may without loss condition on the event {|R;[ <1, 2 < j < M}. The resulting

probability measure and expectation operator will be denoted by P and E respectlvely
We first make a few simplifications to the first sum of (78). It holds that

Xk W _ N-C. X\
‘ 2 H< ) mo |~ 2 m pe 0',}1< > OWILE

AEPN k>1
(81)

m1(N)=N—Cx

Here, with the bijective correspondence between A and A, described above, we have my(A) = my(\,) except
when & = 1. When the situation is clear, we omit writing the dependence on A or A\.. With |X1| ~ 2¢qN/~, we
expect that

) my
Xk 1 - 2qN€ZT1 1 Xk "k 1
Z (m1+N C, 'H< > mk!N Z < y ) (ml—l—N—C*)‘]:!;[g(\/E) mk!'

The goal of the next lemma is to make this precise.

Lemma 5.2. On the event |Ry| = |X1| € [(2¢N — V' N)/v,2qN/~], it holds that

) 2 (m1+N C., |H<Xk> mlkl_ > (26]]\;6171) (N—g*)!lelg<§%) kmlk'

AEPC, A+€Pc, 2
(2q/7)"™mCs X 1
< % e L)
\€Pc, Db s w

Proof. Consider A\, € Pc,. By triangle inequality,
' (N B C*)‘ X{nl _ N—mlei71m1 (2qN>ml

(mp + N —C,)! 0
|R1|m1 _ <2qN>m
~

‘ (N —C.)!
= (ml—l—N—C’*)!

— N_ml . |X1|m1 + N_ml
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Using Taylor’s expansion, we have for N large that

mi mi .
N Cy—J m1Cly
——— < ex - K .
EN—&+J P ;j—

In addition, by the mean-value theorem

2gN\™
|R1’m1 _ <q>
v

| (N _ C*)' X{nl - N_mleiTlml <2qN>ml

2qN\ ™!
<<mlm<Q) .

Y

Altogether, we have

(24/7)™ miC.
< .
vV N

(m1+ N — C,)! ~

Next, we use (82) and the triangle inequality to obtain

’ 2 <m1+nflv1' C. 'HC/(%) mlk!_ 2 <2q]:> (N—c}*ﬂleH(i%) mlk'

MEPC, k>1 MEPC, k>2
x| (e ()
Nt (m1+ N —C,)! 0 (N = C)INmMl 2\ VE mg!
(2 )" my C 1
< Z Q/’Y 1 ' ( ) —,
A EPC, Col 2 MM
as desired. O

Lemma 5.3. There exists § > 0 such that for C' large enough,

_ "k
P> H( 2qe”1/'y)> - >8>0 (83)

A G'Pc k>2

Proof. Denote by

my 1
Z H( 2qe”1/'y) ) mk'

MEPC k>2

2
We show that &¢ L ¢ for some random variable £ # 0 as C' — oco. Since a partition A\, € P¢ is uniquely
determined by the vector m = m(\,) := (ma(As),...,mc(As)), we can rewrite ¢ as

B X, "
= 2 H(ﬁ(zqem/wk> il
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where Ny = {0,1,2,...}. This motivates us to compute the tail L? norm using (23), that

_ my 1 2 - 2my 1 N -
E[ > H< 2qe”1/7)) it ]_ 2 H( VE(2q/7)k ) (i XL (3

N{z 3.} k>2 N{z 3.} k>2
Z] QJmJ>C Z] QJmJ>C

L/ y=2mx 2my, 1
< )
> g () 11 G

GN{2 3yt k=M
o mg7#0

Z] 2]m]>C

where we recall that we conditioned on the event {|R;| < 1, 2 < j < M} and that E[e"ein"] = 0 for m # n.
Suppose we have proved that

2m 1
> I W(mkk> I o0 (85)

meng23) k=M 2<k<M
SR o gmi>C My 70
j=2 J

Then it follows that &¢ L—2> & where

mp 2
Bl =R ’ L ] ! >0
[1€17] [ R]{ZK;}T]:L%)< 2qem/7) ) my! C(q)

Since L? convergence implies convergence in probability, (83) follows. Therefore, it suffices to establish (85).
Using (79) and (14), we have for some ¢ = &(~,q) > 0,

2m 1 1 1
Z H k.mk 2(]/’)/ 2kmk< k) H (m))? < Z H e H e (86)

N{2 3,...} k=M 2<k<M N{2 3,...} k=M 2<k<M
my7#0 0
k;é Z] 2]m]>C’ k#

where we may without loss of generality replace M by max(M, L"). Note that for each m € Né2’3""} with
> i2edmy > C, either my > C'/3 for some k € [2,C/3), or my, > 1 for some k > C/3. Therefore, for C' > M?3,

1 _ 1 1
Z H €kmk H ecMk <€ e Z Heekimk H esMik

meN(Z3 ) k=M 2<k<M meN{23-} k=M 2<k<M

S | D SF= NI DI T B

2<k<M \mp=0 k=M \mp=0
This proves (85) and hence (83). O

In the rest of this subsection, we prove the lower bound of Theorem 1.4 in the case v < 2¢. First, combining
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(81) and Lemma 5.2 yields

[ X, (A) 1 2q
¢ Z H < > m IL{|R1\6[(2qN—\/N)/wqj\r/ﬂ}
L ANEPN k>1
m1(A)=N—C.
IE -‘X ‘Qq(N—C )‘ Z H ( >mk(/\*) 1 ’2qﬂ ]
- 1 * meO) R1|€[(2gN—V/N) /~,2gN
I wmry, (M (A +N Cot 2 \Vk mpO ) {IRLElg )/12aN/~]}
N-\ \2q(N Cy) Z <2qu"'Tl)m1 1 H X\ 1 2q
L MEPC, v (N = Cy)IN™ P Vk my,! {IR1|€[(29 )/7,2aN/~]}
E - 2q/7)"™ ma Cs Xp\™ 1 |™
i pee| S @ammnc, X\ 1 _ -
. A*;C* VN(N - C,)! ,};[2 75) | Lomleteav—vm e | 87)

where C'is the implied constant in Lemma 5.2 and in the last line we assumed ¢ < 1/2, and the case ¢ € (1/2, 1]
follows similarly by Minkowski’s inequality. In the first expectation of (87), the absolute value is independent
of the rest. This yields

B i mi m 2
_ 2N eim 1 (Xk> Eop |
E 2k 7

Z < vy ) (N — Cy)I\Nm ]};[2 Vk my!

L' A €Pc,

| = () sedm ()5

_ | A e

LBV ~ (N — C,)IN™ o vk my,!
2q

]E

> (=) (%) -
N mal
A EPC, v k>2 vk M

Here, we supply a simple lower bound for the latter expectation in (88):

’Xl ’2q(Nfc*) 1

{|R1 IG[(2qN—\/W)/%2qN/ﬂ}]

2q

Il
&

E ’Xl ’2q(N—C’

)
]l{lRlIG[(QqN—\/W)/WQqN/V}}]

|X1 |2q(N—C*)

1 ~
N (N - C*)!ZqE[

ﬂ{R1|€[(2qN—\/N)/’y,2qN/—y]}]' (88)

2gN/~

E |X1|2q(NfC*)IL x2q(NfC*)€7'yxd$

>
{Rllé[(2qN—\/N)/%2qN/7]}] /(QqN\/N)/'y

2qN
_ o ~2(N=C.) / J2AN=C2) =y,
gN—VN

> VN <2qN) e2aN

where in the last step we use the inequality y2?(V-C+le=¥ > (2¢N )Q‘J(N —Cx)e=24N which is a consequence of
Taylor’s expansion when N is large enough compared to Ci.
We next bound the first expectation in (88). Since for A\, € Pc,, mi = Cy — > kmy, we have
2q]

. m1 m 2 2qC. Mk
~ 92gein <Xk> Fol q] <2q> e ( > 1
[ e ( vy ) js Vk my,! vy 2qe”l/7)kmk my!

