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Abstract

We investigate the low moments E[|AN |2q], 0 < q ⩽ 1 of secular coefficients AN of the critical non-Gaussian
holomorphic multiplicative chaos, i.e. coefficient of {zN} in the power series expansion of exp(

∑∞
k=1 Xkz

k/
√
k),

where {Xk}k⩾1 are i.i.d. rotationally invariant unit variance complex random variables. Inspired by Harper’s
remarkable result on random multiplicative functions, Soundararajan and Zaman recently showed that if
each Xk is standard complex Gaussian, AN features better-than-square-root cancellation: E[|AN |2] = 1 and
E[|AN |2q] ≍ (logN)−q/2 for fixed q ∈ (0, 1) as N → ∞. We show that this asymptotic holds universally if
E[eγ|Xk|] < ∞ for some γ > 2q. As a consequence, we establish the universality for the sharp tightness of
the normalized secular coefficients AN (log(1 + N))1/4 of critical holomorphic chaos, generalizing a result of
Najnudel, Paquette, and Simm. Moreover, we completely characterize the asymptotic of E[|AN |2q] for |Xk|
following a stretched exponential distribution with an arbitrary scale parameter, which exhibits a completely
different behavior and underlying mechanism from the universality regime. As a result, we unveil a double-
layer phase transition, occurring at exponential-type tails and exponential tails of parameter 2q. Our proofs
combine the robustness of Harper’s multiplicative chaos approach and a careful analysis of the (possibly
random) leading terms in the monomial decomposition of AN .
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1 Introduction

For trigonometric polynomials ϕ on the unit disc D and a fixed constant θ > 0, the holomorphic multi-
plicative chaos HMCθ is defined as a random distribution

(HMCθ, ϕ) := lim
r↑1

1

2π

∫ π

−π
exp

(√
θ
∞∑
k=1

Xk√
k

(reiϑ)k
)
ϕ(reiϑ) dϑ, (1)

where {Xk}k⩾1 is a sequence of i.i.d. rotationally invariant unit variance complex random variables. The
existence and uniqueness of the limit is straightforward for trigonometric polynomials since it is determined by
the secular coefficients

AN := (HMCθ, ϑ 7→ eiNϑ) = [zN ] exp

(√
θ
∞∑
k=1

Xk√
k
zk
)
, N ∈ N, (2)

where [zN ]f(z) denotes the coefficient of zN in the power series expansion of f around z = 0, i.e.,

exp

(√
θ
∞∑
k=1

Xk√
k
zk
)

=
∞∑

N=0

ANzN .

For instance, A2 = θX2
1/2 + X2

√
θ/2.

The case of a general θ where Xk is standard complex Gaussian has been recently investigated by Najnudel,
Paquette, and Simm [40], where the random measure (1) is defined in (1.11) therein as a distributional limit
of the characteristic polynomial of CβE inside the unit disc (β = 2/θ) and belongs to the Sobolev space Hs

almost surely for any s < s(θ), see Theorem 1.4 therein. The critical case of θ = 1 is of particular interest, due
to its connections to the Circular Unitary Ensemble (CUE) and random multiplicative functions. Moreover,
the behavior of secular coefficients is more subtle in the critical case. We summarize the relevant literature in
Section 1.2.
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In this work, our main focus will be the critical case θ = 1. If each Xk is standard complex Gaussian,
HMC1 is defined on the real line as a version of the (critical) complex Gaussian multiplicative chaos in Theorems
1.2 and 1.3 of Saksman and Webb [47] (denoted by η therein) as a distributional limit of the characteristic
polynomial of the CUE inside the disc D and that of a randomized model of Riemann zeta function. They
also showed that HMC1 belongs to the Sobolev space H−s almost surely for any s > 1/2. Recently, the
work of Soundararajan and Zaman [50] studied the low moments E[|AN |2q], q ∈ (0, 1] of secular coefficients
of HMC1 as a model problem for multiplicative chaos in number theory. By exploiting the connections to
Harper’s remarkable result [28] on “better-than-square-root” cancellation for random multiplicative functions,
they proved the following.

Theorem 1.1 (Theorem 2.1 of [50]). For standard complex Gaussian variables {Xk}k⩾1 and θ = 1, uniformly
in q ∈ (0, 1] and N ⩾ 1,

E[|AN |2q] ≍

(
1

1 + (1 − q)
√

logN

)q

.

In other words, AN is typically smaller than what one expects from applying Hölder’s inequality to its
second moment, indicating a complicated limiting behavior for secular coefficients at θ = 1. The parallel work
of [40] also established the sharp tightness of the secular coefficients.

Theorem 1.2 (Theorem 1.11 of [40]). If θ = 1, both the families {AN/(log(1 + N))−1/4}N∈N and {(log(1 +
N))−1/4/AN}N∈N are tight.

In this article, we consider the low moments E[|AN |2q] when |Xk| follows a generic distribution and establish
the full universality result of their asymptotics, together with a subtle double-layer phase transition associated
with the tail of |Xk|. Our main theorem below generalizes Theorem 1.1 and shows that new phenomenon of
super-exponential cancellation (that is, (E[|AN |])2/E[|AN |2] decays (super-)exponentially as N → ∞) emerges
as the tail of |Xk| becomes heavier. Finally, as a corollary, we obtain a universality result for the tightness of
secular coefficients of non-Gaussian holomorphic chaos, extending Theorem 1.2.

1.1 Statement of main results

We now set the stage for our main results. Let {τk} be i.i.d. uniformly distributed on [−π, π) and {Rk} be
i.i.d. real random variables with E[|Rk|2] = 1 and independent from {τk}. Let Xk = eiτkRk. We may assume
that Rk is symmetric by a standard symmetrization procedure. We introduce a few short-hand notations for
the cases of interest:

• (q-LT) For a given q ∈ (0, 1], Rk has a finite γ-exponential moment for some γ > 2q. That is, E[eγ|Rk|] is
finite for some γ > 2q.

• (EXP) Rk is a two-sided shifted exponential random variable with unit variance. That is, P(|Rk| ⩾ u) =
exp(−γ(u− cγ)) ∧ 1 for u ⩾ 0, where γ ∈ (0, 2q] and cγ := log(γ2/2)/γ;

• (SE) Rk follows a (symmetric) stretched exponential distribution with exponent p ∈ (0, 1), i.e. P(|Rk| ⩾
u) = exp(−(u/cp)

p) for u ⩾ 0, where cp := (2Γ(2/p)/p)−1/2.

Here, we have implicitly imposed the constraints on the law of Rk that Rk is symmetric and E[|Rk|2] = 1, which
explains the shift cγ and the scaling parameter cp.

The cases (EXP) and (SE) are introduced as prototypes, where we do not attempt to achieve the greatest
generality by considering the largest class of laws. Indeed, our proofs only rely on the absolute moment
asymptotics of X1 (along with rotational symmetry and the unit variance property). Our main results are as
follows.
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Theorem 1.3 (First phase transition). (i) Fix any q ∈ (0, 1]. Suppose that condition (q-LT) holds for the
i.i.d. input {Xk = eiτkRk}. We have

E[|AN |2q] ≍

(
1

1 + (1 − q)
√

logN

)q

. (3)

(ii) Fix any q > 0. Suppose that (SE) holds for the i.i.d. input {Xk = eiτkRk}. It holds that

E[|AN |2q] = (1 + o(1))(2π)1/2−q
√

2q

p

(
2qcpp
pe1−p

)2qN/p

N1/2−q+2qN(1/p−1). (4)

The asymptotic (3) shows that the better-than-square-root cancellation phenomenon can still be quanti-
tatively analyzed for non-Gaussian inputs in (2) under a suitable light-tailed assumption. This considerably
extends the results in the Gaussian case (cf., Theorem 1.1). The result of (4) in the heavy-tailed case indicates
that the Gaussian-type behavior is limited to light-tailed distributions and does not apply in general to heavier
tails (say, heavier than the exponential distribution). This gives rise to a phase transition in the thickness of
the tail of |Rk|, leading naturally to the question of the primary criticality : case (EXP). The following result
completely characterizes the behavior in this critical phase, showcasing a second phase transition within this
critical phase.

Theorem 1.4 (Second phase transition). Fix q ∈ (0, 1]. Suppose that (EXP) holds for the i.i.d. input {Xk =
eiτkRk}. It holds that if γ < 2q,

E[|AN |2q] ≍ N1/2−q
(

2q

γ

)2qN

; (5)

if γ = 2q,

E[|AN |2q] ≍ N1−q+q2/2

(1 + (1 − q)
√

logN)q
; (6)

and if γ > 2q,

E[|AN |2q] ≍

(
1

1 + (1 − q)
√

logN

)q

. (7)

Indeed, (7) follows directly from Theorem 1.3 (i), and is included here for the sake of completeness. The
critical phase (EXP) showcases a further phase transition. There exists a critical moment exponent, which
coincides with the parameter of the (shifted) exponential distribution |Rk|, that governs the asymptotic of the
moments: Gaussian-type asymptotic of Theorem 1.1 below such exponent (γ > 2q) and exponential growth
of moments above the exponent (γ < 2q). At the secondary criticality, where the moment exponent coincides
with the parameter of the exponential distribution (γ = 2q), the moment exhibits a regularly varying growth
in N .

To visualize the double-layer phase transition, we may restrict the class (q-LT) to laws satisfying

P(|Xk| > t) ≍ exp(−γtp) (8)

as t → ∞ for some γ > 0 and p ⩾ 1. In this setting, the phases of (EXP), (SE), and restricted (q-LT) have
the alternative representation (8) for some γ, p > 0, and the pair (γ, p) uniquely determines which phase the
distribution of Rk belongs to. Figure 1 shows the phase diagram that illustrates our main results. Note that γ
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is only effective in the phase diagram when p = 1.

Figure 1: An illustration of the phase transitions of low moments for secular coefficients depending on the law
of |X1| and the moment exponent (2q). The tail satisfying − logP(|X1| > t) ≍ tp is heavier on the left side and
lighter on the right. The blue regime refers to the universality phase, i.e. (q-LT) case, while the green and red
regimes correspond respectively to the (SE) case and (EXP) case with γ < 2q. The purple dashed line refers
to the second order critical phase with P(|X1| > t) ≍ exp(−γt) where γ = 2q.

As a consequence of Theorem 1.3, we find the typical order of magnitude of AN by considering the tightness
of the family {AN/wN}N∈N for some deterministic sequence wN , generalizing Theorem 1.2. Our result only
requires the existence of some exponential moment.

Corollary 1.5. Suppose that there exists ε > 0 such that E[eε|Xk|] < ∞ for the i.i.d. input {Xk = eiτkRk}. The
followings hold:

(i) for wN = (log(1 + N))−1/4, {AN/wN}N∈N is tight;

(ii) for wN = o((log(1 + N))−1/4), {AN/wN}N∈N is not tight.

Proof. Suppose that E[eε|Xk|] < ∞. The claim (i) is a direct consequence of Theorem 1.3 (i) applied with
q = ε/3, and Markov’s inequality applied to |AN |ε/3. For (ii), we apply the Paley-Zygmund inequality to
|AN |ε/3, which gives that for some large constant C(ε) > 0, uniformly in N ,

P
(
|AN | > (logN)−1/4

C(ε)

)
⩾ P

(
|AN |ε/3 > E[|AN |ε/3]

2

)
⩾

(E[|AN |ε/3])2

4E[|AN |2ε/3]
⩾

1

C(ε)
,

where the last step follows from Theorem 1.3 (i).

In what follows, we attempt to unveil the intricacies behind the distinct phases, without involving too
much technicality. The approach of [50] in the Gaussian case is to connect E[|AN |2q] to low moments of the
total mass of a suitably constructed (finite) multiplicative chaos, of the form

E
[(∫ π

−π

∣∣∣ K∏
k=1

exp
(Xkr

keikθ√
k

)∣∣∣2dθ)q]
where K ∈ N, q ∈ (0, 1], and r ∈ [e−1/K , e1/K ]. (9)
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However, as the tail of |Xk| becomes heavier, the contribution of the random variable X1 in (9) becomes more
prominent and will need to be isolated from other variables {Xk}k⩾2. In the cases of (SE) and (EXP) with
γ < 2q, our proofs depend on a delicate but direct analysis of such domination effect of X1, without delving into
multiplicative chaos. The secondary critical case ((EXP) with γ = 2q) turns out more intricate and requires
both the domination effect and the analysis of critical multiplicative chaos. In this scenario, even speculating
the correct asymptotic is a non-trivial task.

Our approach is to first condition on |X1| (or equivalently, |R1|) before connecting E[|AN |2q] to multiplica-
tive chaos. This reduces our problem into studying the low moments of a randomly weighted total mass of a
multiplicative chaos, of the form

E
[(∫ π

−π

∣∣∣U(θ) ×
K∏
k=2

exp
(Xkr

keikθ√
k

)∣∣∣2dθ)q]
where K ∈ N, q ∈ (0, 1], r ∈ [e−1/K , e1/K ], (10)

and the (random) weight function U(θ) ensembles a discrete Fourier transform of a random function sufficiently
close to a scaled Gaussian density, evaluated at the random frequency θ + τ1, where τ1 is uniformly distributed
on [−π, π]. Intuitively, U(θ) arises from the remaining randomness of τ1 after conditioning on |R1|. To study
the magnitude of (10), we need both a careful analysis of U(θ) and a uniform version of the estimates of the
partial mass of the multiplicative chaos,

E
[(∫

I

∣∣∣ K∏
k=1

exp
(Xkr

keikθ√
k

)∣∣∣2dθ)q]
,

where I is an interval in [−π, π] whose length is of a much smaller order. That is, the integration range in (9)
is restricted to a smaller interval, and the difficulty lies in obtaining uniformity in all those intervals of suitable
length.

A more detailed description of our approach can be found in Section 2.2, where we also discuss intuitively
how the regularly varying formula in (6) arises.

1.2 Related works and outlook

In this section, we exploit a few connections of holomorphic multiplicative chaos to random matrix theory
and number theory. Along the way, we also discuss a few further directions of interest that are beyond the
scope of this paper.

Connections to random matrix theory. HMCθ with Gaussian inputs {Xk}k⩾1 is closely related to random
matrix theory, especially to the characteristic polynomial of circular β ensemble (CβE) with θ = 2/β. A joint
distribution of N points with parameter β > 0 is said to be CβE if

CβEN (θ1, . . . , θN ) ∝ 1{∀j∈{1,...,N}, θj∈[−π,π)}
∏

1⩽j<k⩽N

|eiθj − eiθk |β,

and for β = 1, 2, 4, it is also known as circular orthogonal/unitary/symplectic ensembles (COE/CUE/CSE),
respectively. For β = 2 (CUE), it is the distribution of the eigenvalues of a Haar-distributed unitary matrix,
and for β ̸= 2, [34] constructed explicit matrix models such that CβE resembles the law of eigenvalues of some

random matrix U
(β)
N . Therefore, we can define and study the characteristic polynomial

χ
(β)
N (z) = det(I − zU

(β)
N ) =

N∑
n=0

a(N,β)
n zn

6



on the unit circle T = {z ∈ C : |z| = 1}. We may drop the superscripts if β = 2.

Secular coefficients a
(N)
n of χN were first explicitly studied, to our best knowledge, by Haake, Kus, and

Sommers [26], where they delved into various theoretical and numerical properties of secular coefficients for
CUE, including an explicit formula of the second moment. Later, Diaconis and Gamburd [18] computed (2k)-

th absolute moments of secular coefficients a
(N)
n of CUE in terms of magic squares, which is the number of

N × N square matrices with nonnegative integer entries summing up to n in each row and column. For a

fixed n, the convergence result of a
(N,β)
n is established via the formula connecting it to the first n power traces

Tk := Tr((U
(β)
N )k):

a(N,β)
n =

1

n!
det


T1 1 0 . . . 0
T2 T1 2 . . . 0
...

...
...

. . .
...

Tn−1 Tn−2 Tn−3 . . . n− 1
Tn Tn−1 Tn−2 . . . T1

 ,

along with the convergence result for power traces by Diaconis and Shahshahani [19] for β = 2, and Jiang and
Matsumoto [33] for a generic β > 0 that jointly,

{Tk}nk=1 =⇒
√

2

β

{√
kNC

k

}n
k=1

, N → ∞,

where {NC
k }nk=1 are i.i.d. standard complex Gaussian variables. A natural question to ask is whether we can

find connections between other ensembles of random matrices and non-Gaussian HMCθ, mirroring Theorem
1.3 of [40].

Question 1. Find other ensembles of random matrices V
(θ)
N such that its characteristic polynomial converges

(in some sense) to exp(
√
θ
∑

k⩾1Xkz
k/
√
k) uniformly in |z| ⩽ r, for any r ∈ (0, 1).

Recently, Najnudel, Paquette, and Simm [40] established the convergence of a
(N,β)
n /

√
E[(a

(N,β)
n )2] as

n,N → ∞ jointly for β > 4 (0 < θ < 1/2), and expressed the limiting object in terms of the total mass
of a Gaussian multiplicative chaos (GMC). Moreover, [40] also established tightness for a general β > 0. As an

example, for β = 2 they showed that {(log n)1/4a
(N)
n : N ⩾ 2n} and {(log n)−1/4/a

(N)
n : N ⩾ N0(n)} are both

tight (for some N0(n) growing faster than n
√

log n (log log n)). While the normalization and limiting behavior
are not clear yet in the critical case (θ = 1), a question of universality and phase transition could be asked
reminiscent of our Theorem 1.3 and 1.4.

Question 2. When θ = 1, does the limiting theorem (if any) for AN hold not just for standard complex
Gaussian variables Xk but for every rotationally invariant, unit variance sub-exponential distribution? If the
tail of |Xk| gets heavier and reaches the (SE) phase, is there a phase transition in the limiting behaviors as
well?

Finally, we briefly summarize some related works along the journey of studying characteristic polynomials
of random matrices. Gaussian multiplicative chaos (GMC) and log-correlated Gaussian fields (LCGF) arise
naturally and are of growing interest. The first of such is the celebrated work of Hughes, Keating, and O’Connell
[32], in which the LCGF GC(z) =

∑∞
k=1NC

k /
√
kzk is introduced as the limiting object of log-characteristic

polynomial of CUE. For general surveys on LCGF, see [21]. Meanwhile, convergence results towards GMC
are established in [15, 41, 52] for characteristic polynomial of CβE on the unit circle. For general surveys on
GMC, see [44, 45]. For general connections between random matrices and GMC, we refer to [16] and references
therein.
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Additionally, another set of studies gathering rising attention is inspired by the influential works of Fyo-
dorov, Hiary, and Keating [23, 24]; see [3, 10, 14, 17, 35, 36, 38, 41, 42, 43, 52] for a non-comprehensive list of
studies motivated by a conjecture in [23, 24] about the maximum of characteristic polynomial of CUE.

Connections to number theory. A random multiplicative function is a completely multiplicative func-
tion f : N → C, where f(p) are i.i.d. random variables for primes p and f(mn) = f(m)f(n) for m,n ∈ N.
An important application is modeling arithmetic functions, such as Dirichlet characters (Steinhaus case, with
f(p) uniformly distributed on the unit circle T) and the Möbius function (Rademacher case, with f(p) uni-
formly distributed on {±1} and supported on square-free numbers). The recent celebrated work of Harper [28]
investigated the better-than-square-root cancellation phenomenon of random multiplicative functions through
computing low moments of the partial sums, thus resolving Helson’s conjecture [31]. More precisely, [28] showed
that

E
[∣∣∣∑

n⩽x

f(n)
∣∣∣] ≍ √

x

(log log x)1/4
,

while E[|
∑

n⩽x f(n)|2] ≍ x. Harper’s approach elegantly connects random multiplicative functions and critical
multiplicative chaos, which we summarize in Section 2.2. For further advances on random multiplicative
functions, we refer to [13, 29, 30, 49, 54] and the references therein.

The recent work of Soundararajan and Zaman [50] proposed that the secular coefficients AN of Gaussian
HMC1 constitute a model that describes the mathematical structure of (Steinhaus) random multiplicative
functions. As commented in [50], the same model also serves as the function field counterpart of Harper’s result
[28], as follows. Let Mn denote the set of monic polynomials of degree n over the ring Fq[t] where q is a prime
power and Fq is a finite field with q elements. Consider a random multiplicative function f on Fq[t] defined
analogously. It follows that if Ān = q−n/2

∑
F∈Mn

f(F ), then

∞∑
n=0

Ānz
n = exp

( ∞∑
k=1

X̄k√
k
zk
)

where X̄k =

√
k

qk/2

∑
P irred.
deg(P )|k

r=k/deg(P )

f(P )r

r
.

Therefore, we expect an analogy between the Ān (in the limit case of q → ∞) and the secular coefficients An

defined in (2). We refer to the introduction of [50] for related discussions around this analogy. Admittedly, we
have not found a framework that relates partial sums of random multiplicative functions to secular coefficients
arising from non-Gaussian chaos, and we wonder if an explicit connection can be made. We speculate that such
a connection might arise by considering some structured sparse partial sum with heavy-tailed inputs {f(P )}.

Question 3. Find an analogue of secular coefficients arising from non-Gaussian chaos in the field of random
multiplicative functions.

The secular coefficients {AN}N⩾0 (with Gaussian inputs {Xk}k⩾1) capture other aspects of random mul-
tiplicative functions as well, such as almost sure fluctuations. For instance, [13] established the almost sure
upper bound |

∑
n⩽x f(n)| ≪

√
x(log log x)1/4+ε for random multiplicative functions f , which mirrors the result

|AN | ≪ (logN)1/4+ε in [12] for secular coefficients. In addition, for any function V (x) → ∞, [30] proved the al-
most sure existence of large values x satisfying |

∑
n⩽x f(n)| ⩾

√
x(log log x)1/4/V (x). The parallel for secular co-

efficients was established by [25]: there exist almost surely large values of N such that |AN | ⩾ (logN)1/4/V (N).
We leave the investigation for the almost sure fluctuations of secular coefficients with non-Gaussian inputs to
future research.

Question 4. Establish almost sure upper and lower bounds for secular coefficients arising from non-Gaussian
chaos. Characterize a phase transition as the tail of |X1| becomes heavier.
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Let us also mention the work of [1] that numerically computes the secular coefficients in polynomial
time, supporting conjectures on finer asymptotics for their low moments. Naturally, one would also ask if the
asymptotics in the (q-LT) and (EXP) phases can be improved to 1 + o(1) asymptotics.

Question 5. Find precise asymptotics of (3), (5), and (6).

Moreover, [1] also conjectured a similar behavior of low moments of secular coefficients for real standard
Gaussian or Rademacher inputs {Xk}k⩾1. While we do not directly resolve their conjecture, we shall illustrate
in Remark 4 below that the asymptotics (4) and (5) hold also in the real case, with essentially the same proof.
However, this does not apply to (6).