MEPc, k=2
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In view of Lemma 5.3, there exists dgp > 0 (independent of C,) such that

mg 1 2
Z H( i km > | ] > do
3P, i5a \VR(2ee l/w WAL
for any C, large enough. In this case,
= 2qNel™ ™ 1 Xp\™* qu 20(N—C.)
Z ~ (N — C,)IN™ H VEk my! 1] {|R1|€[(2¢N—V'N) /~,2aN/~]}
AEPc, k>2

_= gV =0
> (N =) ( 5 ) E| X4l (1 el(20N—V) 20N/}

1 2q 2qC\ 2qN ZQ(N_C’*) —9qN
- (& N q
>>(N—C*)!2q(7> YN ¢

> ¢(N).

On the other hand, for a fixed C,, the second term of (87) is bounded by

m m 2q
= 2q(N—C\) (2g/7)™ m1Cs X" 1
E |1 A; VNN — Oyl kll T mal| LHORIE@N VR 20N )
* Cx =
2N\ 21N =G (2g9/7)™miCy m1m10 1™
< < ) Ell > JN(N H 1| YiRilel@aN—VR) /7.2a8/2))
v A €Pc, k=2 k

< <2qN>ZQ(N_C*) (20/7)-C2 ™
“\" VN(N - C,)!

= oc.(¢(N))

for N large enough.
Altogether, we conclude from (87) that for some constant M’ = M’(~, q) independent of C, and N,

2q
~ X 1 (V)
Ell > H< ) | HRE@aN VR 320890y | 2 3 — 00 (@)
AEPN k>1
m1(A)=N—Cx

Pick e = 1/(2M’eM) in Lemma 5.1 and let C, be the implied constant C therein. Recalling (80), we have

x> e (A8 o 60 ) - o) > o0

as N — oo. This completes the proof of the lower bound.

Remark 4. The same arguments in this section carry through if we replace the rotationally invariant complex
inputs { Xy }r>1 with real ones. Suppose that {Xj}r>1 forms a sequence of i.i.d. two-sided symmetric shifted
exponential random variables with unit variance. That is, P(|X| > u) = exp(—y(u — ¢y)) A 1 for u > 0, where
v € (0,2q) and ¢, = log(y?/2)/v. Note that the same moment asymptotic (23) still applies. The only argument
in the current section that depends on the rotation invariance is (84), whereas in the real case, cross-terms may
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exist. Nevertheless, the cross-terms can be estimated similarly: the left-hand side of (84) can be bounded by

my,
12 1 1
B> 1z < > I oo I oin
2q/7 my! eck(mp+ng) ec(my+ny)
EN{2 33y b k=2 m,nEN({)2’3"”} k}% 2<k<M
Z] 2JmJ>C min{Z?‘;Qjmj,E?innj}>ka
Vj, mj+n;E2Ng
—2eC1/3

LKe R

for C' > M?3 (possibly with a smaller £ and a larger M than (86)), which replaces (86) and the arguments that
follow.
5.2 The case 7 = 2q
Fix ¢ € (0,1]. Our goal in this section is to prove (6) that under the case (EXP) with v = 2g,
N1-a+d°/2
(14 (1 —q)Viog N)e'

Let us recall the philosophy for the case v = 2¢ that the main contribution to Ay from the sum over partitions
(12) is random and depends on the value of | X;|. More precisely, on the event that | X[ is close to m, we expect
that the partitions A € Py with m;(A) = m + O(v/ N) dominate Ay. After applying the decomposition

E[lAn[*1) =

E[|AnPY = > B[ AN "1 x| gfmme1)):

m=0
we will show that for m < N — 2,

% m—a+a*/2
E[JAN1 5, e fmm+1)] = 0 () oaly e (89)

The desired asymptotic then follows from Karamata’s theorem (Theorem 1.5.11 of [11]):

N—2 m—a+d?/2 N1-a+d>/2

z:O 1+(1—9q) log(N—m))qx(l'f’(l_Q)\/m)q.

(90)

As illustrated in Section 2.2, a key step towards (89) is reproducing the same multiplicative chaos approach
from (¢-LT) case to estimate (27) after conditioning on R;. For this reason, we first prepare ourselves with a
stronger version of Proposition 3.1, which is the focus of Section 5.2.1. When performing the multiplicative chaos
analysis, an essential ingredient is establishing uniform estimates of a weighted mass of truncated multiplicative
chaos (cf. (28)). This will be the goal of Sections 5.2.2 and 5.2.3.

In this section, we will use C1,Cy,... to denote large positive constants (greater than one) that only
depend on g and each other, which may be different from constants defined in other sections. Throughout, we
fix ¢ € (0,1], and the notation < will always denote asymptotic constants that depend only on q.

5.2.1 Strengthening Proposition 3.1

In this section, we show that Proposition 3.1 also extends to the (EXP) case with v = 2¢, if we restrict to
partitions without ones (i.e., mi(A\) = 0). Recall (18).
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Proposition 5.4. Fix an integer M, > 2 larger than some constant depending only on the distribution of Xj.
For any large N and any q € (0, 1], under (EXP) with v = 2q we have

q] — 1 !
IE[|14N,M*|2 ] - (1_1_(1_(1)\/@) :

Proof. The proof is very similar to the proof of Proposition 3.1, and the only modification needed lies in the
upper bound of Proposition 3.2, where we denote by J = [log(C; \/N)/log 2]. Indeed, (41) becomes

2q
VP < ] kqu

k:m >0

Since k > M, > 2, (42) becomes

EU Z a(N) < Z H kqu < C\/>/6’12 qZk JVI*

A|=N Al=N  k:my>0
A <N/ 27 M<VN/Cy

gq] 1/(2q)

Using (43), we obtain

247 1/ (29) 1
E ' > a) ] < —
IA=N
A1<N/27
for C; picked large enough. The rest follows line by line as in the proof of Proposition 3.1. O

Proposition 5.5. Suppose that (EXP) holds with v = 2q. It holds that

e
AEPN k=2 Mt (1+ (1 -g)viegN)e
m1(X)=0

Proof. Recall (31). We follow a similar argument that deduced Theorem 1.3 equation (3) from Proposition 3.1
in Section 3.1, using now Proposition 5.4 instead. For the upper bound when ¢ < 1/2 (and similarly for ¢ > 1/2
using instead Minkowski’s inequality), by Proposition 5.4,

> 0wl |

ANePn k22
m1(A\)=0
M.—1 M,—1 2q
< % el g Te|(3)" 5] [+ = M= |3 4
mePS . A <M. k=1
1 My—1 M.—1
< ) [T com/* ke 37 T Comy/* ko,
M,—1 .
e oy, (1 (1= )y /log(N — XM ) e NATSM. k2

Since the product ranges in k£ > 2, the second sum and the first sum restricted to A such that ZM*_I Jjmj > N/2

51



can be controlled in the same way as before by 1/N. The rest is then
M.—1

1 J—
2 T Camy/> ks
M* 1 k
mePy . (1+(1—-gq) \/log N — Z Jmi))? h=2

My—1
Zj:l Jmj<N/2

My—1
1
< E—am/2
(1+(1—gq)yIogN)1 2 H
mEPN M
Zj\iﬁ ljmjgN/2
Mi—1 o0 1
< A .
(1+(1—q Viog N kl_‘[Q mg:o (14 (1—¢q)yIog N)4
The lower bound follows from precisely the same proof in Section 3.1. O

5.2.2 Low moments of partial mass of truncated chaos

The goal of this section is to establish the following two propositions. Fix large constants Cy4, Cs to be
determined. The reason why we introduce these constants will become apparent later in Section 5.2.3.

Proposition 5.6. It holds that uniformly for r € [e=C5/K ¢Cs/K]

#|(/.

Proposition 5.7. Uniformly in 1 < j <log(nCyV/N), K > /N, and r € [e=5/K ¢Cs/K],

KgN—quqQ/?
(14 (1 —q)VIogN)®

. q
’FK,M* (7“67'9) ‘2d9> :| >

1
1N

i I eIt cr K
E[(/e]__l et | F're ar, (e 9)|2d9> ] < (\/N)Zz q tE f@@)q' (91)

Q
'S
2

Moreover,

4’ N-a+a* /2
(1+(1—q)VIogN)e

(92)

(V.

A key strategy of proving Propositions 5.6 and 5.7 is to decompose F s, into two terms depending on
the region of integration of 0; cf. (30). Consider a large constant Cg to be determined and our goal is to show
that with high probability,

. q
|Fi M, (rela) |2dc9> } <

cf

K*/Cﬁ X K*/CG X

k ik k. K

exp( —(re*) ) ~ exp( —r )

uniformly for |§| < 1/K, and K, < V/'N. To this end, we take the logarithm and compute the difference
K*/CG K*/CG K*/CG k
Xk 9 k Xk & r k0
§R( Z (re’ ) —§R< Z —r ) = Z —R(Xge™ — Xy).

k= M* k=M, \/E k=M, \/E
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It then suffices to understand the magnitudes of

K«/Cs 4 K./Cs

r iko : r iko
sup —R(Xpe™ — X and inf —R(Xe™ — Xg).
16]<1/K. k:z]\:/[* Vk ( ) 0]<1/ K k:z]\;[* Vk ( )

However, bounds under the original probability P turn out not sufficient for our purpose. To this end, we define
a new probability measure Qf, /¢, 11, , Where

pay * C rk:
Q. /oo, _ P24 it TR(XR) 93)
ar Elexp(2 Y50 T R(X))]

If the situation is clear we write instead Q. The denominator in (93) can be estimated using Lemma A.2 (in a
similar way that derives Lemma A.3), which gives

E[e p<2qK*Z/§6 o R(X ))} ( Ko )q2 (94)
X — k ==

o VE CoM.
uniformly in K, large enough.

Proposition 5.8. There exists a constant C7 > 0 depending only on q, independent of K, < CyvV/ N, such that

uniformly in r € [e=C/N e%/N] and Cg, N large enough,
A L rk ik0 ~10u
Q<921115)K* k;\; ﬁéﬁ(Xke — Xk)‘ > u) < Cre , u=>=0. (95)
In particular, uniformly in r € [6_05/N, 605/N] and Cg, N large enough,
Q L iko
E [exp <2q |9|2111})K* kzj\;* ﬁ%(){ke - Xk))} <1 (96)
and
Q . AL iko
E [exp (Qq\(ﬂgllfl(* kzj\;[* ﬁ%(Xke - Xk)>] > 1. (97)

To prove Proposition 5.8, we need the following preliminary result on generic chaining that offers tail
bounds arising from (95). For a thorough treatment on chaining, we refer to [51].

Lemma 5.9 (Theorem 3.2 of [20]). Consider a continuous stochastic process {Zi}ier indexed by a bounded
metric space (T,d) satisfying

Vs,t €T, Yu >0, P(|Zs — Z¢| > ud(s,t)) < 2e . (98)
Then for any to € T,
P| sup|Z; — Zy,| > L(inf supz 2"d(t,Ty,) + u sup d(s,t)) <e™, (99)
teT T teT 1 steT
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where T is the set of all admissible sequence of subsets {Ty}ns0 of T satisfying |To| = 1 and |T;,| < 22" for
n=>1.

Proof of Proposition 5.8. Consider large constants Cg,C9 to be determined. To apply Lemma 5.9, we let
T=1{0:10| <1/K.} with d(6,0") = K.|0 — 0'|/Cs, to = 0, and

K*/CG Tk )
Zog= > —=R(Xpe™).
k=M \/E

Note that the chaining is performed under the tilted probability measure @ We first verify (98), with P = @
therein. Consider 6,0’ € T and define 8 = 10Cy(K,|0 — ¢'|)~!. We have

K*/Cﬁ k

A r ik0 _ _iko' ul, |0 — 0’|
- — > 71

Q | 3 TR - )| >

k=M.

K*/CG k / K*/CG k’ /
~ r - - uK.|0 — 0] ~ r TP uK.|0 — 0|

— R(X ik _ ik0 > + R(X k0 k6 >

@(kz]:w\/% (Xk(e ™)) C Q k_z]\; N (Xk(e ) C

Eexp(28 310" LR(X(e™? — )] ELexp(28 344" LR(X (M — M)
oxp(2BuK.|0 — 6']/Cs) + oxp(2BuK.|6 — 6] /C)

N

(100)

To offer an upper bound for the numerators, we apply the same asymptotic computation in Lemma A.4, which
gives

E[exp (25%%(Xk(eik9 — ) + QQ\T/%%Xkﬂ

Elexp(2¢ 7R X))

i%(Xk(eikG _ eike’))>:| _

5 exp (287

Recalling X}, = '™ R}, we have by Taylor’s expansion that

T.k 1/ ’L /
2%k
=1+ Q%E[]Rk(q cos(Ty) + B(cos(1g + kB) — cos(ti, + k6")))|*]
Sy | (101)
+ Z (2rt/VE) E[|Ri(q cos(my) + B(cos(ti, + kO) — cos(r + k0')))|].

For the second moment in (101), write Ay := k(0 — 0")/2, o, :== k(0 + 0") /2. Using independence of Ry and 7,
a direct computation gives

2% 2k
27E[]Rk(q cos(73) + B(cos(ry, + kO) — cos(ti, + k0')))|?] = 2—E[|q cos(y) + B(cos(ty, + kb) — cos(1y + k6"))|*]

k
k
= (q2 +45% SiHZ(Ak) — 4qpB sin(Ag) sin(ak))rz
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For the remainder of (101), the inequality |a + b|? < 27(|a? + |b]?) implies
g cos(ri) + B(cos(m + k) — cos(my + k)7 < (24)7 + (482

Similarly as in the proof of Lemma A.2 (i), we have

o ,r.k: i .
S VR 11y g cos(re) + Bleos( + k6) — cos(r + )P
=
<3 oL gm0y + 4oy <k (20 + (5807 + BT 4 mie W)
=

where in the last step the asymptotic constant is absolute given that N is large enough (in terms of constants
Cy, Cs that depend only on ¢), where we recall that k& < K, < Cy4V/N while |logr| < C5/N. Since fA; =
10Cok/ K. < 10Cy, k > M, > (120Cy/q)® will suffice to ensure k~1/® max{6¢, 120Cy} < v = 2q. Therefore,

J=3

E[|Ry(q cos(1x) + B(cos(1 + kb) — cos(1 + k:@')))|j] < Cg’k:_?’/Q.

Inserting these estimates back into (101), we have

k , . k 2%k
E [exp (QB%R(X]AGMG—QMQ ))+2q\T/E§RXk)} = 14+ (q*+45% sin®(Ar) —4¢B sin(Ay) sin(ozk))%—FCg’O(k*?’/Q).