Question 6. Does (3) and (6) of Theorem 1.4 hold if one replaces the complex inputs {Xk}k⩾1 by their real
part {Rk}k⩾1?

Finally, in addition to random multiplicative functions, another significant stream of literature linking
critical multiplicative chaos to problems in number theory is the distribution of values of the Riemann zeta
function on the critical line. According to the Fyodorov–Hiary–Keating conjecture ([23, 24]), the local maxima
of log |ζ(1/2 + it)| deviate from what one would predict from the Selberg’s central limit theorem, due to the
log-correlated structure of the zeta values. We refer to [4, 5, 6, 7, 9, 27, 39, 47] for the interplay between the
Riemann zeta function, multiplicative chaos, and log-correlated fields.

Organization. The rest of this paper is organized as follows. Section 2 is devoted to the intuition of the
phase transition regime and the main ideas of the proofs. In Sections 3–5, we consider respectively the (q-LT),
(SE), and (EXP) phases. Appendix A is devoted to some technical computations regarding Laplace functionals
of {Xk}k⩾1 under distinct probability measures. Appendix B collects some deterministic calculations.

Notation. For quantities or functions A,B, We use Vinogradov’s symbol A ≪ B (or A = O(B)) to denote
|A| ⩽ CB with some constant C > 0 that depends only on the distribution of Rk (equivalently, Xk) and the
moment exponent q. Write A ≍ B if A ≪ B ≪ A. If A(N)/B(N) → 0 we write A(N) = o(B(N)). We will
denote by L > 0 a universal constant that may not be the same on each occurrence, where the same applies for
C > 0. Vectors are typically denoted by bold symbols in this paper. Denote by ℜz the real part of a complex
number z. When dealing with events (or expectations) involving {(Rk, τk)}k⩾1, we will use P (or E) to denote
the original probability measure. We will also use P to denote the probability measure of any Gaussian random
variable (or vector) with a specified mean and variance (or covariance matrix).

2 Intuition behind phase transitions and proof strategy

To understand the mechanism behind the phase transition phenomenon for low moments of secular coef-
ficients AN , let us first rewrite it in a more tractable form in terms of partitions. By a partition λ we mean a
non-increasing sequence of integers (parts) λ1 ⩾ λ2 ⩾ . . . with λn = 0 from some n onward. Let PN denote the
set of all partitions of N , and pN = |PN |. For a partition λ and k ∈ N, we denote by mk(λ) the number of parts
in λ that are equal to k, and |λ| the sum of the parts in λ. For example, the all-one partition λ∗ := (1, . . . , 1)
has |λ∗| = n and mk(λ∗) = n1{k=1}. It follows from (2) that

exp

( ∞∑
k=1

Xk√
k
zk

)
=
∑
λ

a(λ)z|λ|,

where the sum is over the set of all partitions and

a(λ) :=
∏
k⩾1

(
Xk√
k

)mk 1

mk!
. (11)
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In particular, we arrive at the tractable form as a sum of monomials in {Xk}k⩾1:

AN =
∑
λ∈PN

a(λ). (12)

We note the orthogonality relation that E[a(λ)a(λ′)] = 0 for λ ̸= λ′.

2.1 A phase transition of the domination regime in the monomial decomposition

In different phases, the quantity E[|AN |2q] is dominated by different interactions among parts in the sum
over partitions of N . This can be intuitively seen by comparing the magnitudes of

E[|a(λ)|2q] =
∏
k⩾1

E[|Xk|2qmk ]

kqmk(mk!)2q
, λ ∈ PN , (13)

using independence, moment asymptotics for |Xk|, and Stirling’s approximation (see Chapter 3 of [8])

1 < (2π)−1/2x1/2−xexΓ(x) < e1/(12x), x ⩾ 1. (14)

To be more specific, in the (SE) case,

E[|Xk|2qmk ] =

∫ ∞
0

e−(u
1/(2qmk)/cp)pdu =

2qmk

p
c2qmk
p Γ

(2qmk

p

)
. (15)

A finer computation using (14) reveals that E[|a(λ)|2q] grows fastest in N when λ = λ∗ = (1, . . . , 1)
(i.e. m1(λ

∗) = N), and is significantly larger than the (2q)-th moments of a(λ′) at any other λ′ ∈ PN for
N large. Therefore, the moments of AN almost only result from a(λ∗), which contains a single random variable
X1. The same arguments apply to even heavier tails than (SE).

On the other hand, as a prototypical example in the (q-LT) case, we consider the setting where Xk is a
standard complex Gaussian variable. Computing the absolute moments of Gaussian variables (see e.g. [53])
gives

E[|Xk|2qmk ] ≍ 2qmkΓ
(
qmk +

1

2

)
= o
(
kqmk(mk!)2q

)
,

indicating that every E[|a(λ)|2q] is of a vanishing order and therefore the main contribution to the moments of
AN does not arise from a single partition. Instead, [50] found that, as inspired by Harper’s remarkable paper
on low moments of partial sum of random multiplicative functions [28], the main contribution to the moments
of AN (in the complex Gaussian case) comes from those partitions λ with a large part, i.e. λ1 ⩾ N/(logN)C

for some large constant C > 0, indicating an intricate interplay among all Xk.
As the exponent p of P(|Xk| > t) ≍ exp(−ctp) decreases from above 1 (e.g. Gaussian) to below 1 (stretched

exponential), the contribution from X1 becomes more prominent and experiences a phase transition at p = 1.
At the critical phase of exponential distributions where P(|Xk| > t) ≍ exp(−γt), more elaborate dependence
on variables Xk emerges. Fix a moment exponent q ∈ (0, 1]. If the exponent γ > 2q, the tail of Xk decays
fast enough to suppress the growth of each single E[|a(λ)|2q]. As will be shown in Section 3, the mechanism of
Gaussian variables (i.e. (q-LT) case) remains true. If γ < 2q, on the other hand, the tail decays slowly enough
to partially restore the dominance of a(λ∗) among all partitions. Now the dominant parts comprise not only the
all-one partition λ∗ but also the partitions λ with almost all ones, i.e. m1(λ) > N −C∗ for some large constant
C∗ > 0. This hints at a second phase transition in the behavior of AN and the interplay structure among the
i.i.d. inputs {Xk}k⩾1 at γ = 2q.

At the secondary criticality where P(|Xk| > t) ≍ exp(−2qt), a blend of the two aforementioned scenarios
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influences the 2q-th moment of AN . The dominating terms now appear randomly and depend on the value of
|R1| = |X1|. Roughly speaking, on the event that |R1| is close to a fixed x1 ∈ [0, N ], the primary contribution
to E[|AN |2q] stems from the a(λ) with m1(λ) close to x1. After conditioning on R1 and fixing m1(λ), the rest
terms can be described in terms of partitions without ones and will behave similarly as in the (q-LT) case.

2.2 Main ideas of the proofs

In the following, we delve into further details of the different cases described by our main results, and
illustrate the main ideas of the proofs.

(SE) phase. The orders of the moments E[|Xk|2qmk ] are given by (15). Using (14) and that 0 < p < 1, one
observes that the quantity (13) with λ = λ∗ = (1, . . . , 1) (i.e., m1(λ

∗) = N) is of an order larger than that
with any other λ ∈ PN as N → ∞. This can be directly quantified by Minkowski’s inequality for q > 1/2 and
concavity for q ⩽ 1/2.

(q-LT) phase, universality. We adapt the proof of [50] to derive the proposed universality result of (3),
utilizing also the robustness of the multiplicative chaos approach in computing low moments of random
multiplicative functions in [28], together with several new observations and technical improvements. The
first observation is that low moments of AN concentrate around partitions with a large part λ1, similar
to the complex Gaussian model. Using our assumption E[eγ|Rk|] < ∞ and Markov’s inequality, we have
E[|Xk|2qmk ] ⩽ Γ(2qmk + 1)γ−2qmk . Inserting in (13), it follows from (14) that

E[|a(λ)|2q] ⩽
∏
k⩾1

C(2q/γ)2qmkm
1/2−q
k

kqmk
. (16)

Since γ > 2q, we expect that the contribution from a(λ) is small unless mk is in general very small (for instance,
λ = (N)). Indeed, Proposition 3.2 below states that it suffices to consider only partitions λ with λ1 ⩾

√
N/C(q)

for some large constant C(q).
Next, recalling that AN can be viewed as a “Fourier coefficient” of the holomorphic multiplicative chaos,

we may apply Parseval’s identity to connect the sum over λ to the moments of the total mass of a (finite)
multiplicative chaos, which is of the form

E

(∫ π

−π
|FK(reiθ)|2dθ

)q
 where K ∈ N, FK(z) := exp

( K∑
k=1

Xk√
k
zk
)
, and r ∈ [e−1/K , e1/K ]. (17)

However, a technical difficulty arises: since we only assumed (2q + ε)-th exponential moment exists, certain
Laplace functionals of Xk/

√
k may not be well-defined for a small k. Therefore, it is necessary to eliminate

the dependence on Xk for small k. Fortunately, this is possible by the rotational invariance of Xk and using
γ > 2q. Indeed, we show in Section 3.1 that it suffices to study the truncated secular coefficients

AN,M∗ :=
∑
λ∈PN

m1=···=mM∗−1=0

a(λ) =
∑
λ∈PN

m1=···=mM∗−1=0

∏
k⩾M∗

(
Xk√
k

)mk 1

mk!
(18)

of the truncated chaos

FK,M∗(z) := exp
( K∑

k=M∗

Xk√
k
zk
)
. (19)

11



Here, M∗ is a large constant that depends only on q and the law of X1. After truncation at M∗, we can apply
Parseval’s identity to convert the moments of AN,M∗ to that of the total mass of |FN,M∗ |2 over the (scaled) unit
circle; see Propositions 3.2 and 3.10 below.

The non-trivial part of (3) is that the low moments of AN (and hence of the total mass of |FN,M∗ |2
by the aforementioned connection) are asymptotically smaller than those predicted by the second moment
(a.k.a. better-than-square-root cancellation). The fundamental reason is that on certain unlikely events, some
values of |FN,M∗ |2 become exceptionally large and dominate the second moment. To intuitively see this, let us
consider the following random field

G(z) := logFN,M∗(z) =
N∑

k=M∗

Xk√
k
zk, z ∈ T, (20)

where T denotes the unit circle, together with a branching random walk (BRW) analogue which also guides the
intuition in (EXP) γ = 2q phase.1

Since the variance of each summand in (20) is of size ≍ 1/k, it is natural to consider the partial sum over
an exponentially growing interval, i.e.

∑
k∈[en−1,en)Xkz

k/
√
k and rewrite the field as

G(z) ≈
⌊logN⌋∑

n=⌊logM∗⌋

Yn(z) :=

⌊logN⌋∑
n=⌊logM∗⌋

(
en−1∑

k=en−1

Xk√
k
zk

)
, z ∈ T. (21)

The first observation is that for each z ∈ T, the distribution of each increment Yn(z) approaches a standard
complex Gaussian as n increases. Next, if we consider two points z, z′ ∈ T with |z − z′| close to e−m, then for
n ⩽ m, one expects Yn(z) to strongly correlate with Yn(z′). On the other hand, for n much larger than m, the
increments Yn(z) and Yn(z′) should be sufficiently decorrelated and are asymptotically independent as n → ∞.
From these observations, the random field G(z) on T can be viewed as a BRW with “e offsprings” and ⌊logN⌋
generations, with standard complex Gaussian increments Yn(z) at each step. The latest common ancestor of
z, z′ ∈ T is of generation − log |z − z′|. In other words, the values G(z) and G(z′) share a common part of

− log |z−z′|∑
n=⌊logM∗⌋

Yn(z) ≈
− log |z−z′|∑
n=⌊logM∗⌋

Yn(z′) (22)

and the rest are approximately independent. In particular, if |z−z′| = o(1/N), G(z) is almost indistinguishable
from G(z′).

Consequently, an exceptionally large value of (22) will affect a spectrum of z of length ≍ e−m, leading to an
exceptionally large second moment. To circumvent such an issue, the works of [28] and [50] borrowed a barrier
argument from BRW (see e.g. [48]), using a ballot event to discard the (unlikely) large values of (22). Their
first step is to view the term |FN,M∗ |2 as a Girsanov-type change of measure, under which Yn has a non-zero
expectation µn. Next, they set up the barrier event

G(A;N) :=

{
∀ logM∗ < n ⩽ logN, ∀z ∈ T,

n∑
j=⌊logM∗⌋

(Yj(z) − µj) ⩽ A

}
1A BRW process with d offsprings, L generations, and standard Gaussian increments is a Gaussian process on a d-ary tree of

depth L, assigning i.i.d. standard Gaussian variables to each edge of the tree. The value assigned to each leaf is then the sum of
independent Gaussian variables along the shortest path from the root to that leaf.
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and show that G(A;N)c holds with probability exponentially decaying in A. On the event G(A;N), one writes

E[1G(A;N)|FN,M∗ |2] = E[|FN,M∗ |2]Q(G(A;N)),

where dQ/dP ≍ |FN,M∗ |2 and the ballot-type probability Q(G(A;N)) accounts for the (logN)−q/2 correction
term arising in (4).

The technical difficulty in carrying over the above arguments to the non-Gaussian case is twofold. First,
we need to replace the precise computation of E[|FN,M∗ |2] in the Gaussian case with a slightly more involved
asymptotic computation using Taylor’s expansion. This will be detailed in Appendix A. Second, it is harder
to quantify the dependence structure within G(z) and G(z′) for z, z′ ∈ T as discussed near (22). To overcome
this issue, we apply the slicing argument of [28] and a two-dimensional Berry-Esseen estimate to analyze
quantitatively the dependence structure via normal approximation. However, Harper’s original proof relies
on the double-exponential growth of the number of summands defining Yn, which leads to handy convergence
results. This approach unfortunately does not suffice as our Yn only consists of an exponential number of
summands. Instead, we apply yet another change of measure to re-center the vector (Yn(z), Yn(z′)) for each
pair of (z, z′), which guarantees a good enough quantitative approximation.

(EXP) phase with γ < 2q. We compute directly that

E[|Xk|2qmk ] = 2

∫ ∞
cγ

u2qmkγe−γ(u−cγ)du ≍ γ−2qmkΓ(2qmk + 1), (23)

which amounts to (using (14))

E[|a(λ)|2q] ≍
∏
k⩾1

Γ(2qmk + 1)

γ2qmkkqmk(mk!)2q
≍
∏
k⩾1

m
1/2−q
k

( 2q

γ
√
k

)2qmk

.

Since γ < 2q, large values of mk are favorable. In other words, partitions λ ∈ PN with m1(λ) close to N
dominate. On the other hand, for those λ, the magnitudes of E[|a(λ)|2q] are comparable (contrary to the case
of (SE)), and hence a näıve Minkowski’s inequality argument (and concavity when q < 1/2) similar to the (SE)
phase suffices for the upper bound but does not conclude the lower bound.

Observe that for the all-one partition λ∗, a(λ∗) = XN
1 /N !. It follows that

E[|a(λ∗)|2q] = E

[∣∣∣XN
1

N !

∣∣∣2q] ≍ 1

(N !)2q

∫ ∞
0

x2qNe−γxdx. (24)

The contribution to the latter integral stems mainly from the range where x is close to 2qN/γ. This motivates
us to restrict the expectation E[|AN |2q] to the event |R1| = |X1| ≈ 2qN/γ. By restricting to such an event, we
gain better control of the dominance of λ ∈ PN with m1(λ) close to N .

We first use Minkowski’s inequality (and concavity when q < 1/2) to exclude the partitions λ ∈ PN with
m1(λ) ⩽ N −C∗ for some large constant C∗ > 0. For λ such that m1(λ) > N −C∗, we may extract a common
large power of |X1|, that of |X1|N−C∗ . Let us restrict to the event |X1| = 2qN/γ +O(

√
N). For the rest power

of |X1|m1(λ)−(N−C∗), we may substitute |X1| with 2qN/γ with a negligible error term. This leads to tractable
control on

E

[∣∣∣|X1|N−C∗
∑
λ∈PN

m1(λ)⩾N−C∗

ã(λ)
∣∣∣2q1{|X1|≈2qN/γ}

]
, (25)
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where

ã(λ) :=
eiτ1m1 |2qN/γ|m1−(N−C∗)

m1!

∏
k⩾2

(
Xk√
k

)mk 1

mk!
.

The finite sum in (25), which is independent of R1, can be separated from the expectation and approximated
in L2 (for C∗ large) by an infinite series that one can offer a lower bound in probability.

The above arguments can also be adapted to the case of real inputs {Xk}k⩾1; see Remark 4.

(EXP) phase with γ = 2q. A similar computation as in the case γ < 2q using (23) yields

E[|a(λ)|2q] ≍
∏
k⩾1

Γ(2qmk + 1)

γ2qmkkqmk(mk!)2q
≍
∏
k⩾1

m
1/2−q
k k−qmk .

Compared to the above phases, we observe a new phenomenon here: the main contribution in (12) stems
randomly from a spectrum of λ in a different way from the other cases. The dominating term cannot be
described deterministically and is governed by the random variable |R1| = |X1|. For x1 ∈ [0, N ], conditioned on
|R1| = x1, we will show that the sum in (12) contributes mostly when m1(λ) is close to x1. The contributions
from different values of |R1| can be roughly described by a slowly varying function in |R1|. If both values of
|R1| and m1 are fixed, the situation is close to (q-LT): among partitions of N −m1 without ones, those with a
large component dominate.

We sketch the ideas for the lower bound of (6), which is the harder part. For m ∈ [N/6, N/3] ∩ Z, we
consider the disjoint events that |R1| ∈ [m,m + 1). On such an event, we show that the main contribution to

E

[∣∣∣∣ ∑
λ∈PN

∏
k⩾1

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q1{|X1|∈[m,m+1)}

]
(26)

stems from the sum over λ such that m1(λ) = m + O(N9/10), by arguing similarly as (24). Conditioning on
|R1| = x1, such quantity can be further rewritten into

E

[∣∣∣∣ ∑
λ∈PN

|m1(λ)−m|⩽N9/10

u(m1)
∏
k⩾2

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q
]
, (27)

where

u(j) = eijτ1
|x1|j−m

j!/m!

and x1 ∈ [m,m+1). Note that we condition only on |R1|, and τ1 is uniformly distributed on [−π, π] independent
of anything else. The quantity (27) can be viewed as a generalization of E[|AN |2q] (which is essentially u(j) ≡ 1).
To derive its asymptotic, we need to apply a finer version of the multiplicative chaos approach in the (q-LT)
case. First, applying Parseval’s identity allows us to reduce our problem into studying the asymptotic of the
low moments of a randomly weighted mass of truncated chaos,

E

(∫ π

−π
|F̃K,M∗,m(reiθ)|2dθ

)q
 , (28)

where
F̃K,M∗,m(z) := FK,M∗(z) ×

( ∑
j:|j−m|⩽N9/10

u(j)zj
)
,
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cf. (17) and (19). For r close enough to 1, the second term on the right-hand side with z = reiθ can be seen as
roughly the discrete Fourier transform of the function j 7→ rmmj−mΓ(m)/Γ(j) at frequency τ1 + θ, where one
expects that roughly, ∣∣∣∣ ∑

j:|j−m|⩽N9/10

u(j)(reiθ)j
∣∣∣∣ ≍ min

{
rm

|τ1 + θ|
,
√
Nrm

}
.

Therefore, it is natural to decompose the integral in (28) depending on the magnitude of |θ + τ1|, and reduce
the problem to estimating (uniformly) the low moments of the partial mass of the truncated chaos,

E

[(∫
|θ|⩽ 1

K∗

|FK,M∗(reiθ)|2dθ
)q
]
,

where K∗ ≪
√
N . This is central to the proof and will be the goal of Section 5.2.2. As an example, we briefly

illustrate the ideas behind estimating

E

[(∫
|θ|⩽ 1√

N

|FK,M∗(reiθ)|2dθ
)q
]
, (29)

using the afore-mentioned branching random walk analogue. The integration over {θ : |θ| ⩽ 1/
√
N} can be

translated as considering only those points z′ ∈ T having the latest common ancestor with z = 0 of generation
no earlier than (logN)/2, which form a sub-tree of the whole family. This suggests that we should 1) consider
a decomposition

FK,M∗(z) = FK,M∗(z) × FK,M∗(z) := exp
( √

N∑
k=M∗

Xk√
k
zk
)
× exp

( K∑
k=
√
N

Xk√
k
zk
)
. (30)

so that if |θ|, |θ′| ⩽ 1/
√
N , uniformly FK,M∗(reiθ) ≍ FK,M∗(reiθ

′
); and 2) the integration of FK,M∗ over

{|θ| ⩽ 1/
√
N} should parallel that of FK,M∗ over T, since each sub-tree of a branching random walk can

be considered as independently a new BRW with fewer generations. In other words, the term FK,M∗(reiθ)
shares roughly the same value (up to multiplicative constants that are bounded in probability) for all θ with
|θ| ⩽ 1/

√
N . This can be quantified using the generic chaining technique, which gives tail bounds of

sup
|θ|⩽1/

√
N

∣∣∣
√
N∑

k=M∗

rk√
k
ℜ(Xke

ikθ −Xk)
∣∣∣

under a suitable change of measure, allowing us to pull the term |FK,M∗(reiθ)|2 out from the integral in (29).
With a change of variable θ 7→ π

√
Nθ, the remaining term

E

[(∫
|θ|⩽ 1√

N

|FK,M∗(reiθ)|2dθ
)q
]
≍ N−q/2E

[(∫ π

−π
|FK,M∗(reiθ/(π

√
N))|2dθ

)q
]

shares the same log-correlated structure as the (q-LT) case, and can be analyzed in a similar way. For details
we refer to Proposition 5.11, which establishes that roughly,

E

(∫ π

−π
|F̃K,M∗,m(reiθ)|2dθ

)q
 ≍ N q2/2

(
r2mK

1 + (1 − q)
√

logK

)q

.
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Moreover, restricting to the event |X1| ∈ [m,m + 1) in (26) loses a factor of m−q, which can be intuitively
verified by the following property of the Gamma function:∫ m+1

m
e−xxmdx ≍ m−1/2

∫ ∞
0

e−xxmdx.

Altogether, we obtain

E[|AN |2q] ≫
N/3∑

m=N/6

m−qmq2/2

(1 + (1 − q)
√

log(N −m))q
≍ N1−q+q2/2

(1 + (1 − q)
√

logN)q
,

leading to the lower bound of (6).
The upper bound follows a similar approach: condition on |R1|, construct (27) for all m ∈ N, use the

multiplicative chaos upper bound for the (q-LT) case, and finally apply Minkowski’s inequality (q ⩾ 1/2) or
concavity (q < 1/2).