Taking products over k, and using (93) and (94), we have

K./Cs k K. /Cs K./Cs

_ A 482 sin? (Ay)r2k 4qp| sin(Ay)r*
B9 oxp (25 3 LRGN - )| ey | S0 STy S
k. Vk k=DM, k=M.
K./Cs K./Cs
<<eXp 62‘9_6/‘2 Z kr2k+2q5|9—0/| Z ,,,2]4:
k=M, k=M.
< ox 50C2 N 20Cq
P\ ¢ Ce |

Note that the asymptotic constants do not depend on Cy since we assumed k > M, > (120C9/q)®. Therefore,
there exists a constant C7g depending only on ¢, we may pick Cg large enough depending on Cy so that

K*/CG k‘

Q| ox r ik _ ko’ < .
E[ p<25,€§ﬁ 7 X )))]<Clo

Inserting into (100) while interchanging 6,6’ yields

K./Co ,

N r , - uk |0 — 0| -

Q § R(X elk@ o elk@ ’ > < 2C0e 509”/08'
’kM vk i ) Cs :

Picking Cy large depending on Cg, Cg gives that min{1, 2C ge59%/C8} < 2, as desired.
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Applying (99) with ¢ty = 0 leads to

K*/Cﬁ k
r .
P sup‘ —R(Xpe*? — X ’>L(infsup 2™d(t, Ty,) +u supds,t) <e ™
<9€T k; vk (e ) T teT; ( ) s,teT (:9)

Recalling that d(0,6') = K.|0 —0'|/Cs and K.|0 —0'| < 2, we have sup; ;7 d(s,t) < 2/Cg. Next, we claim that

1
inf sup 2"d(t, T,) < —
T teTT; n) Cs’

Indeed, this follows by taking uniform nets of {7},}, so that sup,c, d(t, T),) < 272" /Cs for n > 1. Therefore,
by picking Cy large enough (depending only on the universal constant L), we have

(Sup‘ Z R(Xpe? — Xk)‘ > 1+ u) < e 20y,

eT

This establishes (95) by picking e.g. C7 = €2°. Note that by our construction, M, depends only on Cg, Cy, and
hence only on ¢. Directly integrating (95) yields (96), since ¢ < 1. Moreover, by taking u = log C7 in (95), we
have

Q( inf —éR(XkeZke - Xi) = —logC’7) ( sup ‘ —8? Xke k)‘ < logC’7> > —.
0|<1/ K. k; vk 16]<1/K, Z 2
Since C7 is a constant, (97) follows. O
Proof of Proposition 5.6. We introduce the decomposition
C4\F/CG K X
- k
Fro, (2) = From (2) X Fgpr, (2) = exp ( Z IZ ) X exp ( Z ﬁzk)
k=M. k=C4v/N/Cs
By independence,
q q
E / |F M. (rei9)|2dc9 >E / |FK’M* (Tew)]2d9 x E inf |FK7M* (r6i9)|2q
bl<z 7w 01< oo bl<em

We first analyze the second term. Using (93) and (94), we write

_ . _ o 0y 2
E[ ol \FK,M*&M”]:E[FKM*@W uf, [FAELE) }
bl<z 7w 01< 57 Fr o, (1)

— (04 il >q2E@{ inf ‘FKM* (re’) ‘QQ]
Co M. Ol<arm | Fron(r)
Cav/N/Cs
04\/ N ‘12 A |: . Tk ;
= E?|exp (2¢ inf —R(Xpe* — X)) |
() ( 0 2 VR )
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As a consequence of (97) and since Cs and M, depend only on ¢, we have

CyVN
Cs M,

2
E[ inf |FK’M*(1“ew)]2q} > ( )q > NT/2,

ol 5

It remains to show

KN4

. 1+ (1 qviE V)i’

(102)

(o

The case of ¢ = 1 follows by a direction computation in the form of Lemma A.3. Let us assume ¢ < 1. The
approach is to perform a change of variable and then adapt the proof of Proposition 3.11. Using the change of
variable 6 — wC0+v/ N, we have

= (
bl< e 7~%

Define the tilted measures

. q
Erean re)Pao) ] >

cf

q

- q
|F g, (re’)|?do > N™9°E (/ |E ka1, (Teie/(ﬂc4m))\2d9> : (103)
Cy \F -

aQ® exp(QZk Cmf/ce kacos(Tk))

S O (SN CD DA PR3 cos(Tk))]
and
log K-
10y PRI et (Folm) + Zo(m)
T log K )
dP Elexp(2 Zm:log(c4\/ﬁ/06)+1(zo(m) + Zg(m)))]
where
Xkrk ez’k@/(w@m) rk ko
Zp(m) :=R Z = Z — Ry cos (1 + )
em—lgk<em \/% em—lgk<em \/E ( WC4\/N)
The definition (38) still stands, and (39) is replaced by
k 2k )2k
v, = v(6) = E9” %Rk COS(Tkz)] = % + COS(M/(W%\F))T + O(k3/?).

Next, we need to adapt Definition 3.12 by the following.

Definition 5.10. Fiz L1 > 20. Let A be a real number with 1 < A < \/logK,. Define L(0) = L(A,0;K) as
the event that for each log(C4vV'N/Cs) < n < log K, one has

n_1 .

e X,k ik0/(Cav/N) VN

“A-Lin< Y (% ’“Te\/g — | <A- 5log(n—1og(c ))
k=C4\/N/C(3 0

Also, let L = L(A; K) be the random subset of 6 € [—m, ) such that L(6) holds.
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We apply Holder’s inequality to obtain

2—q
(& [Je sean tre/ov M )]

- q
E < / \FK,M*(Tew/(“C‘*‘/N))I2d9> > (104)

—T

(E [(fc \E'k o, (rez'e/(wal\/ﬁ))‘ng) 2] ) ¢

The lower bound of the numerator follows in exactly the same way as Lemma 3.13 (the normal approximation
argument remains the same, since the angle 6 has not come into play yet). The factor arising from the change
of measure is now K,/(CsvV N /Cs) < K, /v N (instead of K,), and thus

E [ / |F g, (re®® (“04‘/N))|2d0} > AR, : (105)
c \/Nlog(K, /VR)

To give an upper bound of the denominator, we follow the proof of Proposition 3.14 and indicate
the necessary changes. First, we redefine the threshold M as the smallest integer such that eM >
max{min{103C4;/N /(Cs|0|), K,./e}, M. }. In the definition of the event £, we replace (60) by

).

—A— LM < Ag(M), Ag(M) < A—5log (M —log ( =
6

As the constant arising from the change of measure alters, (61) is replaced by

AM log K
E [Lenew Exar, (1) P 1Bk pr, (re®” V)R] « SE 1z e2to0424000) T (2olom)+22y(m)
m=M+1

Next, the form of Proposition 3.15 remains the same, whose proof can be adapted with 6 replaced by
0/(nC4/N), as long as we show the equivalent of decorrelation step (69). For this, let us first compute
using Lemmas A.4 and A.5 that

2 r2k —3/2 1 —m/2

em—lgk<em

and

2
pmo-m =

r2k cos(k0/(rCy/N
5 ( (g}i W)

+ O(k‘3/2)> = O(VNe ™™ +¢e7/?).
em—lgk<e™
In particular,
pm < VNe™ 4 e™/2)

and hence

1+
H M < 17
1- ’pm|
log(C4\/N/CS)<m<10g K,

which serves as the equivalent of (69) and suffices for our purpose.
In the proof that deduces Proposition 3.14 from Proposition 3.15, the only change is in (63), which is now
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replaced by

e]\l k
20| < Ble20(] RlexpR i o,vw/c, Xer"/ VR

E|1 A <A-5lo €
[ {Ag(M)<A—5log M} eXp(2ZZZC4\/N/CG k)

These altogether result in the following equivalent of Proposition 3.14:

E Loy | Exc pr, (re™/ VD) 2L g, [E g, (re/ TOVN0) 2]

< A2 K2/N3/? min{K,, 2V N /|01 — 05|}
log K (log(min{K,, 27V N /|61 — 62]}) — log(C4v/N/C¢))7
- paa KN min{ /N, 2r/16) — 6o} |
log N (log(min{K,, 27V N /|61 — 62]}) — log(C4v/N/C¢))7