3 The universality phase

3.1 Reducing the proof to Proposition 3.1

To prove the asymptotics for E[|AN |2q] under the (q-LT) condition, we first show that, given any constant
M∗ > 0, removing summands a(λ) in AN with mi(λ) = 0 for all i < M∗ from (12) costs at most a constant
factor depending only on the distribution of Xk (equivalently Rk), q, and M∗. This will be applied later with
M∗ picked in terms of the distribution of Xk and q only. The same idea will be recycled later a few times, for
instance, for the (EXP) case with γ = 2q in Section 5.2.1.

Recall (18). We use the following proposition on the low moments of AN,M∗ with a suitable M∗ to deduce
the asymptotics of low moments of AN . We will prove the upper and lower bound parts of this proposition in
Sections 3.3 and 3.4 respectively.

Proposition 3.1. Fix an integer M∗ larger than some constant depending only on the distribution of Xk. For
any large N and any q ∈ (0, 1], under (q-LT) we have

E[|AN,M∗ |2q] ≍

(
1

1 + (1 − q)
√

logN

)q

,

where the implied constants may depend on the distribution of Xk (equivalently Rk), q, and M∗, but not on N .

Remark 1. The truncation parameter M∗ is chosen so that every exponential moment regarding Xk used in
the proof of Proposition 3.1 is finite for any k ⩾ M∗. It is possible to track down this threshold in terms of the
constant k0 defined in Lemma A.2, but we omit the work here.

Deducing Theorem 1.3 equation (3) from Proposition 3.1. We first establish the upper bound of E[|AN |2q]. De-
fine

P<
N,M∗

:=

{
(mi)1⩽i<M∗ : ∀1 ⩽ i < M∗, mi ∈ {0, . . . , N} and

∑
1⩽i<M∗

imi < N

}
. (31)

For m ∈ P<
N,M∗

, we define

Am;N,M∗ :=
∑
λ∈PN

(m1,...,mM∗−1)=m

a(λ).
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In particular, A0;N,M∗ = AN,M∗ . For q ⩽ 1/2, using concavity we have

E[|AN |2q] ⩽
∑

m∈P<
N,M∗

E[|Am;N,M∗ |2q] +
∑

λ:λ1<M∗

E[|a(λ)|2q]

≪
∑

m∈P<
N,M∗

E
[∣∣A

N−
∑M∗−1

j=1 jmj ,M∗

∣∣2q]M∗−1∏
k=1

E

∣∣∣∣∣
(
Xk√
k

)mk 1

mk!

∣∣∣∣∣
2q


+
∑

λ:λ1<M∗

M∗−1∏
k=1

E

∣∣∣∣∣
(
Xk√
k

)mk 1

mk!

∣∣∣∣∣
2q
 .

By Proposition 3.1 and (16) and since M∗ is fixed, the first sum is bounded by

∑
m∈P<

N,M∗

E
[∣∣A

N−
∑M∗−1

j=1 jmj ,M∗

∣∣2q]M∗−1∏
k=1

E

∣∣∣∣∣
(
Xk√
k

)mk 1

mk!

∣∣∣∣∣
2q


≪
∑

m∈P<
N,M∗

1

(1 + (1 − q)
√

log(N −
∑M∗−1

j=1 jmj))q

M∗−1∏
k=1

Cm
1/2−q
k

(
2q

γ
√
k

)2qmk

≪
∑

m∈P<
N,M∗

1

(1 + (1 − q)
√

log(N −
∑M∗−1

j=1 jmj))q

M∗−1∏
k=1

(
1

eδ
√
k

)2qmk

,

where δ > 0 depends on γ, q. Next, since M∗ is fixed,

∑
λ:λ1<M∗

M∗−1∏
k=1

E

∣∣∣∣∣
(
Xk√
k

)mk 1

mk!

∣∣∣∣∣
2q
≪

∑
λ:λ1<M∗

M∗−1∏
k=1

Cm
1/2−q
k

(
2q

γ
√
k

)2qmk

≪
∑

λ:λ1<M∗

M∗−1∏
k=1

e−δmk ≪ 1

N
,

where we used in the last step that
∑

k<M∗
mk ⩾ N/M∗ for λ ∈ PN with λ1 < M∗. We thus arrive at

E[|AN |2q] ≪
∑

m∈P<
N,M∗

1

(1 + (1 − q)
√

log(N −
∑M∗−1

j=1 jmj))q

M∗−1∏
k=1

(
1

eδ
√
k

)2qmk

+
1

N
.

Let us divide the above sum over m ∈ P<
N,M∗

into two parts depending on whether
∑M∗−1

j=1 jmj ⩽ N/2 or not.
First,

∑
m∈P<

N,M∗∑M∗−1
j=1 jmj⩽N/2

1

(1 + (1 − q)
√

log(N −
∑M∗−1

j=1 jmj))q

M∗−1∏
k=1

(
1

eδ
√
k

)2qmk

≪ 1

(1 + (1 − q)
√

logN)q

∑
m∈P<

N,M∗∑M∗−1
j=1 jmj⩽N/2

M∗−1∏
k=1

(
1

eδ
√
k

)2qmk

⩽
1

(1 + (1 − q)
√

logN)q

M∗−1∏
k=1

∞∑
mk=0

(
1

eδ
√
k

)2qmk
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≪ 1

(1 + (1 − q)
√

logN)q
.

Second, if
∑M∗−1

j=1 jmj > N/2, then
∑M∗−1

j=1 mj > N/(2M∗). This implies

∑
m∈P<

N,M∗∑M∗−1
j=1 jmj>N/2

1

(1 + (1 − q)
√

log(N −
∑M∗−1

j=1 jmj))q

M∗−1∏
k=1

(
1

eδ
√
k

)2qmk

≪
∑

m∈P<
N,M∗∑M∗−1

j=1 mj>N/(2M∗)

M∗−1∏
k=1

(
1

eδ
√
k

)2qmk

⩽ NM∗ exp

(
−2δqN

2M∗

)
≪ 1

N
.

(32)

Altogether, these yield E[|AN |2q] ≪ (1 + (1 − q)
√

logN)−q for q ⩽ 1/2. The case q ∈ (1/2, 1] is similar by
looking at E[|AN |2q]1/(2q) and using Minkowski’s inequality instead of concavity.

Next we show a matching lower bound on E[|AN |2q] by using that of E[|AN,M∗ |2q]. The first observation is
that we can, with the cost of a constant factor depending on L, remove those a(λ) such that 0 < m1(λ) < 2L for
some large integer L to be determined later. Denote by Ak ⊂ PN the set of partitions of N such that 2k|m1(λ),

for 0 ⩽ k < L. Using X1
d
= −X1, we get

AN =
∑
λ∈A0

a(λ) +
∑
λ∈Ac

0

a(λ)
d
= −

∑
λ∈A0

a(λ) +
∑
λ∈Ac

0

a(λ),

and therefore,

E[|AN |2q] =
1

2

(
E

[∣∣∣ ∑
λ∈A0

a(λ) +
∑
λ∈Ac

0

a(λ)
∣∣∣2q +

∣∣∣− ∑
λ∈A0

a(λ) +
∑
λ∈Ac

0

a(λ)
∣∣∣2q])

⩾
1

2
E

[∣∣∣ ∑
λ∈Ac

0

a(λ)
∣∣∣2q] =

1

2
E

[∣∣∣ ∑
λ∈A1

a(λ)
∣∣∣2q], (33)

where we used that max(|w− z|, |w + z|) ⩽ |z| for complex numbers z, w. Further, to get rid of λ ∈ Ac
k ∩Ak−1,

we use X1
d
= eiπ/2

k
X1 and apply the same argument. By induction, finally we have as claimed above

E[|AN |2q] ⩾ 2−LE

[∣∣∣ ∑
λ∈AL

a(λ)
∣∣∣2q].

Continuing this procedure for m2, . . . ,mM∗−1, we get

E[|AN |2q] ⩾ 2−M∗LE

[∣∣∣ ∑
λ∈BM∗,L

a(λ)
∣∣∣2q] =: 2−M∗LE[|ÂN |2q],

where

BM∗,L =
{
λ ∈ PN : ∀1 ⩽ k < M∗, 2L | mk(λ)

}
⊆
{
λ ∈ PN : ∀1 ⩽ k < M∗, mk(λ) ̸= 0 =⇒ mk(λ) ⩾ 2L

}
.

Since we assume the unit variance condition E[|X1|2] = E[|R1|2] = 1, we may assume there is some
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ε0 ∈ (0, 1) such that P(|R1| < ε0) > 0 (otherwise |R1| ≡ 1 being sub-Gaussian, Theorem 1.3 equation (3) follows
from Proposition 3.1 with M∗ = 1). The strategy is then to restrict to the event that |Xj | = |Rj | < ε0 for each

1 ⩽ j ⩽ M∗−1, that is, with Ê denoting the conditional expectation on the event {|Rj | < ε0, 1 ⩽ j ⩽ M∗−1},

E[|ÂN |2q] ≫ E[|ÂN |2q | |Rj | < ε0, 1 ⩽ j ⩽ M∗ − 1] = Ê[|ÂN |2q].

Using either concavity or conditional Minkowski’s inequality, it then suffices to prove

Ê

[∣∣∣∣ ∑
λ∈BM∗,L

∃j∈[1,M∗), mj ̸=0

∏
k⩾1

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q
]
⩽

1

C
E[|AN,M∗ |2q] (34)

where C > 0 is a fixed large constant that depends only on M∗. Let C0 > 0 be the implied constant in
Proposition 3.1. Let P<,L

N,M∗
be the subset of P<

N,M∗
with mk(λ) ⩾ 2L for all 1 ⩽ k < M∗ such that mk(λ) ̸= 0.

We have for q ⩽ 1/2 (and similarly using Minkowski’s inequality for q > 1/2),

Ê

[∣∣∣∣ ∑
λ∈BM∗,L

∃j∈[1,M∗), mj ̸=0

∏
k⩾1

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q
]

⩽
∑

m∈P<,L
N,M∗

m ̸=0

Ê

[∣∣∣∣ ∑
λ∈PN

(m1,...,mM∗−1)=m

∏
k⩾1

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q
]

=
∑

m∈P<,L
N,M∗

m ̸=0

M∗−1∏
k=1

Ê[|Xk|2qmk ]

kqmk(mk!)2q
E

[∣∣∣∣ ∑
λ∈PN

(m1,...,mM∗−1)=m

∏
k⩾M∗

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q
]

⩽
∑

m∈P<,L
N,M∗

m ̸=0

C0

(1 + (1 − q)
√

log(N −
∑M∗−1

j=1 jmj))q

M∗−1∏
k=1

ε2qmk
0

kqmk
.

The sum over m with
∑M∗−1

j=1 jmj > N/2 can be controlled similarly as in (32). The rest terms are bounded
by

∑
m∈P<,L

N,M∗
m ̸=0∑M∗−1

j=1 jmj⩽N/2

C0

(1 + (1 − q)
√

log(N −
∑M∗−1

j=1 jmj))q

M∗−1∏
k=1

ε2qmk
0

kqmk
⩽

2C0

(1 + (1 − q)
√

logN)q

∑
m∈P<,L

N,M∗
m ̸=0

M∗−1∏
k=1

ε2qmk
0 .

Note that

∑
m∈P<,L

N,M∗
m ̸=0

M∗−1∏
k=1

ε2qmk
0 ⩽

M∗−1∏
k=1

(
1 +

∞∑
mk=2L

ε2qmk
0

)
− 1 ≪ M∗ε

2L+1q
0

1 − ε2q0
.
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By picking L large enough, we obtain

E

[∣∣∣∣ ∑
λ∈BM∗,L

∃j∈[1,M∗), mj ̸=0

∏
k⩾1

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q | |Rj | < ε0, 1 ⩽ j ⩽ M∗ − 1

]
⩽

1

C0C(1 + (1 − q)
√

logN)q

⩽
1

C
E[|AN,M∗ |2q],

thus proving (34) and hence the desired lower bound.

3.2 Setting the stage for proving Proposition 3.1

We now proceed to the proof of Proposition 3.1. In this short section, we prepare ourselves with a few
notations. First, motivated by our discussions on page 12, we define two probability measures as follows.

For any K,M, r satisfying logM∗ ⩽ M < logK and e−1/K ⩽ r ⩽ e1/K , define the measure Q(1)
r,M,K by

dQ(1)
r,M,K

dP
:=

exp(2
∑K−1

k=eM
rk√
k
Rk cos(τk))

E
[
exp(2

∑K−1
k=eM

rk√
k
Rk cos(τk))

] . (35)

In addition, let Kr be such that logKr is the largest integer with Kr ⩽ min{ −1
4 log r ,K}, and M = M(r, θ) be

the smallest integer such that eM ⩾ min{103/|θ|,Kr/e,M∗}. For e−1/K ⩽ r ⩽ e1/K and θ ∈ [−π, π), define the

measure Q(2)
r,M,K,θ by

dQ(2)
r,M,K,θ

dP
:=

exp(2
∑logKr

m=M+1(Z0(m) + Zθ(m)))

E[exp(2
∑logKr

m=M+1(Z0(m) + Zθ(m)))]
, (36)

where for any M < m ⩽ logKr and θ ∈ [−π, π),

Zθ(m) := ℜ
∑

em−1⩽k<em

Xkr
keikθ√
k

=
∑

em−1⩽k<em

rk√
k
Rk cos(τk + kθ). (37)

When the values of r,M,K, θ are clear from the context, we will drop the subscripts and write instead Q(1)

and Q(2).
To further understand the sums Yn defined in (21) under the new measures, we define and compute using

Lemma A.4 that

µk := EQ(1)

[
rk√
k
Rk cos(τk)

]
=

r2k

k
+ O(k−3/2) (38)

and

νk = νk(θ) := EQ(2)

[
rk√
k
Rk cos(τk)

]
=

r2k

k
+

cos(kθ)r2k

k
+ O(k−3/2). (39)
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We also refresh ourselves with the truncated multiplicative chaos. Recall (18) and (19). It holds that

AN,M∗ = [zN ] exp
( ∞∑

k=M∗

Xk√
k
zk
)
.

Moreover, inserting K = N/2 into (18), we have

FN/2,M∗(z) = exp

( N/2∑
k=M∗

Xk√
k
zk
)

=
∞∑
n=0

( ∑
λ∈Pn

λ1⩽N/2
∀1⩽k<M∗,mk(λ)=0

a(λ)

)
zn. (40)

In the next two subsections, we establish the upper and lower bounds for Proposition 3.1 respectively.

3.3 Upper bound of Proposition 3.1

By Hölder’s inequality, it suffices to prove the upper bound for 1/2 ⩽ q ⩽ 1. Proposition 3.1 then follows
from the two propositions below.

Proposition 3.2. Suppose that E[eγ|R1|] < ∞ for some γ > 2q. For 1/2 ⩽ q ⩽ 1 and N large enough, we have
for some C(q) > 0,

E[|AN,M∗ |2q]1/(2q) ≪
1√
N

J∑
j=1

E

( 1

2π

∫ π

−π
|FN/2j ,M∗(exp(j/N + iθ))|2dθ

)q
1/(2q)

+
1

N
,

where J = ⌈log(C(q)
√
N)/ log 2⌉.

Proof. The main idea resembles that of [50, Proposition 3.1]: separate the sum over λ ∈ PN according to the
values of λ1, control the contributions from partitions λ with a small λ1 (and hence some mk(λ) is large), and
apply Parseval’s identity to the rest λ.

Denote by P0
N,M∗

the subset of PN satisfying m1(λ) = · · · = mM∗−1(λ) = 0. Recall (11) and (12). Suppose

that E[eγ|R1|] < ∞ for some γ > 2q. Then E[|R1|ℓ] ≪ γ−ℓΓ(ℓ + 1) for ℓ ⩾ 0. Therefore,

E[|a(λ)|2q] =
∏

k:mk>0

E[|Rk|2qmk ]

(mk!)2qkqmk
≪

∏
k:mk>0

Cγ−2qmkΓ(2qmk + 1)

(mk!)2qkqmk
≪

∏
k:mk>0

C(2q/γ)2qmk

kqmk
, (41)

where we have used (14). By Minkowski’s inequality,

E

[∣∣∣∣ ∑
λ∈P0

N,M∗
λ1⩽N/2J

a(λ)

∣∣∣∣2q
]1/(2q)

= E

[∣∣∣∣ ∑
λ∈P0

N,M∗
λ1⩽
√
N/C(q)

a(λ)

∣∣∣∣2q
]1/(2q)

⩽
∑

λ∈P0
N,M∗

λ1⩽
√
N/C(q)

E[|a(λ)|2q]1/(2q)

⩽
∑

λ∈P0
N,M∗

λ1⩽
√
N/C(q)

∏
k:mk>0

C

(
2q

γ

)mk

⩽ pNC
√
N/C(q)

(
2q

γ

)∑√
N/C(q)

k=M∗ mk

, (42)

where pN is the number of partitions of N . Note that for partitions λ ∈ P0
N,M∗

with the largest component at
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most
√
N/C(q), we have

√
N/C(q)∑
k=M∗

mk ⩾
C(q)√
N

√
N/C(q)∑
k=M∗

kmk = C(q)
√
N. (43)

Inserting back to (42), together with the bound pN ≪ eπ
√

2/3
√
N (see [2]), we have

E

[∣∣∣∣ ∑
λ∈P0

N,M∗
λ1⩽N/2J

a(λ)

∣∣∣∣2q
]1/(2q)

≪
(

2q

γ

)C(q)
√
N/2

≪ 1

N
,

where we take C(q) large enough in terms of the fixed constant C and q, γ. The rest of the arguments follow
similarly as in Section 4 of [50], which we sketch below for completeness. By Minkowski’s inequality,

E[|AN,M∗ |2q]1/(2q) ≪
J∑

j=1

E

[∣∣∣∣ ∑
λ∈P0

N,M∗
N/2j<λ1⩽N/2j−1

a(λ)

∣∣∣∣2q
]1/(2q)

+
1

N
. (44)

For a fixed j ∈ {1, . . . , J}, we may decompose∑
λ∈P0

N,M∗
N/2j<λ1⩽N/2j−1

a(λ) =
∑
ρ,σ

|ρ|+|σ|=N
|ρ|>0

a(ρ)a(σ),

where the parts of ρ lie in (N/2j , N/2j−1] and of σ lie in [M∗, N/2j ] (here and later, we keep such constraints
in the sums over ρ or σ). Let Ej denote the expectation in {Xk}N/2j<k⩽N/2j−1 . Note that if λ ̸= λ′ are distinct

partitions, then E[a(λ)a(λ′)] = 0 by independence of {Xk}k⩾1. Therefore, by applying Jensen’s inequality and
expanding the square, we obtain

Ej

[∣∣∣∣ ∑
λ∈P0

N,M∗
N/2j<λ1⩽N/2j−1

a(λ)

∣∣∣∣2q
]1/q

⩽
∑

N/2j<n⩽N

∣∣∣∣ ∑
σ∈P0

N−n,M∗

a(σ)

∣∣∣∣2 ∑
ρ∈Pn

Ej

[
|a(ρ)|2

]
. (45)

For a partition ρ whose parts lie in (N/2j , N/2j−1], we have

Ej

[
|a(ρ)|2

]
⩽

∏
N/2j<k⩽N/2j−1

Cγ−2mk(2mk)!

(mk!)2kmk
⩽
(C2j

N

)r
,

where r is the number of parts in ρ. Using r ⩽ 2j ⩽ C(q)2N/2j for 1 ⩽ j ⩽ J , it follows that

∑
ρ∈Pn

Ej

[
|a(ρ)|2

]
⩽

∑
2j−1n/N⩽r<2jn/N

(C2j

N

)r(⌊N/2j⌋ + r

r − 1

)

⩽
2j

N

∑
2j−1n/N⩽r<2jn/N

Cr−1

(r − 1)!
≪ 1

N
exp

(2j(N − n)

N

)
.
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Inserting in (45) leads to

Ej

[∣∣∣∣ ∑
λ∈P0

N,M∗
N/2j<λ1⩽N/2j−1

a(λ)

∣∣∣∣2q
]1/q

≪ 1

N

∑
N/2j<n⩽N

∣∣∣∣ ∑
σ∈P0

N−n,M∗

a(σ)

∣∣∣∣2 exp
(2j(N − n)

N

)

≪ 1

2πN

∫ π

−π

∣∣∣FN/2j ,M∗

(
exp

( j

N
+ iθ

))∣∣∣2dθ,
(46)

where the last step follows from Parseval’s identity applied to

FN/2j ,M∗(z) =
∑
r

( ∑
σ∈P0

r,M∗

a(σ)
)
zr.

Taking expectations on the q-th powers of both sides of (46) completes the proof.

Proposition 3.3. Fix any q ∈ (0, 1]. Suppose that E[eγ|R1|] < ∞ for some γ > 2q.2 For any K sufficiently
large (in terms of M∗) and 1 ⩽ r ⩽ e1/K , we have

E

(∫ π

−π
|FK,M∗(reiθ)|2dθ

)q
≪

(
K

1 + (1 − q)
√

logK

)q

, (47)

where the implied constant depends on q, γ but is independent of K, r.

Inserting Proposition 3.3 into Proposition 3.2 then yields the upper bound of Proposition 3.1. To set up
the proof of Proposition 3.3 we need the following two-sided ballot estimate for a centered Gaussian random
walk, which is due to [28].

Lemma 3.4. There is a large universal constant L1 > 0 such that the following holds. Consider a sequence of
independent centered Gaussian random variables {Gn}n∈N with variances between 1/20 and 20. Then uniformly
for any functions h(m), g(m) satisfying |h(m)| ⩽ 10 logm and g(m) ⩽ −L1m, and for a, n large enough,

P

∀1 ⩽ m ⩽ n, g(m) ⩽
m∑
j=1

Gj ⩽ min{a, L1m} + h(m)

 ≍ min
{

1,
a√
n

}
.

The same conclusion holds if we replace min{a, L1m} above by a.

Proof. The first claim is [28, Probability Result 2]. For the second claim, the upper bound follows from [28,
Probability Result 1], and the lower bound follows from the first claim.

Definition 3.5. Fix a large universal constant L1 > 20 as in Lemma 3.4. Let K be large enough (in terms of
M∗) and 1 ⩽ r ⩽ e1/K , and suppose that 1 ⩽ A ⩽

√
logK. Define the event

Gr(A, θ;K) :=

{
∀ logM∗ ⩽ n ⩽ logK, −A− L1n ⩽

∑
M∗⩽k<en

(
ℜXkr

keikθ√
k

− µk

)
⩽ A + 10 log n

}
.

Define also the event Gr(A;K) that Gr(A, θ;K) holds for all θ ∈ [−π, π).

2Strictly speaking, Proposition 3.3 does not rely on γ > 2q. Assuming only γ > 0, the same conclusion holds if M∗ is large
enough in terms of γ.
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Proposition 3.3 then follows from two propositions below.

Proposition 3.6. For any K sufficiently large, 1 ⩽ r ⩽ e1/K , and 1 ⩽ A ⩽
√

logK,

P(Gr(A;K)c) ≪ exp(−A).