Integrating with respect to 61, 02 yields

2 2
(/ |EKM (Teiﬁ/(w04\/ﬁ))|2d0) QAKT‘/N
£ 9 *

A? .
<A log N

E

Finally, inserting (105) and (106) into (104) leads to (note that we apply with A <1 for ¢ < 1)

(K2/(Nlog N)I0 = (1 + (1— q)v/Ilog )7’

—T

q
m , K,/v/Nlog K, )? 1 KIN—/?
E ( / |FK,M*(re”/“@”))ﬁdf)) SRULAICE Qe

Combined with (103) proves (102), and hence completing the proof of Proposition 5.6.
Proof of Proposition 5.7. For 1 < j < log(nC4v/N), we introduce the decomposition

C4VN/(Cge?) K

Fr.(2) = Froj(2) X F M.;j(2) == exp ( Z &Zk) X exXp ( Z &Zk)

7 k=DM, \/E

k:C4\/N/(Ceej)

Applying independence and rotational symmetry, we have

q
E /ej1 coc_sl | Fre,a, (re’”)|?d0
con S0sevw
- a7 -
< [0 IEange®Pas] | <E] swp (e
CVmS0SE U . gijﬁ«K R
- q: ]
5| [ angrePas | | B sw [Pl
C4W<9< C4e\m - 10I< 62]5463/%1
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We decompose

CaVN/(Cse?) 1.

sup  [Fron i (re’”)*? = [Frear i (r)[? x exp <2q sup Z ﬁ%(Xkeme - Xk)>
. ._1 ¥ j—
e et S

The change of measure formula (93) together with (94) yield

CaV'N/(Cse?) 1

_ . Civ/ N @ = .
E sup |FK,M*;j(7‘eZG)|2q] = ( 1 ) EQ [exp <2q sup Z T—%(Xkeme - X@)] .
i pei—1 CeM,e’ i pei—1 = Vk
ol Ol<SELS k=M.

Moreover, by (96),

CivN >q2 < (CMW)‘]Z.

E[ sup ’FK,M*;j(Teie)Pq:| < (
01<

e rei—1 CeM.,.e’ el
204\/ﬁ
Therefore,
q q \/» )
; ; 04 N\4q
E / ) | Frar (re'?)2d6 <E / ) , |EKM.j(re‘9)|2d9 ><< : )
el el el — el yEER, e
v S0sg Uw v Sse Uw

To show (91), it remains to prove

q

. 2qj K/N)4
E /jl | Frangre®)?a | | <« — (K/N)
€ 9\

(14 (1 —q)VIog N)¢’

(107)

where the asymptotic constant does not depend on j, K, N. The case of ¢ = 1 being a consequence of Lemma,
A.3, we assume that ¢ < 1. To this end, we adapt the proof of Proposition 3.3. Recall Definition 3.5. We first
claim that

AKe?

N (108)

E ]lgr(A?K)/ej—l i ‘EK’M*;J'(TQM)PdG <
c

< —&
N N\G\ C4VN

The only change compared to Proposition 3.7 is that we replace the definition of M therein by
max{M,log(C4vVN/(Cge?))}. This leads to

; AKel
E |1g, (a0 |E e pr,5(re”) | < VNIogK

Integration with respect to 6 then gives (108). Applying the same argument that deduces Proposition 3.3 from
Propositions 3.6 and 3.7 then leads to (107) and hence (91). A similar argument establishes (92) and can be
omitted. O
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5.2.3 Low moments of weighted mass of truncated chaos

Define
ﬁKyM*m(z) = exp< Z fj%zk) X ( Z u(j)zj>’

M. <k<K j:|j—m\<N9/10

our goal is to show the following.

Proposition 5.11. Let K, be such that log K, is the largest integer with K, mln{4l , K}. Uniformly for
r € [emO/K /K] and K > VN,

N2 K ' <E / T Frean e a0 | <« N2 K " 0)
14+ (1-q)VIogK, e 1+(1—-q)VigK |

where the asymptotic constants depend on q only. In particular, with the choice K = N/2,

N?T/2 K q <E /7r |Fic. a1, m(ret?)|2d6 q < N?/2 N q.
1+ (1 —q)VIog K, e 1+ (1—¢q)yIogN

Recall the truncated chaos Fi pz, from (19). We have

- 10
|Fre 1, m (ret?)] :‘ T e y Lzl 51 (110)

|Fic . (ret?)| jl/m!

J:lj—m|<NO/10

The following two lemmas deal with the right-hand side of (110), whose proofs are elementary and deferred to
Appendix B. Recall the constants Cy, Cs5.

Lemma 5.12. Uniformly in N large enough, m € [N/6,N/3|, z1 € /m,m + 1), 7 € [-m,m), and r €
[e=C5/N eC5/N] we have

Y em lzP™
3/m!

| < min {
Jilj—m|<No/10

\ﬂ}

Tl

Lemma 5.13. There exists a large universal constant Cy > 0 such that the following holds. Uniformly in N
large enough, m € [N/6,N/3], z1 € [m,m + 1), |7| < 1/(C4vV/N), and r € [e=5/N %5/N], we have

|21~
T J
‘ >, e |/m| Ul

Jili—m|<NO/10

> VNr™.

We define C4 so that the conditions in Lemma 5.13 are satisfied. In particular, we may remove the Cy
that appears in (91) and (92).

Proof of Proposition 5.11. For the first part of (109), we apply Lemma 5.13 and Proposition 5.6 to obtain

- q
E / |Fc vt n (re)|2d6 > E / |Fie az.m (re”) 20
—r [0+71|< 5=

C\ﬁ

q

61



> N92ME / |Fre . (re'®)2d6
‘0+T1|< \/7

2m q
>> Nq2/2 r K’!‘ :
1+ (1—q)VlogN

where in the last step we use rotational symmetry conditionally on 7j. For the second part of (109), we apply
Lemma 5.12, Proposition 5.7 (conditionally on 71 and using rotational symmetry), and |a + b9 < |a|? + |b|? for
q € (0,1] to get

’ K/—:rr ’ﬁK’M*ﬁm(reia)Pd@) 1

log(mC4V/N) . ) q ~ ) q
< Z E[(/ej ) ]FK,M*vm(rew)|2d9> } +E[</ |FK7M*’m(re’9)2d9> ]
j=1 Cy f\‘9+71|<c VN 0+ml< g 7w
log(7C4v/N)

. q
| Fic . (7”6’10)|2d9) ]

2gm ej — |:(/
< ]z: " (C’4\/N) E ST <|9+m<

1 of

+ qu2qu[< /
|0+T1‘<

, q
| Frc. . (T619)12d9> ]

Cy f
log(nC4V/'N) i1 o2 —q+q?/2
< Z r2qme—2qqu X (ej >2q 1 K +qu2qm « N / K1
= VN (14 (1 —q)vIog N) (14 (1 —q)vIog N)
9 q
<< Nq2/2 T mK )
1+ (1—¢q)ylog N
This completes the proof. ]
5.2.4 Proof of the lower bound
Observe from (90) that
NZ/?’ m—a+a*/2 N1-a+¢?/2 N-2 mata®/2
> .
N /6 (1+ (1 —¢q)\/log(N —m))e ~ (14 (1—q)ylogN =0 (L+ (1 —q)y/log(N —m))1

This hints at the strategy of restricting to the event m ~ | X;| € [N/6, N/3] in order to achieve an asymptotic
lower bound for E[|Ax|?9], which has considerably reduced technicality. To this end, let us write

N/3 X, 1 2q
EJAnPT > > E|| > H( ) ] 1{|X1|e[m,m+1)}]- (111)
m=N/6 L rePy k>1 k:
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Fix m € [N/6, N/3]. In view of the discussions in Section 2.2, we expect that

[ZH(Xk> mlk! ‘ 2 H<Xk> mlk!

AEPN k>1 AEPN k>1
This is confirmed by the following lemma.

2q 2q

H{Xlle[m,erl)}] =E 1{X1€[m,m+1)}] :

|m1(A)—m|<N9/10

(112)

Lemma 5.14. For m € [N/6,N/3],

X, 1
| r o)
AEPN k>1

|m1 (A\)—m|>N9/10

2q

ﬂ{Xﬂe[rn,m—i—l)}] =o(N7?).

Proof. We focus first on the sum over mj(\) > m. Using in turn concavity (and similarly Minkowski’s inequality
for ¢ > 1/2), independence, (14), and Proposition 5.5, we have

Xk ko1 2q
EU > 11 < ) | L0xiemm D)
AEPN k>1
mi(A\)—m>N9/10
N 2 2qj
Xk> 1" Xq]%9
< — | 2y
j=m§V9/10 A;;N ]gl;[2 < myl| (e UlEmm}
my(A)=j
N 2q]6 'ym X 1 2q
k
< 7
‘ ZQ (J )% Z H < > mp!
j=m+N9/10 AePn_j k>2
ml()\) 0
N ,
< ¥ (ﬁ)”ewj—m)j—q'
‘ g NI
j=m+N?9/10
Using Taylor’s expansion (that —log(1 — z) < —x — 22/2 for 0 < 2 < 1), we have the bound that for j' > 0,
(m (4')?

Inserting j' = j — m and using m > N/6 lead to

al m\ i gy v(5')?

Z MAY y(G—m) <~ Z <_ )
. (j ) c = eXp 14m
j=m+N9/10 j'=N9/10

Since m € [N/6,N/3], we conclude that the above is O(exp(—yN'/3)) = o(N~2) for N large. The sum over
mi1(A) < m is similar and omitted. O

We will apply the same second moment approach from Section 3.4 to estimate the right-hand side of (112).
We need a few preliminary computations, the proofs of which are elementary and deferred to the appendix.
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Lemma 5.15. For m € [N/6,N/3] and a (random) function u of the form

i

gl/m!’

iJT1

u(j) =e

where |x1| € [m,m + 1) and we recall that 71 is uniformly distributed on [—m, ] independent of anything else,
we have

E

X\ 1

> wm (%)

‘ AEPN k>2 vk m:
|m1(\)—m|<N9/10

2q Nq2/2
> .
(1+ (1 —q)VIogN)1

Proof. First, taking advantage of |u(j)| < 1, we may apply a similar symmetrization argument that deduced
Theorem 1.3 equation (3) from Proposition 3.1 in Section 3.1, so that it suffices to prove

X\ 1

> ) IT(3) o

‘ APy k> M. vk Mk
|m1(A)—m|<N9/10

V2<k< M., my(A\)=0

N*/2

2q
: ] 7 U+ A — gyl N

(114)

The proof of (114) follows from a straightforward adaptation of the lower bound part for the universality phase.
First, in the proof of Proposition 3.10, we have used the relation (40). If we instead define

ﬁK,M*,m<Z) = exp< Z fj%zk) X ( Z u(j)zj>, (115)

M. <k<K Jilj—m|<N9/10

then (40) has the analogue

; (% I (2)"
Fnjom,m(z) = < u(m) <) ,>Zn-
n=0 AEP, i, \WE "Mk
)\1<N/2
|m1(A)—m|<N9/10
V2<k< My, my(X)=0
Therefore, the following equivalent of Proposition 3.10 holds:
Xk mg 1 2q
!
\EP ios \VE/ - mal
[m1 ()\)—m|<N9/10
V2<k< M., my(A)=0 (116)
1 T A N T E PSRN
> i (B 1Evparmtre®Pas) | B ([ (Fyparnlan ) | ],
—r -7

and hence it suffices to prove the counterparts of Proposition 3.11 and Proposition 3.3 with Fi a7, replaced by
Fi v, m- Indeed, by Proposition 5.11,

n ! rimK !
E Fi g, m(re'®)[2d0 NT/? y H7
(/_ﬂ\ M. m(re”))| ) > 1+ (1-gVigK, | o
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—C5/N

where r = ¢ for some fixed large constant C5, and

q q

. | K

E Fie t.m(e)[2df N2 : Hs
(/ﬂ| K M.m(€7)] ) < 1+ (1—¢)VIegK ()

Note that the constants in (117) and (118) do not depend on Cs. Inserting (117) and (118) into (116) yields
that for some constant Cq1 > 0,
2q]

E” > u(mi) [] (f;g)mkmlk,
)q - C’lle_c5qu2/2(

AEPN k>2
|m1 (A)—m|<N9/10
V2<k <M., mp,(A\)=0
2
1 (Nq 2, e 20m/NE, K
>
N4

C <1+(1_Q)\/m 1+(1—Q)\/W>q>

Since m/N € [1/6,1/3], the right-hand side is > N7/2/(1 + (1 — ¢)v/log N)? for Cs picked large enough. This
completes the proof. O

Proof of lower bound of (6). By (111) and Lemmas 5.14 and 5.15, we have

N/3 r X]g 1 2q
9 -1
E[AnP]> ) E > H( > ] ﬂ{lxle[m,mm}] —o(N7)
m=N/6 L AEPN k>1
Ima (X)—m|<N9/10
N/3 r m 2
Xk k1 9 ’Xllm 2q _
S E > U(ml)H<\/E> o ]E[( I ) (%, |efmm+1)} | — (N 1)
m=N/6 L AEPy k>2 " '
Im1(X)—m|<N9/10
N/3 2
N©/2
> N7—o(N!
Nl—q+q2/2
> )
(1+(1—g)vIogN)1
as desired. -

5.2.5 Proof of the upper bound

Fix a large constant C13 > 0 to be determined. We expect that for each m € [C12, N — C9],

S PRICON RN ICOR

AEPN k=1 AePN k>1
|m1—m|<N9/10

and that the contribution to E[|Ax|?9] from the event {|X1| & [C12, N — Ci2]} does not exceed the order of the

lower bound established in Section 5.2.4. This is the purpose of the following result.

2q 2q

ﬂ{x1|e[m,m+1)}] ~ K l{Xle[m,erl)}] ,

(119)
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Lemma 5.16. It holds that

N*C12 2 -~ 2
X 1 |* N1-a+4*/2
EfAvPl< ) E ‘ 2 H( ) Liixifel + —
o 1|€[m,m+1)} _
m=C12 AEPN k>1 k- (1+(1—gq)vlog N)1

‘ml m|<N9/10

Proof. The first step is to control the sum

2.

m¢[C12,N—C12]

2q

| S

AEPN k=1

1{|X1|e[m,m+1)}] :

We use the same approach as in Lemma 5.14. We illustrate the case 0 < ¢ < 1/2 first using concavity. Using
Proposition 5.5 and (113), the contribution from the sum over m > N — Cj2 can be bounded by

> s S

m>N—C12 AEPN k>1

2q
{|X1\6[m m+1)}

Xk | X1 |97
S VID oI5l ) (€ I P -
m>N—C12 j=0 AE()’]\J k>2
mi

< > Z() 0 014 (1~ )/ log(1 + N — )

m>2N—-C12 j=0

© 3 e U (1 ) iog T N = 7))
m>2N—-C1z j=0

< N1+ (1 —¢)y/logN) ™4
Likewise,

2q

N
]1{|X1|€[m,m+1)}] < 3 N e U « 1

m<C2 j=0

> |

m<C2

I

AePN k=1

Suppose now that ¢ > 1/2. By Minkowski’s inequality, Proposition 5.5, and (113), there are constants
C13,C14 > 0 such that for each m > N — Cqo,