Proposition 3.7. For any K sufficiently large, 1 ⩽ r ⩽ e1/K , θ ∈ [−π, π), and 1 ⩽ A ⩽
√

logK,

E[1Gr(A,θ;K)|FK,M∗(reiθ)|2] ≪ AK√
logK

,

and therefore

E

[
1Gr(A;K)

∫ π

−π
|FK,M∗(reiθ)|2dθ

]
≪ AK√

logK
.

Deducing Proposition 3.3 from Propositions 3.6 and 3.7. If q = 1, the upper bound of (47) is equivalent to Kq

(up to constant) and the desired claim follows from Lemma A.3. If q ∈ (0, 1), it suffices to prove

E

(∫ π

−π
|FK,M∗(reiθ)|2dθ

)q
≪

(
K√

logK

)q

.

Next, we partition the whole probability space into the events

Gr(1;K), Gr(2
J ;K)c, and Gr(2

j ;K)\Gr(2
j−1;K), 1 ⩽ j ⩽ J := ⌊log logK⌋.

Then we have by Proposition 3.7 that

E

1Gr(1;K)

(∫ π

−π
|FK,M∗(reiθ)|2dθ

)q
 ⩽

E

[
1Gr(1;K)

∫ π

−π
|FK,M∗(reiθ)|2dθ

]q

≪
(

K√
logK

)q

,

and by Hölder’s inequality and Propositions 3.6 and 3.7,

E

1Gr(2j ;K)\Gr(2j−1;K)

(∫ π

−π
|FK,M∗(reiθ)|2dθ

)q


⩽ (P(Gr(2
j−1;K)c))1−q

E

[
1Gr(2j ;K)

∫ π

−π
|FK,M∗(reiθ)|2dθ

]q

≪
( K√

logK

)q
2jq exp(−(1 − q)2j−1).

Note that ∑
j⩾1

2jq exp(−(1 − q)2j−1) ≪
∑

1⩽j⩽− log2(1−q)

2jq exp(−(1 − q)2j−1) ≪
(

1

1 − q

)q

.

Finally, by Hölder’s inequality, Lemma A.3, and Proposition 3.6,

E

1Gr(2J ;K)c

(∫ π

−π
|FK,M∗(reiθ)|2dθ

)q
≪

(
K√

logK

)q

.

Combining the above estimates concludes the proof.
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3.3.1 Proof of Proposition 3.6

By definition, if Gr(A;K) fails, then there must be some logM∗ ⩽ n ⩽ logK such that either

max
θ∈[−π,π)

en−1∑
k=M∗

(
ℜXkr

keikθ√
k

− µk

)
> A + 10 log n (48)

or

min
θ∈[−π,π)

en−1∑
k=M∗

(
ℜXkr

keikθ√
k

− µk

)
< −A− L1n. (49)

Applying the union bound, we can bound the probability of the first event (48) by

P

∃ logM∗ ⩽ n ⩽ logK : max
θ∈[−π,π)

en−1∑
k=M∗

(
ℜXkr

keikθ√
k

− µk

)
> A + 10 log n


⩽

logK∑
n=logM∗

P

 max
θ∈[−π,π)

en−1∑
k=M∗

(
ℜXkr

keikθ√
k

− µk

)
> A + 10 log n

 =:

logK∑
n=logM∗

Pn.

The quantity Pn is then controlled using a chaining argument. First, we discretize the interval [−π, π) into nen

points. Define θj = 2πj/(nen), 0 ⩽ j < nen (and identifying θ with θ−2π). Then on the event in the definition
of Pn, it holds that either

en−1∑
k=M∗

(
ℜXkr

keikθj√
k

− µk

)
⩾

A

2
+ 5 log n (50)

for some 0 ⩽ j < nen or

ℜ
en−1∑
k=M∗

Xkr
k

√
k

(eikθ − eikθj ) = ℜ
∫ θ

θj

en−1∑
k=M∗

Xkr
k(i

√
keiky)dy ⩾

A

2
+ 5 log n

for some 0 ⩽ j < nen and some θ ∈ [θj , θj+1). In particular, the second case implies

∫ θj+1

θj

∣∣∣ en−1∑
k=M∗

Xkr
k
√
keiky

∣∣∣dy ⩾
A

2
+ 5 log n (51)

for some 0 ⩽ j < nen. Therefore, by the rotational invariance of Xk, it holds that

Pn ⩽ nen(P ′n + P ′′n),

where P ′n (resp. P ′′n) is the probability that (50) (resp. (51)) holds with j = 0.
For P ′n, using Markov’s inequality and Lemma A.3 we have

P ′n ⩽ exp

−2
(A

2
+ 5 log n +

en−1∑
k=M∗

µk

)E

exp

2
en−1∑
k=M∗

rk√
k
Rk cos(τk)




≪ exp(−A− 10 log n− 2n)en =
e−n−A

n10
.
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Next, we estimate P ′′n. Applying in order Jensen’s inequality, Markov’s inequality, and the fact that the law of
Xk is rotational invariant, we have for β > 0,

P ′′n ⩽ P

 1

θ1

∫ θ1

0
exp

(
β
∣∣∣ en−1∑
k=M∗

Xkr
k
√
keiky

∣∣∣)dy ⩾ exp
(A + 10 log n

2θ1
β
)

⩽ exp

(
−A + 10 log n

2θ1
β

)
E

 1

θ1

∫ θ1

0
exp

(
β
∣∣∣ en−1∑
k=M∗

Xkr
k
√
keiky

∣∣∣)dy


⩽ exp

(
−A + 10 log n

2θ1
β

)
E

exp
(
β
∣∣∣ en−1∑
k=M∗

Xkr
k
√
k
∣∣∣)


≪ exp

(
−A + 10 log n

2θ1
β

)
E

exp
(

2β
∣∣∣ en−1∑
k=M∗

Rk cos(τk)rk
√
k
∣∣∣)
 .

Since Rk are i.i.d. sub-exponential, so is
∑en−1

k=M∗
Rk cos(τk)rk

√
k. Then by Bernstein’s inequality, there is some

constant C > 0 depending on the distribution of R1 such that

P

∣∣∣ en−1∑
k=M∗

Rk cos(τk)rk
√
k
∣∣∣ ⩾ u

≪ exp

(
− 1

C
min{ u2

e2n
,

u

en/2
}

)
,

which implies

E

exp

(
2β
∣∣∣ en−1∑
k=M∗

Rk cos(τk)rk
√
k
∣∣∣)
≪ exp(Cβ2e2n + log β).

Finally, plugging in β = e−n we get the desired bound P ′′n ≪ e−A−n/n10 (which is loose but sufficient).
Combining this with the bound of P ′n, we get Pn ≪ e−A/n9, and therefore

P

∀1 ⩽ n ⩽ logK : max
θ∈[−π,π)

en−1∑
k=M∗

(
ℜXkr

keikθ√
k

− µk

)
> A + 10 log n

≪ e−A.

By replacing Rk with −Rk and also µk with −µk, the probability of the lower tail event (49) can be bounded
by the same argument. This concludes the proof of Proposition 3.6.

3.3.2 Proof of Proposition 3.7

Let M = M(A) = max{2
√
A, 20, logM∗}, and define

Aθ(M) :=
eM−1∑
k=M∗

(
ℜXkr

keikθ√
k

− µk

)
.

Define the event
Er(A, θ;M) := {−A− L1M ⩽ Aθ(M) ⩽ A + 10 logM},
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and for B > 0, define the event

Lr(B, θ;K) :=

{
∀M < n ⩽ logK, −B − L1n ⩽

∑
eM⩽k<en

(
ℜXkr

keikθ√
k

− µk

)
⩽ B + 10 log n

}
. (52)

Then we can replace the event Gr(A, θ;K) by the less restricted event Er(A, θ;M)∩Lr(2A+L1M, θ;K), where
we used 10 log x ⩽ 2x when x ⩾ 20. By rotational symmetry and independence,

E[1Gr(A,θ;K)|FK,M∗(reiθ)|2] = E[1Gr(A,0;K)|FK,M∗(r)|2]

⩽ E

1Er(A,0;M) exp
(

2ℜ
eM−1∑
k=M∗

Xkr
k

√
k

)
1Lr(2A+L1M,0;K) exp

(
2ℜ

K−1∑
k=eM

Xkr
k

√
k

)
= E

1Er(A,0;M) exp
(

2ℜ
eM−1∑
k=M∗

Xkr
k

√
k

)E

1Lr(2A+L1M,0;K) exp
(

2ℜ
K−1∑
k=eM

Xkr
k

√
k

) .

Proposition 3.8. With the notations above and let B := 2A + L1M , we have

E

1Lr(B,0;K) exp

(
2ℜ

K−1∑
k=eM

Xkr
k

√
k

)≪ K

eM
B√

log(K/eM )
. (53)

Deducing Proposition 3.7 from Proposition 3.8. Note that B = 2A + L1M = O(
√

logK). By definition of M
and Proposition 3.8, we have

E[1Gr(A,θ;K)|FK,M∗(reiθ)|2] ≪ K(A + M)

eM
√

log(K/eM )
E

1Er(A,0;M) exp
(

2ℜ
eM−1∑
k=M∗

rk√
k
Xk

)
≪ AK

eM
√

logK
× E

exp
(

2ℜ
eM−1∑
k=M∗

rk√
k
Xk

)≪ AK√
logK

,

where the last step is due to Lemma A.3. This concludes the proof.

3.3.3 Proof of Proposition 3.8

Recall our definition of Q(1) = Q(1)
r,M,K from (35) and the event Lr(B, 0;K) from (52). The constant M∗

is chosen depending on the law of R1 so that for all k ⩾ M∗, every Laplace functional below (i.e. expectations
of the form E[exp(akRk cos(τk))] for some ak) is well defined, and the conditions in Lemmas A.2 and A.4 hold.
Using Lemma A.3, the left-hand side of (53) becomes

E

exp

(
K−1∑
k=eM

2rk√
k
Rk cos(τk)

)Q(1)(Lr(B, 0;K)) ≍ K

eM
Q(1)(Lr(B, 0;K)).

It then suffices to calculate the ballot-type probability Q(1)(Lr(B, 0;K)). Define

Ym :=
∑

em−1⩽k<em

(
rk√
k
Rk cos(τk) − µk

)
. (54)
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Next, we approximate these random batches Ym with centered Gaussian variables with uniformly bounded
variance, which allows us to use Lemma 3.4 to compute the probability

Q(1)

(
∀M < n ⩽ logK, −B − L1n ⩽

n∑
m=M+1

Ym ⩽ B + 10 log n

)
.

Lemma 3.9. For any rm such that |rm| ≪ m2, there is some centered Gaussian random variable Nm with

variance σ2
m = EQ(1)

[Y 2
m] = 1

2 + O(e−m) such that

Q(1)(rm ⩽ Ym ⩽ rm + m−4) = (1 + O(m−2))P(rm ⩽ Nm ⩽ rm + m−4).

Deducing Proposition 3.8 from Lemma 3.9. We use a slicing argument as in [28]. Note that on the event
Lr(B, θ;K), it holds −B − L1(n − 1) ⩽

∑n−1
m=M+1 Ym ⩽ B + 10 log(n − 1) and −B − L1n ⩽

∑n
m=M+1 Ym ⩽

B + 10 log n, then there must be

|Yn| ⩽ 2B + L1n + 10 log n ≪ A + n, M < n ⩽ logK.

Since M ⩾ max{2
√
A, 20}, we know further that |Yn| ≪ n2 uniformly in M < n ⩽ logK. Then there must be

some rn ∈ Rn := {r ∈ n−4Z : |r| ≪ n2} such that rn ⩽ Yn < rn + n−4. In particular,

−B − L1n−
n∑

m=M+1

1

m4
⩽

n∑
m=M+1

rm ⩽ B + 10 log n, M < n ⩽ logK. (55)

Denote by D(M,K) the set of all possible vectors (rn)M<n⩽logK , rn ∈ Rn that satisfy (55), then Lemma 3.9
yields

Q(1)

∀M < n ⩽ logK : −B − L1n ⩽
n∑

m=M+1

Ym ⩽ B + 10 log n


⩽

∑
(rn)∈D(M,K)

logK∏
m=M+1

Q(1)
(
rm ⩽ Ym < rm +

1

m4

)

=
∑

(rn)∈D(M,K)

logK∏
m=M+1

(1 + O(m−2))P
(
rm ⩽ Nm < rm +

1

m4

)

≪
∑

(rn)∈D(M,K)

logK∏
m=M+1

P
(
rm ⩽ Nm < rm +

1

m4

)

⩽ P

∀M < n ⩽ logK : −B − L1n−
n∑

m=M+1

1

m4
⩽

n∑
m=M+1

Nm ⩽ B + 10 log n +

n∑
m=M+1

1

m4


≪ B√

log(K/eM )
,

where the last step follows from Lemma 3.4. This completes the proof of Proposition 3.8.

Proof of Lemma 3.9. That σ2
m = EQ(1)

[Y 2
m] = 1/2 + O(e−m) follows from Lemmas A.1 and A.4. We first
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compute the characteristic function of Ym under Q. Using Lemma 3.3.19 of [22] and Lemma A.4, we have

EQ(1)

exp

(
it
( rk√

k
Rk cos(τk) − µk

)) = 1 − t2

2
VarQ

(1)

[
rk√
k
Rk cos(τk)

]
+ Dk(t)

= 1 −

(
r2k

4k
+ O(k−3/2)

)
t2 + Dk(t)

with some Dk(t) satisfying

|Dk(t)| ≪ |t|3EQ(1)

[∣∣∣ rk√
k
Rk cos(τk) − µk

∣∣∣3]≪ |t|3k−3/2,

and similarly |D′k(t)| ≪ |t|2k−3/2. Rewriting this in exponential form, we have

EQ(1)

exp

(
it(

rk√
k
Rk cos(τk) − µk)

) = exp

− t2

2
VarQ

(1)

[
rk√
k
Rk cos(τk)

]
+ Tk(t)


with again |Tk(t)| ≪ |t|3k−3/2 and |T ′k(t)| ≪ |t|2k−3/2. By independence, we then have

EQ(1) [
exp(itYm)

]
= exp

(
− t2σ2

m

2
+ Sm(t)

)
= exp

− t2

2

∑
em−1⩽k<em

(
r2k

2k
+ O(k−3/2)

)
+ Sm(t)


with |Sm(t)| ≪ |t|3e−m/2 and |S′m(t)| ≪ |t|2e−m/2. Let λm := rm/σ2

m ≪ m2 by our assumption that |rm| ≪ m2.
Define a new measure Q̃(1) by

dQ̃(1)

dQ(1)
=

logK∏
m=M+1

exp(λmYm)

EQ(1)
[exp(λmYm)]

,

and the characteristic function of Ym under Q̃(1) is

EQ̃(1) [
exp(itYm)

]
= exp

(
irmt− σ2

m

2
t2 + Sm(t− iλm) − Sm(−iλm)

)
.

Note that when Ym ∈ [rm, rm + m−4],

|λmYm − λmrm| ⩽ |rm|
σ2
mm4

≪ m−2 a.s.

Together with the estimates on Sm(t), we have

Q(1)(rm ⩽ Ym ⩽ rm + m−4)

= EQ(1)
[
eλmYm

]
EQ̃(1)

[
e−λmYm1{rm⩽Ym⩽rm+m−4}

]
= exp

(σ2
m

2
λ2
m + Sm(−iλm)

)
exp(−rmλm + O(m−2)) Q̃(1)(rm ⩽ Ym ⩽ rm + m−4)

= (1 + O(m−2)) exp
(
− r2m

2σ2
m

)
Q̃(1)(rm ⩽ Ym ⩽ rm + m−4).

(56)
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For each m, let Ñm be a Gaussian random variable with mean rm and variance σ2
m under P, i.e., with charac-

teristic function

E[exp(itÑm)] = exp
(
irmt− σ2

m

2
t2
)
.

Applying Berry-Esseen bound (see equation (3.4.1) of [22]), we obtain

|Q̃(1)(rm ⩽ Ym ⩽ rm + m−4) − P(rm ⩽ Ñm ⩽ rm + m−4)| ≪
∫ em/9

−em/9

|EQ̃(1)
[eitYm ] − E[eitÑm ]|

|t|
dt + e−m/9.

Further, since |Sm(t)| ≪ |t|3e−m/2 ≪ 1, we have the estimate∣∣∣EQ̃(1)
[eitYm ] − E[eitÑm ]

∣∣∣ ⩽ e−σ
2
mt2/2| exp(Sm(t− iλm) − Sm(−iλm)) − 1|

≪ e−σ
2
mt2/2|Sm(t− iλm) − Sm(−iλm)|

≪ e−σ
2
mt2/2

∫ |t|
0

|S′m(s− iλm)| ds

≪ e−σ
2
mt2/2e−m/2(|λm|2|t| + |t|3).

Therefore,

|Q̃(1)(rm ⩽ Ym ⩽ rm + m−4) − P(rm ⩽ Ñm ⩽ rm + m−4)| ≪ e−m/2

∫ em/9

−em/9

(|λm|2 + |t|2)e−σ2
mt2/2dt + e−m/9

≪ (1 + |rm|2)e−m/2 + e−m/9 ≪ e−m/9

for any |rm| ≪ m2. Note that P(rm ⩽ Ñm ⩽ rm + m−4) ≫ m−4, we have

Q̃(1)(rm ⩽ Ym ⩽ rm + m−4) = (1 + O(e−m/10))P(rm ⩽ Ñm ⩽ rm + m−4),

Finally, a standard Gaussian computation yields

P(rm ⩽ Ñm ⩽ rm + m−4) = (1 + O(m−2)) exp
( r2m

2σ2
m

)
P(rm ⩽ Nm ⩽ rm + m−4).

Combining with (56) yields the proof.

3.4 Lower bound of Proposition 3.1

In this section, we prove the lower bound of Proposition 3.1.3 We first reduce the proof to the following
two propositions.

Proposition 3.10. Fix q ∈ (0, 1]. Suppose that E[eγ|R1|] < ∞ for some γ > 2q, i.e. (q-LT) holds. Then for
any 0 < r < 1,

E[|AN,M∗ |2q] ≫
1

N q

E

(∫ π

−π
|FN/2,M∗(reiθ)|2dθ

)q
− E

rNq

(∫ π

−π
|FN/2,M∗(eiθ)|2dθ

)q

 .

Remark 2. Proposition 3.10 mirrors Proposition 8.1 of [50], which focuses on q ∈ [1/2, 1] instead of q ∈ (0, 1],

3The proof of the lower bound does not strictly rely on the (q-LT) condition, but the bound may not be tight for the other cases.

30



together with a Hölder’s inequality argument for q ∈ (0, 1/2), in order to obtain uniformity of the constants in
q. Here, we do not attempt to have the asymptotic constants in (3) independent of q.

Proof. We mainly follow the arguments in Section 9 of [50]. First, it follows from the same symmetrization
procedure as (33) that E[|AN,M∗ |2q] ⩾ E[|BN,M∗ |2q]/2, where

BN,M∗ :=
∑

N/2<n⩽N

Xn√
n
AN−n,M∗ .

By Khintchine’s inequality, in the form of Lemma 4.1 of [37],4 we have

E
[
|BN,M∗ |2q | {An,M∗}1⩽n⩽N/2

]
≫
( ∑

N/2<n⩽N

|AN−n,M∗ |2

n

)q

≫
(

1

N

∑
n<N/2

|An,M∗ |2
)q

.

Taking expectation yields

E[|AN,M∗ |2q] ≫ E
[(

1

N

∑
n<N/2

|An,M∗ |2
)q]

.

Recall from (40) that with

Ãn,N,M∗ :=
∑
λ∈Pn

λ1⩽N/2
∀1⩽k<M∗,mk(λ)=0

a(λ),

it holds that FN/2,M∗(z) =
∑

n⩾0 Ãn,N,M∗z
n, and hence by Parseval’s identity, for r ∈ (0, 1],

∑
n<N/2

|Ãn,N,M∗ |2 ⩾
∞∑
n=0

|Ãn,N,M∗ |2r2n − rN
∞∑
n=0

|Ãn,N,M∗ |2

=
1

2π

∫ π

−π
|FN/2,M∗(reiθ)|2dθ − rN

2π

∫ π

−π
|FN/2,M∗(eiθ)|2dθ.

(57)

Moreover, by definition Ãn,N,M∗ = An,M∗ for n < N/2. The claim then follows by applying the inequality
|z + w|q ⩽ |z|q + |w|q for q ∈ [0, 1] to (57), and taking expectation.

Proposition 3.11. Fix any q ∈ (0, 1]. Suppose that (q-LT) holds. Let K be large enough. For any e−1/400 ⩽
r < 1, we have

E

(∫ π

−π
|FK,M∗(reiθ)|2dθ

)q
≫

(
Kr

1 + (1 − q)
√

logKr

)q

,

where logKr is the largest integer such that Kr ⩽ min{−1/(4 log r),K}.

Remark 3. Here, Kr is the threshold below which the variances of Ym (defined in (54)) are comparable (say,
between 1/20 and 20). This appears necessary to make sense of the random walk analog of (21) proposed in
the proof sketch.

Deducing the lower bound of Proposition 3.1 from Propositions 3.10 and 3.11. Consider r = e−C/N for a large

4The proof therein is stated for Rademacher random variables, but the same arguments work for sub-exponential random
variables, using a standard concentration bound (e.g., Lemma 8.2.1 of [51]).
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constant C to be determined. Then Proposition 3.11 gives that for N large enough,

1

N q
E

(∫ π

−π
|FN/2,M∗(reiθ)|2dθ

)q
 ⩾

1

C1

(
1

C(1 + (1 − q)
√

logN)

)q

.

On the other hand, applying Proposition 3.3 gives

1

N q
E

rNq

(∫ π

−π
|FN/2,M∗(eiθ)|2dθ

)q
 ⩽ C2

(
e−C

1 + (1 − q)
√

logN

)q

.

Therefore, by picking C > 0 large enough depending on the constants C1, C2, Proposition 3.10 yields

E[|AN,M∗ |2q] ≫

(
1

1 + (1 − q)
√

logN

)q

for N large enough. By adjusting constants suitably, the conclusion stands for all N .

3.4.1 Proof of Proposition 3.11

For any (random) subset L of [−π, π), we use Hölder’s inequality to obtain

E

(∫ π

−π
|FK,M∗(reiθ)|2dθ

)q
≫

(
E
[∫
L |FK,M∗(reiθ)|2dθ

])2−q

(
E
[(∫

L |FK,M∗(reiθ)|2dθ
)2])1−q . (58)

We then carefully choose this random set L as inspired by [50]. Recall (38).

Definition 3.12. Fix again a universal constant L1 > 20 from Lemma 3.4. Let A be a real number with
1 ⩽ A ⩽

√
logKr. Define L(θ) = L(A, θ;K) as the event that for each logM∗ ⩽ n ⩽ logKr, one has

−A− L1n ⩽
en−1∑
k=M∗

(
ℜXkr

keikθ√
k

− µk

)
⩽ A− 5 log n.

Also, let L = L(A;K) be the random subset of θ ∈ [−π, π) such that L(θ) holds.

First, we give a lower bound of the numerator of (58).

Lemma 3.13. For any 1 ⩽ A ⩽
√

logKr and e−1/400 ⩽ r < 1, we have

E
[∫
L
|FK,M∗(reiθ)|2dθ

]
≫ AKr√

logKr
.

Proof. The proof is similar to the proof of Proposition 3.7 in Section 3.3, so we only sketch the key steps. First,
observe that by rotational symmetry,

E
[∫
L
|FK,M∗(reiθ)|2dθ

]
= E

[∫ π

−π
1L(θ)|FK,M∗(reiθ)|2dθ

]
= 2π E[1L(0)|FK,M∗(r)|2].
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It follows from Lemmas A.1 and A.3, and definition of Kr that

E[1L(0)|FK,M∗(r)|2] = E
[

exp

( ∑
M∗⩽k⩽K

2rk√
k
Rk cos(τk)

)]
Q(1)(L(0)) ≍ KrQ(1)(L(0)).

Next, recalling the definition of Ym in (54), we replace L(0) by the less restrictive event

L̂(0) :=

{
∀ logM∗ < n ⩽ logKr, − L1n ⩽

n∑
m=logM∗

Ym ⩽ min{A,L1n} − 5 log n

}
.

On the event L̂(0), we have∣∣∣∣ ∑
em⩽k<em+1

(
ℜXkr

keikθ√
k

− µk

)∣∣∣∣≪ m, logM∗ ⩽ m ⩽ logKr.

It then follows from Lemma 3.9 and a slicing argument as in Section 3.3.3 that

Q(1)(L(0))

⩾ Q(1)

∀ logM∗ < n ⩽ logKr : −L1n ⩽
n∑

m=logM∗

Ym ⩽ min{A,L1n} − 5 log n


≫ P

∀ logM∗ < n ⩽ logKr : −L1n +

n∑
m=logM∗

m−4 ⩽
n∑

m=logM∗

Nm ⩽ min{A,L1n} − 5 log n−
n∑

m=logM∗

m−4


≫ A√

logKr
,

where the last step follows from Lemma 3.4 and by adjusting the constant L1 suitably, while noting that M∗ is
a fixed constant. This completes the proof.

For the upper bound of the denominator in (58), we first expand the square to get

E

[(∫
L
|FK,M∗(reiθ)|2dθ

)2
]

= E

[∫ π

−π

∫ π

−π
1L(θ1)|FK,M∗(reiθ1)|21L(θ2)|FK,M∗(reiθ2)|2dθ1dθ2

]

=

∫ π

−π
E
[
1L(0)∩L(θ)|FK,M∗(r)|2|FK,M∗(reiθ)|2

]
dθ.

(59)

Proposition 3.14. With notations as above, for any θ ∈ [−π, π) and e−1/400 ⩽ r < 1, we have

E
[
1L(0)∩L(θ)|FK,M∗(r)|2|FK,M∗(reiθ)|2

]
≪ A2e2A

K2
r

logKr

min{Kr, 2π/|θ|}
(log min{Kr, 2π/|θ|})7

.

Deducing Proposition 3.11 from Proposition 3.14. As in [50], applying equations (58), (59), Lemma 3.13, and
Proposition 3.14 with A :=

√
logKr/(1 + (1 − q)

√
logKr) completes the proof.
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3.4.2 Proof of Proposition 3.14

Let us define M = M(r, θ) to be the smallest integer such that eM ⩾ max{min{103/|θ|,Kr/e},M∗}. Set

Aθ(M) := ℜ
eM−1∑
k=M∗

(
Xkr

keikθ√
k

− µk

)
=

eM−1∑
k=M∗

(
rk√
k
Rk cos(τk + kθ) − µk

)
, θ ∈ [−π, π).

Similarly as in the proof of Proposition 3.7, we replace the event L(0) ∩ L(θ) with a less restricted event L̃,
defined by the constraints that

−A− L1M ⩽ A0(M), Aθ(M) ⩽ A− 5 logM, (60)

and for any M < n ⩽ logKr,

−A− L1n− max{A0(M), Aθ(M), 0}

⩽
∑

eM⩽k<en

(
ℜXkr

k

√
k

− µk

)
,
∑

eM⩽k<en

(
ℜXkr

keikθ√
k

− µk

)
⩽ A− min{A0(M), Aθ(M), 0}.

Also recalling our definition (37), and using µk = r2k/k + O(k−3/2), we get

E
[
1L(0)∩L(θ)|FK,M∗(r)|2|FK,M∗(reiθ)|2

]
≪ exp

(
4
eM−1∑
k=M∗

r2k

k

)
E

[
1L̃ e

2A0(M)+2Aθ(M)
logKr∏

m=M+1

e2Z0(m)+2Zθ(m) exp
(

2
K∑

k=Kr

rk√
k
ℜ(Xk + Xke

ikθ)
)]

≪ e4ME

1L̃ e2A0(M)+2Aθ(M)
logKr∏

m=M+1

e2Z0(m)+2Zθ(m)

E

[
exp

(
2

K∑
k=Kr

rk√
k
ℜ(Xk + Xke

ikθ)
)]

.

Using Lemma A.2 (i) and definition of Kr, we arrive at

E

[
exp

(
2

K∑
k=Kr

rk√
k
ℜ(Xk + Xke

ikθ)
)]

≪ E

[
exp

(
4

K∑
k=Kr

rk√
k
ℜXk

)]

≪
K∏

k=Kr

(
1 +

2r2k

k
+ O(k−3/2)

)
≪ 1.

We conclude that

E
[
1L(0)∩L(θ)|FK,M∗(r)|2|FK,M∗(reiθ)|2

]
≪ e4ME

1L̃ e2A0(M)+2Aθ(M)
logKr∏

m=M+1

e2Z0(m)+2Zθ(m)

 . (61)

We now state a two-dimensional version of Proposition 3.8, which suffices for proving Proposition 3.14.

Proposition 3.15. Notations as above, and let M ′ = max{M,A}. Given any B,B′ satisfying B′ ⩽ 0 ⩽ B and
B,−B′ ⩽ LM ′ with some absolute constant L > 0, define the event

E :=

{
∀M < n ⩽ logKr, B

′ − L1n ⩽
∑

eM⩽k<en

(
ℜXkr

k

√
k

− νk

)
,
∑

eM⩽k<en

(
ℜXkr

keikθ√
k

− νk

)
⩽ B

}
. (62)
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Then

E
[
1E

logKr∏
m=M+1

exp(2Z0(m) + 2Zθ(m))

]
≪ K2

r

e2M

(
M ′√

1 + log(Kr/eM
′)

)2

.

Deducing Proposition 3.14 from Proposition 3.15. Our plan is to condition on {Xk}1⩽k<eM and insert Propo-
sition 3.15 into (61). First we claim that, with a constant L0 > 0 large enough, setting B = A −
min{A0(M), Aθ(M), 0}+L0 and B′ = −A−max{A0(M), Aθ(M), 0}−L0 in the definition of event E gives that
L̃ ⊆ E . Indeed, this is a consequence of Lemma A.5, with

L0 =
∑
m⩾M

∣∣∣∣ ∑
em−1⩽k<em

(µk − νk)

∣∣∣∣≪ 1.

Moreover, we have by (60) that on the event L̃, B − B′ ⩽ LM ′ and M ′ ≪ A + M with some large enough
absolute constant L > 0. Together with (61) yield that

E
[
1L(0)∩L(θ)|FK,M∗(r)|2|FK,M∗(reiθ)|2

]
≪ K2

r e
2M

1 + log(Kr/eM
′)
E
[
1L̃ e

2(A0(M)+Aθ(M))(A + M)2
]

≪ K2
r e

2M

1 + log(Kr/eM
′)
E
[
1L̃ e

2(A0(M)+Aθ(M))A2M2
]

≪ K2
r e

2M

1 + log(Kr/eM
′)

e2AA2

M8
E
[
1{A0(M)⩽A−5 logM} e

2A0(M)
]
,

where in the last step we used rotational symmetry while bounding Aθ(M) ⩽ A− 5 logM . On the other hand,
Lemma A.2 yields

E
[
1{A0(M)⩽A−5 logM} e

2A0(M)
]
⩽ E[e2A0(M)] ≪ e−M . (63)

Next, using M ′ = max{M,A} ⩽ max{M,
√

logKr} we obtain (1 + log(Kr/e
M ′

))M ≫ logKr. Combining the
above and using the definition of M completes the proof.

3.4.3 Proof of Proposition 3.15

Suppose first that log(Kr/e
M ) ⩽ 10. Using rotational symmetry and Lemma A.2 (i),

E
[
1E

logKr∏
m=M+1

exp(2Z0(m) + 2Zθ(m))

]
≪ E

[ logKr∏
m=M+1

exp(4Z0(m))

]
= E

[
exp

(
4ℜ

logKr∑
m=M+1

Xkr
k

√
k

)]
≪ 1.

Now if Kr > eM+10, we can assume θ satisfies 103/|θ| ⩽ Kr/e and eM |θ| ⩾ 103. Recall (36). In view of
Lemma A.6, it suffices to bound Q(2)(E). Recall from (39) that

νk = EQ(2)

[
ℜXkr

k

√
k

]
=

r2k

k
+

cos(kθ)r2k

k
+ O(k−3/2),

and define

Xk,0 := ℜXkr
k

√
k

− νk and Xk,θ := ℜXkr
keikθ√
k

− νk, k ∈ N.

We apply the same strategy as in the proof of Proposition 3.8: approximate the batched sums of Xk,θ using
Gaussians, and apply Lemma 3.4. We first use Lemma A.4 to compute the joint characteristic function of
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(Xk,0, Xk,θ) as

EQ(2)
[exp(iuXk,0 + ivXk,θ)]

= 1 +
−u2EQ(2)

[X2
k,0] − v2EQ(2)

[X2
k,θ] − 2uvEQ(2)

[Xk,0Xk,θ]

2
+

∞∑
j=3

1

j!
EQ(2)

[(iuXk,0 + ivXk,θ)
j ]

= 1 − (u2 + v2)r2k

4k
− uvr2k cos(kθ)

2k
+ (u2 + v2)O

( r3k

k3/2

)
+

∞∑
j=3

1

j!
EQ(2)

[(iuXk,0 + ivXk,θ)
j ]

=: 1 − (u2 + v2)r2k

4k
− uvr2k cos(kθ)

2k
+ Dk(u, v),

and using Lemma 3.3.19 of [22] and Lemma A.4, we have

(a) |Dk(u, v)| ≪ (u2 + v2 + |u|3 + |v|3)r3kk−3/2;

(b) |∂Dk(u,v)
∂u |, |∂Dk(u,v)

∂v | ≪ (|u| + |v| + |u|2 + |v|2)r3kk−3/2;

(c) |∂
2Dk(u,v)
∂u∂v | ≪ (1 + |u| + |v|)r3kk−3/2.

Before using independence to form a product of the characteristic functions over k, we need to transform our
expression into an exponential form. We have

EQ(2)
[exp(iuXk,0 + ivXk,θ)] = exp

(
−(u2 + v2)r2k

4k
− uvr2k cos(kθ)

2k
+ Tk(u, v)

)
,

where the above (a)–(c) hold with Dk(u, v) replaced by Tk(u, v).
Next, we group the random variables Xk,0, Xk,θ and approximate their sums using Gaussian distributions.

Define
Ym,0 =

∑
em−1⩽k<em

Xk,0 and Ym,θ =
∑

em−1⩽k<em

Xk,θ, m ∈ N.

After summing over em−1 ⩽ k < em,

EQ(2)
[
exp

(
iuYm,0 + ivYm,θ

)]
= exp

 ∑
em−1⩽k<em

(
− (u2 + v2)r2k

4k
− uvr2k cos(kθ)

2k

)
+ Sm(u, v)

 , (64)

where

(a) |Sm(u, v)| ≪ (u2 + v2 + |u|3 + |v|3)e−m/2 ≪ (1 + |u|3 + |v|3)e−m/2;

(b) |∂Sm(u,v)
∂u |, |∂Sm(u,v)

∂v | ≪ (|u| + |v| + |u|2 + |v|2)e−m/2;

(c) |∂
2Sm(u,v)
∂u∂v | ≪ (1 + |u| + |v|)e−m/2.

Our Gaussian approximation will have the same covariance structure of (Ym,0, Ym,θ) under Q(2), which we
compute first. Define the covariance matrix

Σm :=

(
σ2
m ρmσ2

m

ρmσ2
m σ2

m

)
,
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where σm, ρm are defined such that Σm is the covariance matrix of (Ym,0, Ym,θ) under Q(2). It follows from
Lemmas A.4 and A.5 that

σ2
m =

∑
em−1⩽k<em

(
r2k

2k
+ O(k−3/2)

)
=

1

2
+ O(e−m/2)

and

ρmσ2
m =

∑
em−1⩽k<em

(
r2k cos(kθ)

2k
+ O(k−3/2)

)
= O(eM−m + e−m/2).

In particular,

ρm ≪ eM−m + e−m/2

1
2 + O(e−m/2)

≪ eM−m + e−m/2. (65)

Let Nm := (Nm,1, Nm,2) be a two-dimensional centered Gaussian vector with covariance matrix Σm. That is,

E[eix·Nm ] = exp

(
−1

2
x⊤Σmx

)
, x ∈ R2. (66)

Lemma 3.16. For any |um|, |vm| ≪ m, it holds that

Q(2)(um ⩽ Ym,0 ⩽ um + m−3, vm ⩽ Ym,θ ⩽ vm + m−3)

= (1 + O(m−2))P(um ⩽ Nm,1 ⩽ um + m−3, vm ⩽ Nm,2 ⩽ vm + m−3).

Proof of Proposition 3.15. We use a slicing argument to bound Q(2)(E). A direct argument as in the proof of
Proposition 3.8 would not work properly since our bound on |Ym,0|, |Ym,θ| is not yet uniform in m ∈ (M, logKr].
For this reason, we condition on the values {Ym,0, Ym,θ}M<m⩽M ′ and consider the ballot event with partial sums
of {Ym,0, Ym,θ}M ′<m⩽logKr where M ′ = max{M,A}. Observe that by definition (62), on the event E ,

B′ − L1M
′ ⩽

∑
M<j⩽M ′

Yj,0,
∑

M<j⩽M ′

Yj,θ ⩽ B,

and |Ym,0|, |Ym,θ| ≪ m for M ′ < m ⩽ logKr, using M ′ ≫ B −B′. Therefore,

Q(2)(E) = E
[
Q(2)(E | {Ym,0, Ym,θ}M<m⩽M ′)

]
⩽ Q(2)

(
∀M ′ < m ⩽ logKr, B′ − L1m−B ⩽

∑
M ′<j⩽m

Yj,0,
∑

M ′<j⩽m

Yj,θ ⩽ B −B′ + L1M
′

and ∀M ′ < m ⩽ logKr, |Ym,0|, |Ym,θ| ≪ m

)
. (67)

Given a set of values {Ym,0, Ym,θ}M<m⩽logKr satisfying the event in (67), there exist numbers um, vm ∈ Sm :=
{t ∈ (1/m3)Z : |t| ≪ m}, M ′ < m ⩽ logKr such that for all M ′ < m ⩽ logKr,

um ⩽ Ym,0 < um + m−3; vm ⩽ Ym,θ < vm + m−3,
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and in particular,

B′ − L1m−B −
∑

M ′<j⩽m

m−3 ⩽
∑

M ′<j⩽m

uj ,
∑

M ′<j⩽m

vj ⩽ B −B′ + L1M
′. (68)

Denote by C(M ′,Kr) the set of all possible vectors (um, vm)M ′⩽m⩽logKr , um, vm ∈ Sm satisfying (68). Using
Lemma 3.16 and (67), we have

Q(2)(E) ⩽ Q(2)

(
∀M ′ < m ⩽ logKr, B′ − L1m−B ⩽

∑
M ′<j⩽m

Yj,0,
∑

M ′<j⩽m

Yj,θ ⩽ B −B′ + L1M
′

and ∀M ′ < m ⩽ logKr, |Ym,0|, |Ym,θ| ≪ m

)

⩽
∑

(um,vm)∈C(M ′,Kr)

Q(2)

(
Ym,0 ∈ [um, um +

1

m3
], Ym,θ ∈ [vm, vm +

1

m3
] for all M ′ < m ⩽ logKr

)
⩽

∑
(um,vm)∈C(M ′,Kr)

∏
M ′<m⩽logKr

(1 + O(m−2))

P
(
Nm,1 ∈ [um, um +

1

m3
], Nm,2 ∈ [vm, vm +

1

m3
] for all M ′ < m ⩽ logKr

)
≪ P

(
B′ − L1m− 2

m∑
j=1

1

j3
−B ⩽

∑
M ′<ℓ⩽m

Nℓ,1,
∑

M ′<ℓ⩽m

Nℓ,2 ⩽ B + 2
m∑
j=1

1

j3
−B′ + L1M

′

for all M ′ < m ⩽ logKr

)

⩽ P

−Lm ⩽
∑

M ′<ℓ⩽m

Nℓ,1,
∑

M ′<ℓ⩽m

Nℓ,2 ⩽ LM ′ for all M ′ < m ⩽ logKr

 ,

where in the last step we used that B,B′ ≪ M ′ < m and L is some other absolute constant.
Before applying the Gaussian ballot theorem, we shall decorrelate each pair of random variables

(Nm,1, Nm,2). Recall from [50, Section 12] that for any Borel set B ⊆ R2,

P((Nm,1, Nm,2) ∈ B) ⩽

√
1 + |ρm|
1 − |ρm|

P((Ñm,1, Ñm,2) ∈ B),

where Ñm,1, Ñm,2 are i.i.d. N(0, σ2
m(1 + |ρm|)) distributed. Using (65), it is straightforward to see that

∏
M ′<m⩽logKr

√
1 + |ρm|
1 − |ρm|

≪ 1. (69)

By Lemma 3.4, we conclude that

Q(2)(E) ≪ P

−Lm ⩽
∑

M ′<ℓ⩽m

Nℓ,1,
∑

M ′<ℓ⩽m

Nℓ,2 ⩽ LM ′ for M ′ < m ⩽ logKr


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≪ P

−Lm ⩽
∑

M ′<ℓ⩽m

Ñℓ,1,
∑

M ′<ℓ⩽m

Ñℓ,2 ⩽ LM ′ for M ′ < m ⩽ logKr


=

P

−Lm ⩽
∑

M ′<ℓ⩽m

Ñℓ,1 ⩽ LM ′ for M ′ < m ⩽ logKr




2

≪

(
M ′√

1 + log(Kr/eM
′)

)2

.

This yields the desired result.

Proof of Lemma 3.16. Let Ym := (Ym,0, Ym,θ)
⊤,u := (um, vm)⊤, and λ := Σ−1m u, where we recall that Σm is

the covariance matrix of (Ym,0, Ym,θ) under Q(2). First, we apply an exponential tilt of the measure so that

(Ym,0, Ym,θ) is centered at (um, vm). Define the tilted measure Q̃(2) by

dQ̃(2)

dQ(2)
:=

exp(λ ·Ym)

Q(2)(exp(λ ·Ym))
.

Let N̂m := (N̂m,1, N̂m,2) be a two-dimensional Gaussian vector with the same mean and covariance matrix as

Ym under Q̃(2). By (66) and since exponential tilts preserves the covariance for Gaussians, we have

E[eix·N̂m ] = exp

(
−1

2
x⊤Σmx + iu · x

)
, x ∈ R2.

The corresponding characteristic function of Ym under the tilted measure Q̃(2) is given by

EQ̃(2)
[eix·Ym ] = exp

(
−1

2
x⊤Σmx + iu · x + Sm(x− iλ) − Sm(−iλ)

)
, x ∈ R2, (70)

where we recall Sm from (64). Following [46], we have∣∣∣Q̃(2)(um ⩽ Ym,0 ⩽ um + m−3, vm ⩽ Ym,θ ⩽ vm + m−3)

− P(um ⩽ N̂m,1 ⩽ um + m−3, vm ⩽ N̂m,2 ⩽ vm + m−3)
∣∣∣

≪
∫ em/9

−em/9

∫ em/9

−em/9

∣∣∣∣∆(s, t)

st

∣∣∣∣ dsdt +

∫ em/9

−em/9

∣∣∣∣EQ̃(2)
[exp(isYm,0)] − E[exp(isN̂m,1)]

s

∣∣∣∣ ds
+

∫ em/9

−em/9

∣∣∣∣EQ̃(2)
[exp(itYm,θ)] − E[exp(itN̂m,2)]

t

∣∣∣∣ dt + e−m/9,

(71)

where

∆(s, t) := EQ̃(2)
[
exp

(
isYm,0 + itYm,θ

)]
− E[exp(isN̂m,1 + itN̂m,2)]

− EQ̃(2)
[exp(isYm,0)]EQ̃(2)

[exp(itYm,θ)] + E[exp(isN̂m,1)]E[exp(itN̂m,2)].
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For x1 = (s, 0), we estimate

|Sm(x1 − iλ) − Sm(−iλ)| =

∣∣∣∣∫ s

0

dSm(t− iλ1,−iλ2)

dt
dt

∣∣∣∣
≪ e−m/2

∫ |s|
0

(1 + |t|2 + ∥λ∥2)dt ≪ e−m/2(1 + ∥u∥2)(|s| + |s|3),
(72)

where we used ∥λ∥ ⩽
∥∥Σ−1m

∥∥
op

∥u∥ = (σ2
m − |ρmσ2

m|)−1 ∥u∥ ≪ ∥u∥, since σ2
m ≫ 1 and ρmσ2

m = o(1) by Lemma

A.5. Inserting back into (70), the second integral of (71) can be bounded by∫ em/9

−em/9

∣∣∣∣EQ̃(2)
[exp(isYm,0)] − E[exp(isN̂m,1)]

s

∣∣∣∣ds ⩽ ∫ em/9

−em/9

∣∣∣∣∣eSm(x1−iλ)−Sm(−iλ) − 1

s

∣∣∣∣∣ e−σ2
ms2/2ds

≪
∫ em/9

−em/9

∣∣∣∣Sm(x1 − iλ) − Sm(−iλ)

s

∣∣∣∣ e−σ2
ms2/2ds

⩽ e−m/2(1 + u2m + v2m)

∫ em/9

−em/9

(1 + s2)e−σ
2
ms2/2ds

≪ e−m/2m2 ≪ e−m/9.