2q 1/(29)
> 15 X’“ R
mg! {|X1]€[m,m+1)}
AEPN k21
- 2 1/(2q)
X L™ | X1 [*9
<2)<E ;7; ,g( > my! XEW1{|X1|e[mm+1>}
= c
’ (V=)
Al 1/(2q9)
Z(( ) T+ (=) log(1+N—j))q>
7=0

N
<<Zj_1/2 —(j—m) /(4q3)(1+(1_q) log(1+ N —3))” 12,
7=0
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Note that

12— (G—m)?/(44)) 204+ (1 =) logl+ N =)~ Y2 if j > m—CuVN;
(1+ (1 —q)\/log(1+ N —j))1/2 O (e~ (m=i=C14VN)/C13) if j <m — CuvN.
Therefore,
2q

E

2.

m>=2N—-C12

X ™k
/\Zp kl_I ﬁ mik' 1{|X1|e[m,m+1)}
€PN k=1

<1+ 3 ((1 +(1—q)/Iog N)™ + 1) < VN«

N—C12<m<N+C14VN

N1-a+d*/2

(14 (1—q)VIog N)©'

The sum over m < Ci2 can be similarly bounded by <« 1.
Finally, for m € [C12, N — C12], we apply the same technique in Lemma 5.14 that leads to

> ()" 2
E ' () I < N2,
! {|X1]€[m,m+1)}
NPy ko1 \VES
|m1—m|>N9/10
This completes the proof by concavity if ¢ < 1/2 and Minkowski’s inequality if ¢ > 1/2. O

Proof of upper bound of (6). Conditioning on Ry, the right-hand side of (119) can be rewritten using indepen-
dence as

|X1 |2qm

£ ('rn!)2qﬂ{|X1|€[m,m+1)}] x E

IR
AEPN mt/m! iss \VE/ il
\mlmeNg/lO

2q
], (120)

where x; € [m,m + 1). The first expectation contributes =< m™%, which directly follows from (14). For the
second expectation, we use the same multiplicative chaos approach as in the universality phase. Similarly as
done in Section 5.2.4, we first apply the same argument that deduced Theorem 1.3 equation (3) from Proposition
3.1 in Section 3.1, to start the product in (120) from k = M, instead of from k = 2. Define

AN M, m = Z u(my) H <f/(%>mk mlk|

AEPN k=M.
|m17m|<N9/10
mi=--=mps, —1=0

It remains to bound

ein(mlfm)‘xl’mlfm X, mi g 2q )
B> IT(3%)" o] | =2 [lasann ]
mq!/m! N my! e

my=--=mpr, 1=0

from above. First, the same argument of Proposition 3.2 applies (possibly with a different constant C(q)) with
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Fk w1, replaced by ﬁKM*’m defined in (115): for 1/2 < ¢ < 1,

o ,11/20
2411/ (29 1 1 T~ . . 1
E UAN,M*,m} q} < i ZE <27T/ | Eny2i va,,m (€xp (3 /N + 19))|2d9> e (121)
=1 o
and for 0 < ¢ < 1/2,
2q 1 T~ . . 2 ! 1
E [‘AN,M*,m’ } < = ZE or | N2 g m(exp(i/N +10)7d0 | | + <o (122)

These follow by arguing similarly as in the proof of Proposition 5.4, and adapting Proposition 3.2 to the case
0 < g < 1/2 by applying concavity instead of Minkowski’s inequality in (44). Inserting the upper bound
of Proposition 5.11 (second inequality of (109)) into (121) and (122) yields that for ¢ € (0,1] and m €
[Ci2, N — C12),

X\ 1 | ma*/2
E ’ E u(my) (> el < ' (123)
[ AEPN kl;IZ Vi) (1+ (1 —q)y/log(N —m))
|m1 —m|<N9/10
my=--=mpz, —1=0

Combining Lemma 5.16 with (123), we have

N—-Ci2 2 —g+q2
X \™ 1 N1-a+d?/2
EHAN’Q‘I] < Z E ‘ Z H < ) o ﬂ{\XﬂE[m,m—l—l)} +0
m=C12 AEPN k>1 mk‘ <(1 + (1 - Q)\/W)q)
|m1 —m|<N9/10
N—-Ci2 a2/2 N17q+q2/2
< )
e T - los(N —m)r NI+ (1 g)VIog V)
N1-a+4d?/2
<< )
1+ (1— vz V)7
as desired. O
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A Some technical computations regarding exponential moments

We collect some technical computations of (exponential) moments under distinct probability measures in
this section. Recall the definitions in Section 3.2.

Lemma A.1. Fiz M, € N. For any K > 1 and e I/K <r< el/K,

K 2k
k=M.
Proof. Suppose that 1 < r < e"/%. Then the lower bound exp (Zk M, > > K is trivial and there exists
some constant L > 0 such that
K 2k [log K] 2k [log K] flog KT n
L A 2e" /K Z
— < > > — < oo <logK+1+L Y. e SlogK + L.
k=M. n=|log My | en—1<k<e™ n=|log M, | n=|log M |
The other case e~ /%X < r < 1 is similarly established. O

Lemma A.2. Suppose that E[e®f1l] < oo for some ¢y > 0. For any € (0,2], K > 1, and e VK < r < eV/K,
we have the following asymptotics for k > ko = k(cp), some constant depending only on cy.

(ii) E |exp (zﬁka cos(Tx > Ry, cos(Ty) ] ﬂ\% + O(k—l);

(i) E [exp (2025 Ry cos(r) ) 2 } 14 O(12);

(iv) For any o € R, E {exp (2 Ry, cos( Tk)) R2 cos?(1y, + a)} =1+ O(k~1/?);

(v) E {GXP (25\/31@ cos(7y, ) | Ry cos(y, \3] <l

Proof. Recall that E[cos(7y;)?] = &. For (i), by Taylor’s expansion and Fubini’s theorem,

E |exp QBRX’J’C =E |exp QﬁﬂRk cos(ti) | | =11 —|—52ﬂ + E.(k,B)
’\/E ’\/E k‘ T Y Y
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where, after noticing k(m=3)/(2m) > 1/8 for m > 4, we have
e 2m5mrmk

|E-(k, B)| = Z WE [(Ry cos(Ti))™]

_ 2 (2e k:1 /8ym m
<k (B my + 3 CPE D gy gy o
m=4

< E—3/2 <E[\Rk|3] +E [ecoleD — O(k‘3/2)

for k larger than some universal constant. Likewise, we have for (ii),

k

)%Xk =E |exp (26%

k

Ry, cos(m)) Ry cos(m) | =: B%

k

+ E.(k, ),

X
E |exp (2[33? \;2

where for k larger than some universal constant (and additionally the fact m < (3)™ for m > 1)

e Qmﬁmek

Bk, B) = |3, — B [(Rk cos(Tk))mH} < k! (E[\RkP] +E [ecoleD — O(k™Y).

For (iv), we use only the first term in the expansion and get

ok
E [exp | 28—= R cos(T R2 cos?(1y, + a
p( 6\/E ) cos(Tk) | Ry cos”™ (1, + a)
2 2 267“ m—+2 m 2 1 -1
= E[Rj cos*(1, + )] + Z ‘km/2 Rk cos™ (1) cos*(, + ) | = 5—1—0(!: 2).

For (iii), similarly as in (iv):

k

E |exp <2ﬁr

= (2prF)™ _
\/ERk COS(Tk)> R?| =E[R}|+E Z %m)/ZRZ”Q cos™ (1) | =14+ O(k~Y/2).
m=1 ’

For (v), we have by the simple bound |z| < el®l, for k larger than a certain constant,

E exp(

This completes the proof. O

]?RXk\rk
Vk

k
KT > IRX:2| < E |exp (25 + 3|§RXk]> < E[e2PH3IRel/VR] « 1.