A similar estimate holds for the third term. We now bound the first integral of (71), where we consider
x2 = (0, t) and x3 = (s, t) in (70):

|∆(s, t)| =
∣∣∣ exp

(
− σ2

m

2
∥x3∥2 + iu · x3

)[
exp(−ρmσ2

mst + Sm(x3 − iλ) − Sm(−iλ)) + 1

− exp
(
− ρmσ2

mst
)
− exp(Sm(x1 − iλ) + Sm(x2 − iλ) − 2Sm(−iλ))

]∣∣∣
⩽ exp

(
− σ2

m

2
∥x3∥2

)[∣∣∣e−ρmσ2
mst − 1

∣∣∣∣∣∣eSm(x3−iλ)−Sm(−iλ) − 1
∣∣∣

+
∣∣∣eSm(x3−iλ)−Sm(−iλ)

∣∣∣∣∣∣eSm(x1−iλ)+Sm(x2−iλ)−Sm(x3−iλ)−Sm(−iλ) − 1
∣∣∣]

≪ exp
(
− σ2

m

2
∥x3∥2

)[
|st||Sm(x3 − iλ) − Sm(−iλ)|

+ |Sm(x1 − iλ) + Sm(x2 − iλ) − Sm(x3 − iλ) − Sm(−iλ)|
]

where we used Lemma A.5 in the last step. Similarly to (72), we have

|Sm(x3 − iλ) − Sm(−iλ)| ⩽ |Sm(x3 − iλ) − Sm(x1 − iλ)| + |Sm(x1 − iλ) − Sm(−iλ)|
≪ e−m/2(1 + s2 + ∥u∥2)(|t| + |t|3) + e−m/2(1 + ∥u∥2)(|s| + |s|3)

and also

|Sm(x1 − iλ) + Sm(x2 − iλ) − Sm(x3 − iλ) − Sm(−iλ)| =

∣∣∣∣∣
∫ s

0

∫ t

0

∂2Sm(u− iλ1, v − iλ2)

∂u∂v
dudv

∣∣∣∣∣
≪ e−m/2(1 + ∥λ∥1)(1 + |s| + |t|)|st|
≪ me−m/2(1 + |s| + |t|)|st|.
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Therefore,∫ em/9

−em/9

∫ em/9

−em/9

∣∣∣∣∆(s, t)

st

∣∣∣∣ dsdt ≪ e−m/2

∫ em/9

−em/9

∫ em/9

−em/9

exp
(
− σ2

m

2
∥x3∥2

)[
(1 + s2 + ∥u∥2)(|t| + |t|3)

+ (1 + ∥u∥2)(|s| + |s|3) + m(1 + |s| + |t|)|st|
]
dsdt

≪ m2e−m/2 ≪ e−m/9.

Plugging back to (71), we obtain∣∣∣Q̃(2)(um ⩽ Ym,0 ⩽ um + m−3, vm ⩽ Ym,θ ⩽ vm + m−3)

− P(um ⩽ N̂m,1 ⩽ um + m−3, vm ⩽ N̂m,2 ⩽ vm + m−3)
∣∣∣≪ e−m/9

uniformly for all |um|, |vm| ≪ m, M ⩽ m ⩽ logKr. We may replace the absolute error by a multiplier of
(1 + O(e−m/10)), since (N̂m,1, N̂m,2) is centered at (um, vm) and has constant order variances with vanishing
correlation. This gives that for |um|, |vm| ≪ m and M ⩽ m ⩽ logKr,

Q̃(2)(um ⩽ Ym,0 ⩽ um + m−3, vm ⩽ Ym,θ ⩽ vm + m−3)

= (1 + O(e−m/10))P(um ⩽ N̂m,1 ⩽ um + m−3, vm ⩽ N̂m,2 ⩽ vm + m−3).

Now note that if Ym,0 ∈ [um, um+m−3] and Ym,θ ∈ [vm, vm+m−3], it holds that |λ·Ym−λ·u| ≪ ∥u∥/m3 ≪ m−2.
Therefore, we have

Q(2)(um ⩽ Ym,0 ⩽ um + m−3, vm ⩽ Ym,θ ⩽ vm + m−3)

=EQ(2)
[eλ·Ym ] Q̃(2)

(
e−λ·Ym1{um⩽Ym,0⩽um+m−3, vm⩽Ym,θ⩽vm+m−3}

)
= exp

(
− 1

2
u⊤Σ−1m u + Sm(−iλ)

)
(1 + O(m−2)) Q̃(2)(um ⩽ Ym,0 ⩽ um + m−3, vm ⩽ Ym,θ ⩽ vm + m−3)

=(1 + O(m−2)) exp
(
− 1

2
u⊤Σ−1m u

)
(1 + O(e−m/10))P(um ⩽ N̂m,1 ⩽ um + m−3, vm ⩽ N̂m,2 ⩽ vm + m−3).

Thus,

Q(2)(um ⩽ Ym,0 ⩽ um + m−3, vm ⩽ Ym,θ ⩽ vm + m−3)

= (1 + O(m−2)) exp
(
− 1

2
u⊤Σ−1m u

)
P(um ⩽ N̂m,1 ⩽ um + m−3, vm ⩽ N̂m,2 ⩽ vm + m−3).

By a standard Gaussian computation,

P(um ⩽ Nm,1 ⩽ um + m−3, vm ⩽ Nm,2 ⩽ vm + m−3)

= (1 + O(m−2)) exp
(
− 1

2
u⊤Σ−1m u

)
P(um ⩽ N̂m,1 ⩽ um + m−3, vm ⩽ N̂m,2 ⩽ vm + m−3).

The proof is then complete.

4 The stretched exponential phase

Recall in the stretched exponential case (SE), P(|Rk| ⩾ u) = exp(−(u/cp)
p) with 0 < p < 1 and cp =

(2Γ(2/p)/p)−1/2. Denoting by λ∗ = (1, . . . , 1) the all-one partition of N , Theorem 1.3 in the (SE) case follows
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from the following proposition, which shows that the contribution from λ∗ alone is the main term in low
moments of AN .

Proposition 4.1. For all N large enough and any q > 0,

E
[
|AN |2q

]
= (1 + o(1))E

[
|a(λ∗)|2q

]
= (1 + o(1))(2π)1/2−q

√
2q

p
C2qN/p
p,q N2q(1/p−1)N+1/2−q, (73)

where Cp,q = 2qcpp/(pe1−p).

Proof. Recall that a(λ∗) = XN
1 /N !. The asymptotic formula of E

[
|a(λ∗)|2q

]
then follows from (15). For the

first asymptotic relation, by concavity, we have for 0 < q < 1/2,

E
[
|a(λ∗)|2q

]
−
∑
|λ|=N
m1<N

E
[
|a(λ)|2q

]
⩽ E

[
|AN |2q

]
⩽ E

[
|a(λ∗)|2q

]
+
∑
|λ|=N
m1<N

E
[
|a(λ)|2q

]
,

and by Minkowski’s inequality, for q ⩾ 1/2,

E
[
|a(λ∗)|2q

]1/(2q)
−
∑
|λ|=N
m1<N

E
[
|a(λ)|2q

]1/(2q)
⩽ E

[
|AN |2q

]1/(2q)
⩽ E

[
|a(λ∗)|2q

]1/(2q)
+
∑
|λ|=N
m1<N

E
[
|a(λ)|2q

]1/(2q)
.

Therefore it suffices to show for 0 < q < 1/2,∑
|λ|=N
m1<N

E
[
|a(λ)|2q

]
= o
(
E
[
|a(λ∗)|2q

] )
(74)

and for q ⩾ 1/2, ∑
|λ|=N
m1<N

E
[
|a(λ)|2q

]1/(2q)
= o
(
E
[
|a(λ∗)|2q

]1/(2q) )
(75)

as N → ∞. Fix q ∈ (0, 1/2), by (14) we have

∑
|λ|=N
m1<N

E
[
|a(λ)|2q

]
⩽

N∑
k=1

∑
|λ′|=k

m1(λ′)=0

E

∣∣∣∣∣ XN−k
1

(N − k)!
a(λ′)

∣∣∣∣∣
2q


≪
N∑
k=1

C2q(N−k)/p
p,q (N − k)2q(1/p−1)(N−k)+1/2−q

∑
|λ′|=k

m1(λ′)=0

E
[
|a(λ′)|2q

]
. (76)

For each λ′ as a partition of k ∈ {1, . . . , N} with m1(λ
′) = 0, we have with some constant c = cp,q > 0 (which

may vary from line to line) that

E
[
|a(λ′)|2q

]
≪

k∏
j=2

cC
2qmj/p
p,q m

2q(1/p−1)mj+1
j ≪ ck

(k
2

)q(1/p−1)k+√2k
,

where in the last inequality we use the fact that |λ′| = k =
∑k

j=2 jmj ⩾ 2
∑k

j=2mj , and that
∑k

j=2 1{mj>0} ⩽
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√
2k. Recall the partition number pk ≪ eπ

√
2/3
√
k, we can bound (76) from above by

∑
|λ|=N
m1<N

E
[
|a(λ)|2q

]
≪

N∑
k=1

C2q(N−k)/p
p,q (N − k)2q(1/p−1)(N−k)+1/2−qeπ

√
2/3
√
kck
(k

2

)q(1/p−1)k+√2k

≪ E
[
|a(λ∗)|2q

] ∞∑
k=1

C−2qk/pp,q eck
(N − k)2q(1/p−1)(N−k)+1/2−q(k/2)q(1/p−1)k+

√
2k

N2q(1/p−1)N+1/2−q

≪ E
[
|a(λ∗)|2q

] ∞∑
k=1

exp

(
ck − q

(1

p
− 1
)

(2N logN − 2(N − k) log(N − k) − k log k)

)

≪ E
[
|a(λ∗)|2q

] ∞∑
k=1

exp

(
ck − q

(1

p
− 1
)
k logN

)

≪ E
[
|a(λ∗)|2q

] ∞∑
k=1

N−ck = o

(
E
[
|a(λ∗)|2q

])
,

establishing (74) and hence (73). A similar computation proves (75) and hence the result follows.

5 The exponential phase

Let us recall that in the exponential phase (EXP), P(|Rk| ⩾ u) = exp(−γ(u − cγ)) ∧ 1 for u ⩾ 0, where
γ ∈ (0, 2q] and cγ = log(γ2/2)/γ. Our goal is to provide asymptotics for E[|AN |2q] as N → ∞ where q ∈ (0, 1].
To this end, we split into two cases: γ < 2q and γ = 2q.

5.1 The case γ < 2q

In this section, we prove Theorem 1.4 for γ < 2q, that

E[|AN |2q] ≍ ϕ(N) = ϕq,γ(N) := N1/2−q
(

2q

γ

)2qN

, q ∈ (0, 1], γ < 2q. (77)

5.1.1 Proof of the upper bound

A direct application of Minkowski’s inequality together with (23) yields for q ⩾ 1/2,

E[|AN |2q]1/(2q) ⩽
∑
λ∈PN

E

[∣∣∣∣∏
k⩾1

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q
]1/(2q)

≪
∑
λ∈PN

∏
k⩾1
mk ̸=0

Cγ−mkΓ(2mkq + 1)1/(2q)

kmk/2mk!

≪ Γ(2Nq + 1)1/(2q)

γNN !
+

N∑
j=2

∑
λ∈PN

m1(λ)=N−j

Γ(2(N − j)q + 1)1/(2q)

γN−j(N − j)!

∏
k⩾2
mk ̸=0

CΓ(2mkq + 1)1/(2q)

γmkkmk/2mk!
.

By (14),

Γ(2mkq + 1)1/(2q)

mk!
⩽ C(2q)mkm

1/(4q)−1/2
k .

43



On the other hand, ∏
k⩾2
mk ̸=0

Cm
1/(4q)−1/2
k

kmk/2
≪ 1,

since the product on k ⩾ C2 can be bounded by one and the product on 2 ⩽ k ⩽ C2 is bounded by a constant,
where C may depend on q. Therefore, for λ ∈ PN with m1(λ) = N − j, we have

∏
k⩾2
mk ̸=0

Cγ−mkΓ(2mkq + 1)1/(2q)

kmk/2mk!
≪

∏
k⩾2
mk ̸=0

(
2q

γ

)mk

⩽

(
2q

γ

)j/2

.

Combining the above leads to

E[|AN |2q]1/(2q)

≪ γ−NΓ(2Nq + 1)1/(2q)

N !
+

N∑
j=2

∑
λ∈PN

m1(λ)=N−j

γ−(N−j)Γ(2(N − j)q + 1)1/(2q)(2q/γ)j/2

(N − j)!

≪ γ−N (2q)NN1/(4q)−1/2 +
N∑
j=2

pjγ
−(N−j/2)(2q)N−j/2(N − j)1/(4q)−1/2

≪ γ−N (2q)NN1/(4q)−1/2

1 +

N∑
j=2

eC
√
j
( γ

2q

)j/2(N − j

N

)1/(4q)−1/2
≪
(

2q

γ

)N

N1/(4q)−1/2 = ϕ(N)1/(2q),

where we have used (14) again. This leads to the upper bound in (77). The case q ∈ (0, 1/2) is similar by using
concavity instead of Minkowski’s inequality.

5.1.2 Proof of the lower bound

Recall from (77) that our goal is to show E[|AN |2q] ≫ ϕ(N). Observe the decomposition

AN =
∑
λ∈PN

m1(λ)⩾N−C

∏
k⩾1

(
Xk√
k

)mk 1

mk!
+

∑
λ∈PN

m1(λ)<N−C

∏
k⩾1

(
Xk√
k

)mk 1

mk!
(78)

for C ⩾ 0. A careful examination of the proof of the upper bound yields the following lemma, giving an upper
bound for the second term in (78).

Lemma 5.1. For any ε > 0, there exists C = C(ε) > 0 such that

E

[∣∣∣ ∑
λ∈PN

m1(λ)<N−C

∏
k⩾1

(
Xk√
k

)mk 1

mk!

∣∣∣2q] ⩽ εϕ(N).

We will focus on the sum over partitions that have a large number of ones, and use Lemma 5.1 to show
that the remaining terms are negligible. To this end, let us fix a large constant C∗ > 0 to be determined. For
a given λ ∈ PN with m1(λ) ⩾ N − C∗, we let λ∗ denote the partition after removing N − C∗ ones from λ. In
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particular, λ∗ ∈ PC∗ and there is a bijective correspondence between such λ and λ∗.
Consider M = M(γ, q) ∈ N such that (2q

γ

)2M
>
(2

γ

)2
. (79)

We will restrict to the event that |X1| ∈ [(2qN −
√
N)/γ, 2qN/γ] and |X2|, . . . , |XM | ⩽ 1. More precisely, we

have

E[|AN |2q] ⩾ E
[
|AN |2q1{|R1|∈[(2qN−

√
N)/γ,2qN/γ], |Rj |⩽1, 2⩽j⩽M}

]
⩾ e−LME

[
|AN |2q1{|R1|∈[(2qN−

√
N)/γ,2qN/γ]} | {|Rj | ⩽ 1, 2 ⩽ j ⩽ M}

]
. (80)

Therefore, in the following, we may without loss condition on the event {|Rj | ⩽ 1, 2 ⩽ j ⩽ M}. The resulting

probability measure and expectation operator will be denoted by P̃ and Ẽ respectively.
We first make a few simplifications to the first sum of (78). It holds that∣∣∣∣∣ ∑

λ∈PN
m1(λ)⩾N−C∗

∏
k⩾1

(
Xk√
k

)mk(λ) 1

mk(λ)!

∣∣∣∣∣ = |X1|N−C∗
∣∣∣ ∑
λ∗∈PC∗

m1(λ∗)!

(m1(λ∗) + N − C∗)!

∏
k⩾1

(
Xk√
k

)mk(λ∗) 1

mk(λ∗)!

∣∣∣.
(81)

Here, with the bijective correspondence between λ and λ∗ described above, we have mk(λ) = mk(λ∗) except
when k = 1. When the situation is clear, we omit writing the dependence on λ or λ∗. With |X1| ≈ 2qN/γ, we
expect that

∑
λ∗∈PC∗

m1!

(m1 + N − C∗)!

∏
k⩾1

(
Xk√
k

)mk 1

mk!
≈

∑
λ∗∈PC∗

(
2qNeiτ1

γ

)m1
1

(m1 + N − C∗)!

∏
k⩾2

(
Xk√
k

)mk 1

mk!
.

The goal of the next lemma is to make this precise.

Lemma 5.2. On the event |R1| = |X1| ∈ [(2qN −
√
N)/γ, 2qN/γ], it holds that

∣∣∣ ∑
λ∗∈PC∗

m1!

(m1 + N − C∗)!

∏
k⩾1

(
Xk√
k

)mk 1

mk!
−

∑
λ∗∈PC∗

(
2qNeiτ1

γ

)m1
1

(N − C∗)!Nm1

∏
k⩾2

(
Xk√
k

)mk 1

mk!

∣∣∣
≪

∑
λ∗∈PC∗

(2q/γ)m1m1C∗√
N(N − C∗)!

∏
k⩾2

(
Xk√
k

)mk 1

mk!
.

Proof. Consider λ∗ ∈ PC∗ . By triangle inequality,∣∣∣∣∣ (N − C∗)!

(m1 + N − C∗)!
Xm1

1 −N−m1eiτ1m1

(
2qN

γ

)m1

∣∣∣∣∣
⩽

∣∣∣∣ (N − C∗)!

(m1 + N − C∗)!
−N−m1

∣∣∣∣ · |X1|m1 + N−m1

∣∣∣|R1|m1 −
(

2qN

γ

)m1 ∣∣∣.
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Using Taylor’s expansion, we have for N large that

m1∏
j=1

N

N − C∗ + j
⩽ exp

m1∑
j=1

C∗ − j

N − C∗ + j

≪ m1C∗
N − C∗

.

In addition, by the mean-value theorem∣∣∣∣∣|R1|m1 −
(

2qN

γ

)m1

∣∣∣∣∣≪ m1

√
N

(
2qN

γ

)m1−1
.

Altogether, we have ∣∣∣∣∣ (N − C∗)!

(m1 + N − C∗)!
Xm1

1 −N−m1eiτ1m1

(
2qN

γ

)m1

∣∣∣∣∣≪ (2q/γ)m1m1C∗√
N

. (82)

Next, we use (82) and the triangle inequality to obtain

∣∣∣ ∑
λ∗∈PC∗

m1!

(m1 + N − C∗)!

∏
k⩾1

(
Xk√
k

)mk 1

mk!
−

∑
λ∗∈PC∗

(
2qNeiτ1

γ

)m1
1

(N − C∗)!Nm1

∏
k⩾2

(
Xk√
k

)mk 1

mk!

∣∣∣
⩽

∑
λ∗∈PC∗

∣∣∣ Xm1
1

(m1 + N − C∗)!
−

(
2qNeiτ1

γ

)m1
1

(N − C∗)!Nm1

∣∣∣ ∏
k⩾2

(
Xk√
k

)mk 1

mk!

≪
∑

λ∗∈PC∗

(2q/γ)m1m1C∗√
N(N − C∗)!

∏
k⩾2

(
Xk√
k

)mk 1

mk!
,

as desired.

Lemma 5.3. There exists δ > 0 such that for C large enough,

P̃

∣∣∣∣∣∣
∑

λ∗∈PC

∏
k⩾2

(
Xk√

k(2qeiτ1/γ)k

)mk
1

mk!

∣∣∣∣∣∣ > δ

 > δ. (83)

Proof. Denote by

ξC :=
∑

λ∗∈PC

∏
k⩾2

(
Xk√

k(2qeiτ1/γ)k

)mk
1

mk!
.

We show that ξC
L2

→ ξ for some random variable ξ ̸= 0 as C → ∞. Since a partition λ∗ ∈ PC is uniquely
determined by the vector m = m(λ∗) := (m2(λ∗), . . . ,mC(λ∗)), we can rewrite ξC as

ξC =
∑

m∈N{2,...,C}
0∑C

j=2 jmj⩽C

∏
k⩾2

(
Xk√

k(2qeiτ1/γ)k

)mk
1

mk!
,

46



where N0 = {0, 1, 2, . . . }. This motivates us to compute the tail L2 norm using (23), that

Ẽ

[∣∣∣∣ ∑
m∈N{2,3,... }

0∑∞
j=2 jmj>C

∏
k⩾2

(
Xk√

k(2qeiτ1/γ)k

)mk
1

mk!

∣∣∣∣2
]

=
∑

m∈N{2,3,... }
0∑∞

j=2 jmj>C

∏
k⩾2

(
1√

k(2q/γ)k

)2mk
1

(mk!)2
Ẽ[|Xk|2mk ] (84)

⩽
∑

m∈N{2,3,... }
0∑∞

j=2 jmj>C

∏
k⩾M
mk ̸=0

L′γ−2mk

kmk(2q/γ)2kmk

(
2mk

mk

) ∏
2⩽k<M

1

(mk!)2
,

where we recall that we conditioned on the event {|Rj | ⩽ 1, 2 ⩽ j ⩽ M} and that E[eimτkeinτk ] = 0 for m ̸= n.
Suppose we have proved that∑

m∈N{2,3,... }
0∑∞

j=2 jmj>C

∏
k⩾M
mk ̸=0

L′γ−2mk

kmk(2q/γ)2kmk

(
2mk

mk

) ∏
2⩽k<M

1

(mk!)2
→ 0. (85)

Then it follows that ξC
L2

→ ξ where

Ẽ[|ξ|2] = Ẽ

[∣∣∣∣ ∑
m∈N{2,3,... }

0

∏
k⩾M
mk ̸=0

(
Xk√

k(2qeiτ1/γ)k

)mk
1

mk!

∣∣∣∣2
]
⩾

1

C(q)
> 0.

Since L2 convergence implies convergence in probability, (83) follows. Therefore, it suffices to establish (85).
Using (79) and (14), we have for some ε = ε(γ, q) > 0,

∑
m∈N{2,3,... }

0∑∞
j=2 jmj>C

∏
k⩾M
mk ̸=0

L′γ−2mk

kmk(2q/γ)2kmk

(
2mk

mk

) ∏
2⩽k<M

1

(mk!)2
≪

∑
m∈N{2,3,... }

0∑∞
j=2 jmj>C

∏
k⩾M
mk ̸=0

1

eεkmk

∏
2⩽k<M

1

eεmk
, (86)

where we may without loss of generality replace M by max(M,L′). Note that for each m ∈ N{2,3,... }0 with∑∞
j=2 jmj > C, either mk ⩾ C1/3 for some k ∈ [2, C1/3), or mk ⩾ 1 for some k ⩾ C1/3. Therefore, for C > M3,

∑
m∈N{2,3,... }

0∑∞
j=2 jmj>C

∏
k⩾M
mk ̸=0

1

eεkmk

∏
2⩽k<M

1

eεmk
⩽ e−εC

1/3
∑

m∈N{2,3,... }
0

∏
k⩾M

1

eεkmk

∏
2⩽k<M

1

eεmk

⩽ e−εC
1/3

∏
2⩽k<M

∑
mk⩾0

1

eεmk

 ∏
k⩾M

∑
mk⩾0

1

eεkmk

≪ e−εC
1/3

.

This proves (85) and hence (83).

In the rest of this subsection, we prove the lower bound of Theorem 1.4 in the case γ < 2q. First, combining
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(81) and Lemma 5.2 yields

Ẽ

[∣∣∣∣∣ ∑
λ∈PN

m1(λ)⩾N−C∗

∏
k⩾1

(
Xk√
k

)mk(λ) 1

mk(λ)!

∣∣∣∣∣
2q

1{|R1|∈[(2qN−
√
N)/γ,2qN/γ]}

]

= Ẽ

[
|X1|2q(N−C∗)
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(
Xk√
k

)mk(λ∗) 1
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√
N)/γ,2qN/γ]}

]

⩾ Ẽ

[
|X1|2q(N−C∗)

∣∣∣∣ ∑
λ∗∈PC∗

(
2qNeiτ1

γ

)m1
1

(N − C∗)!Nm1

∏
k⩾2

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q1{|R1|∈[(2qN−
√
N)/γ,2qN/γ]}

]

− CẼ

[
|X1|2q(N−C∗)

∣∣∣∣ ∑
λ∗∈PC∗

(2q/γ)m1m1C∗√
N(N − C∗)!

∏
k⩾2

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q1{|R1|∈[(2qN−
√
N)/γ,2qN/γ]}

]
, (87)

where C is the implied constant in Lemma 5.2 and in the last line we assumed q ⩽ 1/2, and the case q ∈ (1/2, 1]
follows similarly by Minkowski’s inequality. In the first expectation of (87), the absolute value is independent
of the rest. This yields

Ẽ

[∣∣∣∣ ∑
λ∗∈PC∗

(
2qNeiτ1

γ

)m1
1

(N − C∗)!Nm1

∏
k⩾2

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q|X1|2q(N−C∗)1{|R1|∈[(2qN−
√
N)/γ,2qN/γ]}

]

= Ẽ

[∣∣∣∣ ∑
λ∗∈PC∗

(
2qNeiτ1

γ

)m1
1

(N − C∗)!Nm1

∏
k⩾2

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q
]
E

[
|X1|2q(N−C∗)1{|R1|∈[(2qN−

√
N)/γ,2qN/γ]}

]

=
1

(N − C∗)!2q
Ẽ

[∣∣∣∣ ∑
λ∗∈PC∗

(
2qeiτ1

γ

)m1 ∏
k⩾2

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q
]
E

[
|X1|2q(N−C∗)1{|R1|∈[(2qN−

√
N)/γ,2qN/γ]}

]
. (88)

Here, we supply a simple lower bound for the latter expectation in (88):

E

[
|X1|2q(N−C∗)1{|R1|∈[(2qN−

√
N)/γ,2qN/γ]}

]
≫
∫ 2qN/γ

(2qN−
√
N)/γ

x2q(N−C∗)e−γxdx

= γ−2q(N−C∗)

∫ 2qN

2qN−
√
N
y2q(N−C∗)e−ydy

≫
√
N

(
2qN

γ

)2q(N−C∗)

e−2qN ,

where in the last step we use the inequality y2q(N−C∗)e−y ≫ (2qN)2q(N−C∗)e−2qN which is a consequence of
Taylor’s expansion when N is large enough compared to C∗.

We next bound the first expectation in (88). Since for λ∗ ∈ PC∗ , m1 = C∗ −
∑

kmk, we have

Ẽ

[∣∣∣∣ ∑
λ∗∈PC∗

(
2qeiτ1

γ

)m1 ∏
k⩾2

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q
]

=

(
2q

γ

)2qC∗

Ẽ
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∏
k⩾2

(
Xk√

k(2qeiτ1/γ)kmk
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1

mk!

∣∣∣∣2q
]
.
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In view of Lemma 5.3, there exists δ0 > 0 (independent of C∗) such that

Ẽ

[∣∣∣∣ ∑
λ∗∈PC∗

∏
k⩾2

(
Xk√

k(2qeiτ1/γ)kmk

)mk
1

mk!

∣∣∣∣2q
]
> δ0

for any C∗ large enough. In this case,

Ẽ
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λ∗∈PC∗

(
2qNeiτ1

γ

)m1
1

(N − C∗)!Nm1
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k⩾2

(
Xk√
k

)mk 1
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∣∣∣∣2q|X1|2q(N−C∗)1{|R1|∈[(2qN−
√
N)/γ,2qN/γ]}

]

≫ 1

(N − C∗)!2q

(
2q

γ

)2qC∗

E

[
|X1|2q(N−C∗)1{|R1|∈[(2qN−

√
N)/γ,2qN/γ]}

]

≫ 1

(N − C∗)!2q

(
2q

γ

)2qC∗ √
N

(
2qN

γ

)2q(N−C∗)

e−2qN

≫ ϕ(N).

On the other hand, for a fixed C∗, the second term of (87) is bounded by

Ẽ

[
|X1|2q(N−C∗)

∣∣∣∣ ∑
λ∗∈PC∗

(2q/γ)m1m1C∗√
N(N − C∗)!

∏
k⩾2

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q1{|R1|∈[(2qN−
√
N)/γ,2qN/γ]}

]

≪
(

2qN

γ

)2q(N−C∗)

Ẽ
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λ∗∈PC∗

(2q/γ)m1m1C∗√
N(N − C∗)!

∏
k⩾2

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q1{|R1|∈[(2qN−
√
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≪C∗

(
2qN

γ

)2q(N−C∗)
(

(2q/γ)C∗C2
∗√

N(N − C∗)!

)2q

= oC∗(ϕ(N))

for N large enough.
Altogether, we conclude from (87) that for some constant M ′ = M ′(γ, q) independent of C∗ and N ,

Ẽ

[∣∣∣∣∣ ∑
λ∈PN

m1(λ)⩾N−C∗

∏
k⩾1

(
Xk√
k

)mk 1

mk!

∣∣∣∣∣
2q

1{|R1|∈[(2qN−
√
N)/γ,2qN/γ]}

]
⩾

ϕ(N)

M ′
− oC∗(ϕ(N)).

Pick ε = 1/(2M ′eLM ) in Lemma 5.1 and let C∗ be the implied constant C therein. Recalling (80), we have

E[|AN |2q] ⩾ e−LM
(
ϕ(N)

M ′
− oC∗(ϕ(N))

)
− εϕ(N) ≫ ϕ(N)

as N → ∞. This completes the proof of the lower bound.

Remark 4. The same arguments in this section carry through if we replace the rotationally invariant complex
inputs {Xk}k⩾1 with real ones. Suppose that {Xk}k⩾1 forms a sequence of i.i.d. two-sided symmetric shifted
exponential random variables with unit variance. That is, P(|Xk| ⩾ u) = exp(−γ(u− cγ)) ∧ 1 for u ⩾ 0, where
γ ∈ (0, 2q) and cγ = log(γ2/2)/γ. Note that the same moment asymptotic (23) still applies. The only argument
in the current section that depends on the rotation invariance is (84), whereas in the real case, cross-terms may
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exist. Nevertheless, the cross-terms can be estimated similarly: the left-hand side of (84) can be bounded by

Ẽ

[∣∣∣∣ ∑
m∈N{2,3,... }

0∑∞
j=2 jmj>C

∏
k⩾2

(
Xk√

k(2q/γ)k

)mk
1

mk!

∣∣∣∣2
]
≪

∑
m,n∈N{2,3,... }

0
min{

∑∞
j=2 jmj ,

∑∞
j=2 jnj}>C

∀j,mj+nj∈2N0

∏
k⩾M
mk ̸=0

1

eεk(mk+nk)

∏
2⩽k<M

1

eε(mk+nk)

≪ e−2εC
1/3

,

for C > M3 (possibly with a smaller ε and a larger M than (86)), which replaces (86) and the arguments that
follow.

5.2 The case γ = 2q

Fix q ∈ (0, 1]. Our goal in this section is to prove (6) that under the case (EXP) with γ = 2q,

E[|AN |2q] ≍ N1−q+q2/2

(1 + (1 − q)
√

logN)q
.

Let us recall the philosophy for the case γ = 2q that the main contribution to AN from the sum over partitions
(12) is random and depends on the value of |X1|. More precisely, on the event that |X1| is close to m, we expect
that the partitions λ ∈ PN with m1(λ) = m + O(

√
N) dominate AN . After applying the decomposition

E[|AN |2q] =

∞∑
m=0

E[|AN |2q1|X1|∈[m,m+1)],

we will show that for m ⩽ N − 2,

E
[
|AN |2q1|X1|∈[m,m+1)

]
≍ m−q+q2/2

(1 + (1 − q)
√

log(N −m))q
. (89)

The desired asymptotic then follows from Karamata’s theorem (Theorem 1.5.11 of [11]):

N−2∑
m=0

m−q+q2/2

(1 + (1 − q)
√

log(N −m))q
≍ N1−q+q2/2

(1 + (1 − q)
√

logN)q
. (90)

As illustrated in Section 2.2, a key step towards (89) is reproducing the same multiplicative chaos approach
from (q-LT) case to estimate (27) after conditioning on R1. For this reason, we first prepare ourselves with a
stronger version of Proposition 3.1, which is the focus of Section 5.2.1. When performing the multiplicative chaos
analysis, an essential ingredient is establishing uniform estimates of a weighted mass of truncated multiplicative
chaos (cf. (28)). This will be the goal of Sections 5.2.2 and 5.2.3.

In this section, we will use C1, C2, . . . to denote large positive constants (greater than one) that only
depend on q and each other, which may be different from constants defined in other sections. Throughout, we
fix q ∈ (0, 1], and the notation ≪ will always denote asymptotic constants that depend only on q.

5.2.1 Strengthening Proposition 3.1

In this section, we show that Proposition 3.1 also extends to the (EXP) case with γ = 2q, if we restrict to
partitions without ones (i.e., m1(λ) = 0). Recall (18).
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Proposition 5.4. Fix an integer M∗ ⩾ 2 larger than some constant depending only on the distribution of Xk.
For any large N and any q ∈ (0, 1], under (EXP) with γ = 2q we have

E[|AN,M∗ |2q] ≍

(
1

1 + (1 − q)
√

logN

)q

.

Proof. The proof is very similar to the proof of Proposition 3.1, and the only modification needed lies in the
upper bound of Proposition 3.2, where we denote by J = ⌈log(C1

√
N)/ log 2⌉. Indeed, (41) becomes

E[|a(λ)|2q] ≪
∏

k:mk>0

C2

kqmk
.

Since k ⩾ M∗ ⩾ 2, (42) becomes
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2 2−q
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Using (43), we obtain
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≪ 1

N

for C1 picked large enough. The rest follows line by line as in the proof of Proposition 3.1.

Proposition 5.5. Suppose that (EXP) holds with γ = 2q. It holds that

E
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.

Proof. Recall (31). We follow a similar argument that deduced Theorem 1.3 equation (3) from Proposition 3.1
in Section 3.1, using now Proposition 5.4 instead. For the upper bound when q ⩽ 1/2 (and similarly for q > 1/2
using instead Minkowski’s inequality), by Proposition 5.4,
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Since the product ranges in k ⩾ 2, the second sum and the first sum restricted to λ such that
∑M∗−1

j=1 jmj > N/2

51



can be controlled in the same way as before by 1/N . The rest is then

∑
m∈P<
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The lower bound follows from precisely the same proof in Section 3.1.

5.2.2 Low moments of partial mass of truncated chaos

The goal of this section is to establish the following two propositions. Fix large constants C4, C5 to be
determined. The reason why we introduce these constants will become apparent later in Section 5.2.3.

Proposition 5.6. It holds that uniformly for r ∈ [e−C5/K , eC5/K ],

E
[(∫

|θ|⩽ 1

C4
√
N

|FK,M∗(reiθ)|2dθ
)q]
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√
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.

Proposition 5.7. Uniformly in 1 ⩽ j ⩽ log(πC4

√
N), K ≫

√
N , and r ∈ [e−C5/K , eC5/K ],

E
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Moreover,

E
[(∫
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(1 + (1 − q)
√

logN)q
. (92)

A key strategy of proving Propositions 5.6 and 5.7 is to decompose FK,M∗ into two terms depending on
the region of integration of θ; cf. (30). Consider a large constant C6 to be determined and our goal is to show
that with high probability, ∣∣∣∣ exp

(K∗/C6∑
k=M∗

Xk√
k

(reiθ)k
)∣∣∣∣ ≈ ∣∣∣∣ exp
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Xk√
k
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)∣∣∣∣

uniformly for |θ| ⩽ 1/K∗ and K∗ ⩽
√
N . To this end, we take the logarithm and compute the difference
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−ℜ
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Xk√
k
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)
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It then suffices to understand the magnitudes of

sup
|θ|⩽1/K∗

K∗/C6∑
k=M∗

rk√
k
ℜ(Xke

ikθ −Xk) and inf
|θ|⩽1/K∗

K∗/C6∑
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rk√
k
ℜ(Xke

ikθ −Xk).

However, bounds under the original probability P turn out not sufficient for our purpose. To this end, we define
a new probability measure Q̂K∗/C6,M∗ , where

dQ̂K∗/C6,M∗

dP
=

exp(2q
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rk√
k
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E[exp(2q
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rk√
k
ℜ(Xk))]

. (93)

If the situation is clear we write instead Q̂. The denominator in (93) can be estimated using Lemma A.2 (in a
similar way that derives Lemma A.3), which gives

E
[

exp
(

2q

K∗/C6∑
k=M∗

rk√
k
ℜ(Xk)

)]
≍
( K∗
C6M∗

)q2
(94)

uniformly in K∗ large enough.

Proposition 5.8. There exists a constant C7 > 0 depending only on q, independent of K∗ ⩽ C4

√
N , such that

uniformly in r ∈ [e−C5/N , eC5/N ] and C6, N large enough,

Q̂
(

sup
|θ|⩽1/K∗

∣∣∣K∗/C6∑
k=M∗

rk√
k
ℜ(Xke

ikθ −Xk)
∣∣∣ ⩾ u

)
⩽ C7e

−10u, u ⩾ 0. (95)

In particular, uniformly in r ∈ [e−C5/N , eC5/N ] and C6, N large enough,

EQ̂
[

exp
(

2q sup
|θ|⩽1/K∗

K∗/C6∑
k=M∗

rk√
k
ℜ(Xke

ikθ −Xk)
)]

≪ 1 (96)

and

EQ̂
[

exp
(

2q inf
|θ|⩽1/K∗

K∗/C6∑
k=M∗

rk√
k
ℜ(Xke

ikθ −Xk)
)]

≫ 1. (97)

To prove Proposition 5.8, we need the following preliminary result on generic chaining that offers tail
bounds arising from (95). For a thorough treatment on chaining, we refer to [51].

Lemma 5.9 (Theorem 3.2 of [20]). Consider a continuous stochastic process {Zt}t∈T indexed by a bounded
metric space (T, d) satisfying

∀s, t ∈ T, ∀u ⩾ 0, P(|Zs − Zt| ⩾ u d(s, t)) ⩽ 2e−u. (98)

Then for any t0 ∈ T ,

P

(
sup
t∈T

|Zt − Zt0 | ⩾ L
(

inf
T

sup
t∈T

∑
n⩾1

2nd(t, Tn) + u sup
s,t∈T

d(s, t)
))

⩽ e−u, (99)
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where T is the set of all admissible sequence of subsets {Tn}n⩾0 of T satisfying |T0| = 1 and |Tn| ⩽ 22
n
for

n ⩾ 1.

Proof of Proposition 5.8. Consider large constants C8, C9 to be determined. To apply Lemma 5.9, we let
T = {θ : |θ| ⩽ 1/K∗} with d(θ, θ′) = K∗|θ − θ′|/C8, t0 = 0, and

Zθ =

K∗/C6∑
k=M∗

rk√
k
ℜ(Xke

ikθ).

Note that the chaining is performed under the tilted probability measure Q̂. We first verify (98), with P = Q̂
therein. Consider θ, θ′ ∈ T and define β = 10C9(K∗|θ − θ′|)−1. We have

Q̂

∣∣∣K∗/C6∑
k=M∗

rk√
k
ℜ(Xk(eikθ − eikθ

′
))
∣∣∣ ⩾ uK∗|θ − θ′|

C8


= Q̂

K∗/C6∑
k=M∗

rk√
k
ℜ(Xk(eikθ − eikθ

′
)) ⩾

uK∗|θ − θ′|
C8

+ Q̂

K∗/C6∑
k=M∗

rk√
k
ℜ(Xk(eikθ

′ − eikθ)) ⩾
uK∗|θ − θ′|

C8


⩽

EQ̂[exp(2β
∑K∗/C6

k=M∗
rk√
k
ℜ(Xk(eikθ − eikθ

′
)))]

exp(2βuK∗|θ − θ′|/C8)
+

EQ̂[exp(2β
∑K∗/C6

k=M∗
rk√
k
ℜ(Xk(eikθ

′ − eikθ)))]

exp(2βuK∗|θ − θ′|/C8)
.

(100)

To offer an upper bound for the numerators, we apply the same asymptotic computation in Lemma A.4, which
gives

EQ̂
[

exp
(

2β
rk√
k
ℜ(Xk(eikθ − eikθ

′
))
)]

=

E
[

exp
(

2β rk√
k
ℜ(Xk(eikθ − eikθ

′
)) + 2q rk√

k
ℜXk

)]
E[exp(2q rk√

k
ℜXk)]

.

Recalling Xk = eiτkRk, we have by Taylor’s expansion that

E
[

exp
(

2β
rk√
k
ℜ(Xk(eikθ − eikθ

′
)) + 2q

rk√
k
ℜXk

)]
= 1 + 2

r2k

k
E[|Rk(q cos(τk) + β(cos(τk + kθ) − cos(τk + kθ′)))|2]

+
∞∑
j=3

(2rk/
√
k)j

j!
E[|Rk(q cos(τk) + β(cos(τk + kθ) − cos(τk + kθ′)))|j ].

(101)

For the second moment in (101), write ∆k := k(θ− θ′)/2, αk := k(θ + θ′)/2. Using independence of Rk and τk,
a direct computation gives

2
r2k

k
E[|Rk(q cos(τk) + β(cos(τk + kθ) − cos(τk + kθ′)))|2] = 2

r2k

k
E[|q cos(τk) + β(cos(τk + kθ) − cos(τk + kθ′))|2]

= (q2 + 4β2 sin2(∆k) − 4qβ sin(∆k) sin(αk))
r2k

k
.
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For the remainder of (101), the inequality |a + b|j ⩽ 2j(|a|j + |b|j) implies

|q cos(τk) + β(cos(τk + kθ) − cos(τk + kθ′))|j ⩽ (2q)j + (4β∆k)j .

Similarly as in the proof of Lemma A.2 (i), we have∣∣∣ ∞∑
j=3

(2rk/
√
k)j

j!
E[|Rk(q cos(τk) + β(cos(τk + kθ) − cos(τk + kθ′)))|j ]

∣∣∣
⩽
∞∑
j=3

(2rk/
√
k)j

j!
E[|Rk|j ]

(
(2q)j + (4β∆k)j

)
≪ k−3/2

(
(2q)3 + (4β∆k)3 + E[e

6q

k1/8
|R1|] + E[e

12β∆k

k1/8
|R1|]

)
,

where in the last step the asymptotic constant is absolute given that N is large enough (in terms of constants
C4, C5 that depend only on q), where we recall that k ⩽ K∗ ⩽ C4

√
N while | log r| ⩽ C5/N . Since β∆k =

10C9k/K∗ ⩽ 10C9, k ⩾ M∗ ⩾ (120C9/q)8 will suffice to ensure k−1/8 max{6q, 120C9} < γ = 2q. Therefore,∣∣∣ ∞∑
j=3

(2rk/
√
k)j

j!
E[|Rk(q cos(τk) + β(cos(τk + kθ) − cos(τk + kθ′)))|j ]

∣∣∣≪ C3
9k
−3/2.

Inserting these estimates back into (101), we have

E
[

exp
(

2β
rk√
k
ℜ(Xk(eikθ−eikθ

′
))+2q

rk√
k
ℜXk

)]
= 1+(q2+4β2 sin2(∆k)−4qβ sin(∆k) sin(αk))

r2k

k
+C3

9O(k−3/2).

Taking products over k, and using (93) and (94), we have

EQ̂
[

exp
(

2β

K∗/C6∑
k=M∗

rk√
k
ℜ(Xk(eikθ − eikθ

′
))
)]

≪ exp

K∗/C6∑
k=M∗

4β2 sin2(∆k)r2k

k
+

K∗/C6∑
k=M∗

4qβ| sin(∆k)|r2k

k


≪ exp

β2|θ − θ′|2
K∗/C6∑
k=M∗

kr2k + 2qβ|θ − θ′|
K∗/C6∑
k=M∗

r2k


≪ exp

(
50C2

9

C2
6

+
20C9

C6

)
.

Note that the asymptotic constants do not depend on C9 since we assumed k ⩾ M∗ ⩾ (120C9/q)8. Therefore,
there exists a constant C10 depending only on q, we may pick C6 large enough depending on C9 so that

EQ̂
[

exp
(

2β

K∗/C6∑
k=M∗

rk√
k
ℜ(Xk(eikθ − eikθ

′
))
)]

⩽ C10.

Inserting into (100) while interchanging θ, θ′ yields

Q̂

∣∣∣K∗/C6∑
k=M∗

rk√
k
ℜ(Xk(eikθ − eikθ

′
))
∣∣∣ ⩾ uK∗|θ − θ′|

C8

 ⩽ 2C10e
−5C9u/C8 .

Picking C9 large depending on C8, C10 gives that min{1, 2C10e
−5C9u/C8} ⩽ 2e−u, as desired.
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Applying (99) with t0 = 0 leads to

P

(
sup
θ∈T

∣∣∣K∗/C6∑
k=M∗

rk√
k
ℜ(Xke

ikθ −Xk)
∣∣∣ ⩾ L

(
inf
T

sup
t∈T

∑
n⩾1

2nd(t, Tn) + u sup
s,t∈T

d(s, t)
))

⩽ e−u.

Recalling that d(θ, θ′) = K∗|θ− θ′|/C8 and K∗|θ− θ′| ⩽ 2, we have sups,t∈T d(s, t) ⩽ 2/C8. Next, we claim that

inf
T

sup
t∈T

∑
n⩾1

2nd(t, Tn) ≪ 1

C8
.

Indeed, this follows by taking uniform nets of {Tn}, so that supt∈T d(t, Tn) ≪ 2−2
n
/C8 for n ⩾ 1. Therefore,

by picking C8 large enough (depending only on the universal constant L), we have

P

(
sup
θ∈T

∣∣∣K∗/C6∑
k=M∗

rk√
k
ℜ(Xke

ikθ −Xk)
∣∣∣ ⩾ 1 + u

)
⩽ e−20u.