X
vk

Lemma A.3. Assume the same settings of Lemma A.2. For 0 € [—m,m), e VE <r < eV and any M, large
enough depending on cg,

E“FK’M* (T€i0)|2] =M, K.
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Proof. Using independence of { (R, 7%) }rx>1 and rotational invariance of Xy, as well as Lemma A.2 (i), we have

02 2 o Xk
E[|Fi . (re®)]*] = E[|Fir, (r)]] :E[exp (2%1@2\;{* Vk >]

- H E[exp( \/ERkCOS(Tk)>:|

k=M,

K r K T2k
:eXp(Z k—l—O(l))xexp(Z k)xK,
k=M.
where the last step uses Lemma A.1. ]

Let us recall (35) and (36).

Lemma A.4. Assume the same settings of Lemma A.2. We have for Q1) = QT M ond any eMvVky<k<K
and e~ /K <r< el/K,

(i) QY Ry, cos(m)] = ﬁ +O(k™Y);

(ii) B [R2 cos?(mh)] = & + O(k~1/?);

(iii) B2 [|Ry cos(m,)P] < 1.

We also have for Q) = Q(T,QJ)W,K,e’ and any eV ko <k < K,, 0 € [-m,7), and e VE < < VK,
(i) EQ? [Ry cos(m,)] = (1 + cos(k:G))% +O(k™Y);

(ii) EQ? (R} cos®(Ti)] = 5 + O(k~'/?) and EQ® [R2 cos(7y,) cos(ty, + k)] = Lsgﬂg) + O(k=1/?);

(iii) EQ” [| Ry, cos(mi)]*] < 1.

Proof. By definition, Taylor’s expansion, Fubini’s theorem, and Lemma A.2, we have

2rk p -1

EQ™® [R cos(T, )] = E [eXp(\/ERk cos(7i)) B COS(Tk)} _ vk +OtT) = rt + O(kfl)
k K ok T r% O(k—3/2 N3 ’

E exp(ka cos (7)) + 5+ O( )
£ (R} cos?(m)] = Bl esef et ]  yeogt 1 O(k™'1?)
2k ’

E [exp(ﬁRk COS(Tk))} L+ 5 +O(k=32) 2
and
» E [exp(%Rk cos(x))| R cos(7x) \3] 1
EY [| Ry cos(m)l?] = < <1
E [exp( ka COS(Tk))] L+ 5 +O(k=372)

Computation of moments under Q(?) is similar. Using the fact E [eﬂ cos(7k) sin(m)} =E [eﬁ sin(7) COS(Tk)] =0
for any fixed § in the second equality, and Lemma A.2 in the third, we obtain

E [exp(%\jgk (cos(7x) + cos(i + k0))) Ri, COS(Tk)]

EQ® [Ry, cos(1x)] =

E {exp(zrygk (cos(7x) + cos(my + k@)))}
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E [exp(zms()Rk cos(7y)) R, cos(Tk)]

vk k6
- 4rk cos(E2) 005(7)
E [GXP(\/ERIC COS(Tk))]

2 cos? (%)— O(k~h) k
Vi r -1
= = (1+cos(kl))—= + O(k™ "),
14 4cos?(K)2" 4 O(k=3/2) ( ( ))\/E )

k0 k

and analogously, taking 5 = 2cos(%), a = 79 in Lemma A.2 (iv),

2

E [exp(ﬁm\;()Rk cos(g)) Ry cos® (7, + ke)]

(2)
EQ |:Ri COS2 (Tk)} = ark cos(£2)

E [oxn (50 Rcostrn)|

_ 3+ O _ 1 +O(k1?)
1+40082(k29)7"2k +O0(k=3/2) 2 ’

and using Lemma A.2 (iii), (iv),

ko) — 1 k0
EQ® [Ri cos(y) cos(Tg + k@)} = COS(Q)EQ(Z) [Rz} +EQ? {Ri cos? (1T + 2)]
_ cosék@) + O,
Finally,
E[|Ril*] + O( )
B [ IRy cos(m)|?] < ey
14 4cos?(%) = 4+ O(k=3/2)
This completes the proof. O

Recall (38) and (39). The discrepancy of the sums over py and v is small due to the fluctuation of the
cosine function, as pointed out in the next lemma. We refer to [50, equation (12.7)] for a simple proof of this
elementary estimate.

Lemma A.5. We have for any m € N and 6 € [—m,7) \ {0} that

2k cos(k@) 1
3 < e
: k |0]e™
em—lLk<e™
In particular, for any 0 € [—m, ) \ {0},
Yo ()| <L
m2log & | em~1<k<e™

6]
Finally, we record the following estimate for the denominator of (36).
Lemma A.6. For any 0 € [—m,7)\ {0}, M >1og(10%/|]), and e V5 < r < /K,

log Ky

E[exp (2 > (Zo<m>+ze<m)))]x§;i-

m=M-+1
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Proof. Recall in the proof of Lemma A.4 we computed

9 k 2k
E [exp ( i/Ek (cos(7k) + cos(Ty + k:G))) =1+ 4COS2(%‘9)% +O(k™3/?)
2 27k
— 1+ % + % cos(kB) + O(k™3/?).
Therefore,
g ork ok
- aro A ~3/2
E {exp (2 Z (Zo(m) + Zg(m)))] H (1 + 2 + ? cos(kf) + O(k )>
m=M+1 eM k<K,
= ex Z <2L + QL cos(k:@))
P Ok
eM k< Ky
By Lemmas A.1 and A.5, the desired statement follows. O

B Deferred proofs from Section 5.2.3

Proof of Lemma 5.12. Suppose first that |7 | < N~Y/2. Then

g jom jm
Y em !9{}} il w P ™™ G DD (124)
j!/m!

jt/m! jt/m!
Jili—m|<No/10 jili—m|<NO/10 J:li—m|<N9/10

Using (113), the sum over j > m can be bounded by

N9/10 N9/10

mi~" o omo M (j)?
3 S < S (m+j,) <y exp(— - )<<\/N. (125)
=0

F:0<j—m<N9/10 J'=0

The other sum over j < m can be bounded similarly, leading to

T
> T /

jilj—ml|<NO/10

m

< VN« I
|71]

in the case || < N~1/2,

Now suppose that |7y| > N~1/2. A consequence of (124) and (125) is that

oo e i
gl/ml!

g j=m
< g em L r" 4
gl/m!
Jilj—m|<NO/10

Jili—mlsvN

On the other hand, summation by parts yields (without loss of generality, assume VN € 7Z)

. & B -
S anlabn S S (S (s~ e )
} glt/m! (VN +m)!/m! o A\ (k+m)!/m!  (k—1+m)!/m!
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Applying triangle inequality then leads to

im0 EA
3ml | S VN + m)tmt

7:0<j—m<V N

|k——1

S 1 1
Z < — < VN.
k

(k+m)l/m!  (k—1+m)!/m! |71]

The other sum over j : —/N < j —m < 0 is similar. This finishes the proof. O

Proof of Lemma 5.13. The main idea is that, under our assumptions, e ~ ™7 |r1| ~ m, and r/ ~ r™ for
|7 — m| < VC4N, and the sum over j with |j — m| > v/C4N is negligible. Let us make these approximations
precise. First, for N large enough,
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since |logr| = O(1/N). Applying the same argument in (125) leads to
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It follows that
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Z e |a::] ; rI| < Lr™e 301, (126)
CiN<|j—m|<N/10 gl/m!
Second, for N large enough,
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By the triangle inequality,
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In addition,
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Combining (126)—(127) and applying the triangle inequality, we conclude that
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The claim then follows by picking Cy large enough. O
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