This establishes (95) by picking e.g. C7 = e20. Note that by our construction, M∗ depends only on C8, C9, and
hence only on q. Directly integrating (95) yields (96), since q ⩽ 1. Moreover, by taking u = logC7 in (95), we
have

Q̂
(

inf
|θ|⩽1/K∗

K∗/C6∑
k=M∗

rk√
k
ℜ(Xke

ikθ −Xk) ⩾ − logC7

)
⩾ Q̂

(
sup

|θ|⩽1/K∗

∣∣∣K∗/C6∑
k=M∗

rk√
k
ℜ(Xke

ikθ −Xk)
∣∣∣ ⩽ logC7

)
⩾

1

2
.

Since C7 is a constant, (97) follows.

Proof of Proposition 5.6. We introduce the decomposition

FK,M∗(z) = FK,M∗(z) × FK,M∗(z) := exp
( C4

√
N/C6∑

k=M∗

Xk√
k
zk
)
× exp

( K∑
k=C4

√
N/C6

Xk√
k
zk
)
.

By independence,

E


∫
|θ|⩽ 1

C4
√
N

|FK,M∗(reiθ)|2dθ

q
 ⩾ E


∫
|θ|⩽ 1

C4
√
N

|FK,M∗(reiθ)|2dθ

q
× E

 inf
|θ|⩽ 1

C4
√
N

|FK,M∗(reiθ)|2q
 .

We first analyze the second term. Using (93) and (94), we write

E
[

inf
|θ|⩽ 1

C4
√
N

|FK,M∗(reiθ)|2q
]

= E
[
|FK,M∗(r)|2q inf

|θ|⩽ 1

C4
√
N

∣∣∣FK,M∗(reiθ)

FK,M∗(r)

∣∣∣2q]

=
(C4

√
N

C6M∗

)q2
EQ̂
[

inf
|θ|⩽ 1

C4
√
N

∣∣∣FK,M∗(reiθ)

FK,M∗(r)

∣∣∣2q]

=
(C4

√
N

C6M∗

)q2
EQ̂
[

exp
(

2q inf
|θ|⩽ 1

C4
√
N

C4

√
N/C6∑

k=M∗

rk√
k
ℜ(Xke

ikθ −Xk)
)]

.

56



As a consequence of (97) and since C6 and M∗ depend only on q, we have

E
[

inf
|θ|⩽ 1

C4
√
N

|FK,M∗(reiθ)|2q
]
≫
(C4

√
N

C6M∗

)q2
≫ N q2/2.

It remains to show

E

[(∫
|θ|⩽ 1

C4
√
N

|FK,M∗(reiθ)|2dθ
)q
]
≫ Kq

rN−q

(1 + (1 − q)
√

logN)q
. (102)

The case of q = 1 follows by a direction computation in the form of Lemma A.3. Let us assume q < 1. The
approach is to perform a change of variable and then adapt the proof of Proposition 3.11. Using the change of
variable θ 7→ πCθ

√
N , we have

E


∫
|θ|⩽ 1

C4
√
N

|FK,M∗(reiθ)|2dθ

q
≫ N−q/2E

(∫ π

−π
|FK,M∗(reiθ/(πC4

√
N))|2dθ

)q
 . (103)

Define the tilted measures

dQ(1)

dP
:=

exp(2
∑K−1

k=C4

√
N/C6

rk√
k
Rk cos(τk))

E
[
exp(2

∑K−1
k=C4

√
N/C6

rk√
k
Rk cos(τk))

]
and

dQ(2)
r,M,K,θ

dP
:=

exp(2
∑logKr

m=log(C4

√
N/C6)+1

(Z0(m) + Zθ(m)))

E[exp(2
∑logKr

m=log(C4

√
N/C6)+1

(Z0(m) + Zθ(m)))]
,

where

Zθ(m) := ℜ
∑

em−1⩽k<em

Xkr
keikθ/(πC4

√
N)

√
k

=
∑

em−1⩽k<em

rk√
k
Rk cos

(
τk +

kθ

πC4

√
N

)
.

The definition (38) still stands, and (39) is replaced by

νk = νk(θ) := EQ(2)

[
rk√
k
Rk cos(τk)

]
=

r2k

k
+

cos(kθ/(πC4

√
N))r2k

k
+ O(k−3/2).

Next, we need to adapt Definition 3.12 by the following.

Definition 5.10. Fix L1 > 20. Let A be a real number with 1 ⩽ A ⩽
√

logKr. Define L(θ) = L(A, θ;K) as
the event that for each log(C4

√
N/C6) ⩽ n ⩽ logKr, one has

−A− L1n ⩽
en−1∑

k=C4

√
N/C6

(
ℜXkr

keikθ/(πC4

√
N)

√
k

− µk

)
⩽ A− 5 log

(
n− log

(√N

C6

))
.

Also, let L = L(A;K) be the random subset of θ ∈ [−π, π) such that L(θ) holds.
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We apply Hölder’s inequality to obtain

E

(∫ π

−π
|FK,M∗(reiθ/(πC4

√
N))|2dθ

)q
≫

(
E
[∫
L |FK,M∗(reiθ/(πC4

√
N))|2dθ

])2−q

(
E
[(∫

L |FK,M∗(reiθ/(πC4

√
N))|2dθ

)2])1−q . (104)

The lower bound of the numerator follows in exactly the same way as Lemma 3.13 (the normal approximation
argument remains the same, since the angle θ has not come into play yet). The factor arising from the change
of measure is now Kr/(C4

√
N/C6) ≍ Kr/

√
N (instead of Kr), and thus

E
[∫
L
|FK,M∗(reiθ/(πC4

√
N))|2dθ

]
≫ AKr√

N log(Kr/
√
N)

. (105)

To give an upper bound of the denominator, we follow the proof of Proposition 3.14 and indicate
the necessary changes. First, we redefine the threshold M as the smallest integer such that eM ⩾
max{min{103C4

√
N/(C6|θ|),Kr/e},M∗}. In the definition of the event L̃, we replace (60) by

−A− L1M ⩽ A0(M), Aθ(M) ⩽ A− 5 log
(
M − log

(C4

√
N

C6

))
.

As the constant arising from the change of measure alters, (61) is replaced by

E
[
1L(0)∩L(θ)|FK,M∗(r)|2|FK,M∗(reiθ/(πC4

√
N))|2

]
≪ e4M

N2
E

1L̃ e2A0(M)+2Aθ(M)
logKr∏

m=M+1

e2Z0(m)+2Zθ(m)

 .

Next, the form of Proposition 3.15 remains the same, whose proof can be adapted with θ replaced by
θ/(πC4

√
N), as long as we show the equivalent of decorrelation step (69). For this, let us first compute

using Lemmas A.4 and A.5 that

σ2
m =

∑
em−1⩽k<em

(
r2k

2k
+ O(k−3/2)

)
=

1

2
+ O(e−m/2)

and

ρmσ2
m =

∑
em−1⩽k<em

(
r2k cos(kθ/(πC4

√
N))

2k
+ O(k−3/2)

)
= O(

√
Ne−m + e−m/2).

In particular,
ρm ≪

√
Ne−m + e−m/2,

and hence

∏
log(C4

√
N/C6)<m⩽logKr

√
1 + |ρm|
1 − |ρm|

≪ 1,

which serves as the equivalent of (69) and suffices for our purpose.
In the proof that deduces Proposition 3.14 from Proposition 3.15, the only change is in (63), which is now
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replaced by

E
[
1{A0(M)⩽A−5 logM} e

2A0(M)
]
⩽ E[e2A0(M)] =

E[exp(2ℜ
∑eM

k=C4

√
N/C6

Xkr
k/
√
k)]

exp(2
∑eM

k=C4

√
N/C6

µk)
≪

√
Ne−M .

These altogether result in the following equivalent of Proposition 3.14:

E
[
1L(θ1)|FK,M∗(reiθ1/(πC4

√
N))|21L(θ2)|FK,M∗(reiθ2/(πC4

√
N))|2

]
≪ A2e2A

K2
r /N

3/2

logKr

min{Kr, 2π
√
N/|θ1 − θ2|}

(log(min{Kr, 2π
√
N/|θ1 − θ2|}) − log(C4

√
N/C6))7

≪ A2e2A
K2

r /N

logN

min{
√
N, 2π/|θ1 − θ2|}

(log(min{Kr, 2π
√
N/|θ1 − θ2|}) − log(C4

√
N/C6))7

.

Integrating with respect to θ1, θ2 yields

E

[(∫
L
|FK,M∗(reiθ/(πC4

√
N))|2dθ

)2
]
≪ A2e2A

K2
r /N

logN
. (106)

Finally, inserting (105) and (106) into (104) leads to (note that we apply with A ≍ 1 for q < 1)

E

(∫ π

−π
|FK,M∗(reiθ/(πC4

√
N))|2dθ

)q
≫ (Kr/

√
N logKr)

2−q

(K2
r /(N logN)1−q

≫ Kq
rN−q/2

(1 + (1 − q)
√

logN)q
.

Combined with (103) proves (102), and hence completing the proof of Proposition 5.6.

Proof of Proposition 5.7. For 1 ⩽ j ⩽ log(πC4

√
N), we introduce the decomposition

FK,M∗(z) = FK,M∗;j(z) × FK,M∗;j(z) := exp
( C4

√
N/(C6ej)∑
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Xk√
k
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)
× exp

( K∑
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√
N/(C6ej)

Xk√
k
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)
.

Applying independence and rotational symmetry, we have

E
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√
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√
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√
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√
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√
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√
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[
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2C4
√
N
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.
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We decompose

sup
|θ|⩽ ej+ej−1

2C4
√
N
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iθ)|2q = |FK,M∗;j(r)|2q × exp

(
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2C4
√
N
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√
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rk√
k
ℜ(Xke

ikθ −Xk)

)
.

The change of measure formula (93) together with (94) yield

E
[
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|θ|⩽ ej+ej−1

2C4
√

N
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iθ)|2q

]
=
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√
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C6M∗ej
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EQ̂
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(
2q sup
|θ|⩽ ej+ej−1

2C4
√
N

C4

√
N/(C6ej)∑
k=M∗

rk√
k
ℜ(Xke
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.

Moreover, by (96),

E
[

sup
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2C4
√
N
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]
≪
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≪
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Therefore,

E


∫
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√

N
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√
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√
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iθ)|2dθ

q
×

(C4

√
N

ej

)q2
.

To show (91), it remains to prove

E


∫

ej−1

C4
√
N
⩽θ⩽ ej

C4
√
N

|FK,M∗;j(re
iθ)|2dθ

q
≪ e2qj(K/N)q

(1 + (1 − q)
√

logN)q
, (107)

where the asymptotic constant does not depend on j,K,N . The case of q = 1 being a consequence of Lemma
A.3, we assume that q < 1. To this end, we adapt the proof of Proposition 3.3. Recall Definition 3.5. We first
claim that

E

1Gr(A;K)

∫
ej−1

C4
√
N
⩽θ⩽ ej

C4
√
N

|FK,M∗;j(re
iθ)|2dθ

≪ AKe2j

N
√

logN
. (108)

The only change compared to Proposition 3.7 is that we replace the definition of M therein by
max{M, log(C4

√
N/(C6e

j))}. This leads to

E
[
1Gr(A,θ;K)|FK,M∗;j(re

iθ)|2
]
≪ AKej√

N logK
.

Integration with respect to θ then gives (108). Applying the same argument that deduces Proposition 3.3 from
Propositions 3.6 and 3.7 then leads to (107) and hence (91). A similar argument establishes (92) and can be
omitted.
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5.2.3 Low moments of weighted mass of truncated chaos

Define

F̃K,M∗,m(z) := exp
( ∑

M∗⩽k⩽K

Xk√
k
zk
)
×
( ∑

j:|j−m|⩽N9/10

u(j)zj
)
,

our goal is to show the following.

Proposition 5.11. Let Kr be such that logKr is the largest integer with Kr ⩽ min{ −1
4 log r ,K}. Uniformly for

r ∈ [e−C5/K , eC5/K ] and K ≫
√
N ,

N q2/2

(
r2mKr

1 + (1 − q)
√

logKr

)q

≪ E

(∫ π

−π
|F̃K,M∗,m(reiθ)|2dθ

)q
≪ N q2/2

(
r2mK

1 + (1 − q)
√

logK

)q

, (109)

where the asymptotic constants depend on q only. In particular, with the choice K = N/2,

N q2/2

(
r2mKr

1 + (1 − q)
√

logKr

)q

≪ E

(∫ π

−π
|F̃K,M∗,m(reiθ)|2dθ

)q
≪ N q2/2

(
r2mN

1 + (1 − q)
√

logN

)q

.

Recall the truncated chaos FK,M∗ from (19). We have

|F̃K,M∗,m(reiθ)|
|FK,M∗(reiθ)|

=

∣∣∣∣ ∑
j:|j−m|⩽N9/10

eij(τ1+θ) |x1|j−m

j!/m!
rj
∣∣∣∣. (110)

The following two lemmas deal with the right-hand side of (110), whose proofs are elementary and deferred to
Appendix B. Recall the constants C4, C5.

Lemma 5.12. Uniformly in N large enough, m ∈ [N/6, N/3], x1 ∈ [m,m + 1), τ1 ∈ [−π, π), and r ∈
[e−C5/N , eC5/N ], we have ∣∣∣∣ ∑

j:|j−m|⩽N9/10

eijτ1
|x1|j−m

j!/m!
rj
∣∣∣∣≪ min

{
rm

|τ1|
,
√
Nrm

}
.

Lemma 5.13. There exists a large universal constant C4 > 0 such that the following holds. Uniformly in N
large enough, m ∈ [N/6, N/3], x1 ∈ [m,m + 1), |τ | ⩽ 1/(C4

√
N), and r ∈ [e−C5/N , eC5/N ], we have∣∣∣∣ ∑

j:|j−m|⩽N9/10

eijτ
|x1|j−m

j!/m!
rj
∣∣∣∣≫ √

Nrm.

We define C4 so that the conditions in Lemma 5.13 are satisfied. In particular, we may remove the C4

that appears in (91) and (92).

Proof of Proposition 5.11. For the first part of (109), we apply Lemma 5.13 and Proposition 5.6 to obtain

E

(∫ π

−π
|F̃K,M∗,m(reiθ)|2dθ

)q
 ⩾ E


∫
|θ+τ1|⩽ 1

C4
√
N
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q

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≫ N qr2qmE


∫
|θ+τ1|⩽ 1

C4
√
N

|FK,M∗(reiθ)|2dθ

q


≫ N q2/2

(
r2mKr

1 + (1 − q)
√

logN

)q

,

where in the last step we use rotational symmetry conditionally on τ1. For the second part of (109), we apply
Lemma 5.12, Proposition 5.7 (conditionally on τ1 and using rotational symmetry), and |a + b|q ⩽ |a|q + |b|q for
q ∈ (0, 1] to get

E
[(∫ π

−π
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)q]

⩽
log(πC4

√
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C4
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)q]

≪
log(πC4

√
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j=1

r2qm
( ej

C4

√
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)−2q
E
[(∫
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[(∫
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≪
log(πC4

√
N)∑

j=1

r2qme−2qjN q ×
(ej−1√

N

)2q−q2 Kq

(1 + (1 − q)
√

logN)q
+ N qr2qm × N−q+q2/2Kq

(1 + (1 − q)
√

logN)q

≪ N q2/2

(
r2mK

1 + (1 − q)
√

logN

)q

.

This completes the proof.

5.2.4 Proof of the lower bound

Observe from (90) that

N/3∑
m=N/6

m−q+q2/2

(1 + (1 − q)
√

log(N −m))q
≫ N1−q+q2/2

(1 + (1 − q)
√

logN)q
≍

N−2∑
m=0

m−q+q2/2

(1 + (1 − q)
√

log(N −m))q
.

This hints at the strategy of restricting to the event m ≈ |X1| ∈ [N/6, N/3] in order to achieve an asymptotic
lower bound for E[|AN |2q], which has considerably reduced technicality. To this end, let us write

E[|AN |2q] ⩾
N/3∑

m=N/6

E

[∣∣∣∣ ∑
λ∈PN

∏
k⩾1

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q1{|X1|∈[m,m+1)}

]
. (111)
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Fix m ∈ [N/6, N/3]. In view of the discussions in Section 2.2, we expect that

E
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λ∈PN

∏
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(
Xk√
k

)mk 1

mk!
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]
≍ E

[∣∣∣∣ ∑
λ∈PN

|m1(λ)−m|⩽N9/10

∏
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(
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]
.

(112)

This is confirmed by the following lemma.

Lemma 5.14. For m ∈ [N/6, N/3],

E
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(
Xk√
k

)mk 1

mk!

∣∣∣∣2q1{|X1|∈[m,m+1)}

]
= o(N−2).

Proof. We focus first on the sum over m1(λ) ⩾ m. Using in turn concavity (and similarly Minkowski’s inequality
for q > 1/2), independence, (14), and Proposition 5.5, we have

E

[∣∣∣∣ ∑
λ∈PN

m1(λ)−m>N9/10

∏
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(
Xk√
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)mk 1

mk!
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]
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≪
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j=m+N9/10

m2qje−γm

(j!)2q
E

[∣∣∣∣ ∑
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k⩾2

(
Xk√
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)mk 1

mk!

∣∣∣∣2q
]

≪
N∑

j=m+N9/10

(m
j

)γj
eγ(j−m)j−q.

Using Taylor’s expansion (that − log(1 − x) ⩽ −x− x2/2 for 0 < x < 1), we have the bound that for j′ ⩾ 0,

ej
′
( m

m + j′

)m+j′

⩽ exp
(
− (j′)2

2(m + j′)

)
. (113)

Inserting j′ = j −m and using m ⩾ N/6 lead to

N∑
j=m+N9/10

(m
j

)γj
eγ(j−m) ⩽

N−m∑
j′=N9/10

exp
(
− γ(j′)2

14m

)
.

Since m ∈ [N/6, N/3], we conclude that the above is O(exp(−γN1/3)) = o(N−2) for N large. The sum over
m1(λ) < m is similar and omitted.

We will apply the same second moment approach from Section 3.4 to estimate the right-hand side of (112).
We need a few preliminary computations, the proofs of which are elementary and deferred to the appendix.
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Lemma 5.15. For m ∈ [N/6, N/3] and a (random) function u of the form

u(j) = eijτ1
|x1|j−m

j!/m!
,

where |x1| ∈ [m,m + 1) and we recall that τ1 is uniformly distributed on [−π, π] independent of anything else,
we have

E

[∣∣∣∣ ∑
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|m1(λ)−m|⩽N9/10
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∏
k⩾2

(
Xk√
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)mk 1

mk!
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]
≫ N q2/2

(1 + (1 − q)
√

logN)q
.

Proof. First, taking advantage of |u(j)| ⩽ 1, we may apply a similar symmetrization argument that deduced
Theorem 1.3 equation (3) from Proposition 3.1 in Section 3.1, so that it suffices to prove

E
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]
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√

logN)q
. (114)

The proof of (114) follows from a straightforward adaptation of the lower bound part for the universality phase.
First, in the proof of Proposition 3.10, we have used the relation (40). If we instead define

F̃K,M∗,m(z) := exp
( ∑

M∗⩽k⩽K

Xk√
k
zk
)
×
( ∑

j:|j−m|⩽N9/10

u(j)zj
)
, (115)

then (40) has the analogue

F̃N/2,M∗,m(z) =
∞∑
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N/2∏
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(
Xk√
k

)mk 1
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)
zn.

Therefore, the following equivalent of Proposition 3.10 holds:
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
 ,

(116)

and hence it suffices to prove the counterparts of Proposition 3.11 and Proposition 3.3 with FK,M∗ replaced by

F̃K,M∗,m. Indeed, by Proposition 5.11,

E
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where r = e−C5/N for some fixed large constant C5, and

E

(∫ π
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)q
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logK
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. (118)

Note that the constants in (117) and (118) do not depend on C5. Inserting (117) and (118) into (116) yields
that for some constant C11 > 0,

E
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Since m/N ∈ [1/6, 1/3], the right-hand side is ≫ N q2/2/(1 + (1 − q)

√
logN)q for C5 picked large enough. This

completes the proof.

Proof of lower bound of (6). By (111) and Lemmas 5.14 and 5.15, we have
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as desired.

5.2.5 Proof of the upper bound

Fix a large constant C12 > 0 to be determined. We expect that for each m ∈ [C12, N − C12],

E

[∣∣∣∣ ∑
λ∈PN

∏
k⩾1

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q1{|X1|∈[m,m+1)}

]
≈ E

[∣∣∣∣ ∑
λ∈PN

|m1−m|⩽N9/10

∏
k⩾1

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q1{|X1|∈[m,m+1)}

]
,

(119)

and that the contribution to E[|AN |2q] from the event {|X1| ̸∈ [C12, N −C12]} does not exceed the order of the
lower bound established in Section 5.2.4. This is the purpose of the following result.
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Lemma 5.16. It holds that

E[|AN |2q] ≪
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Proof. The first step is to control the sum
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We use the same approach as in Lemma 5.14. We illustrate the case 0 < q < 1/2 first using concavity. Using
Proposition 5.5 and (113), the contribution from the sum over m ⩾ N − C12 can be bounded by
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Suppose now that q ⩾ 1/2. By Minkowski’s inequality, Proposition 5.5, and (113), there are constants
C13, C14 > 0 such that for each m ⩾ N − C12,

E

[∣∣∣∣ ∑
λ∈PN

∏
k⩾1

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q1{|X1|∈[m,m+1)}

]1/(2q)

⩽
N∑
j=0

(
E

[∣∣∣∣ ∑
λ∈PN

m1(λ)=j

∏
k⩾2

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q
]
× E

[
|X1|2qj

(j!)2q
1{|X1|∈[m,m+1)}

])1/(2q)

⩽
N∑
j=0

((m
j

)γj
eγ(j−m)j−q(1 + (1 − q)

√
log(1 + N − j))−q

)1/(2q)

≪
N∑
j=0

j−1/2e−(j−m)2/(4qj)(1 + (1 − q)
√

log(1 + N − j))−1/2.

66



Note that

j−1/2e−(j−m)2/(4qj)
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The sum over m ⩽ C12 can be similarly bounded by ≪ 1.
Finally, for m ∈ [C12, N − C12], we apply the same technique in Lemma 5.14 that leads to
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This completes the proof by concavity if q < 1/2 and Minkowski’s inequality if q ⩾ 1/2.

Proof of upper bound of (6). Conditioning on R1, the right-hand side of (119) can be rewritten using indepen-
dence as
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where x1 ∈ [m,m + 1). The first expectation contributes ≍ m−q, which directly follows from (14). For the
second expectation, we use the same multiplicative chaos approach as in the universality phase. Similarly as
done in Section 5.2.4, we first apply the same argument that deduced Theorem 1.3 equation (3) from Proposition
3.1 in Section 3.1, to start the product in (120) from k = M∗ instead of from k = 2. Define

AN,M∗,m :=
∑
λ∈PN

|m1−m|⩽N9/10

m1=···=mM∗−1=0

u(m1)
∏

k⩾M∗

(
Xk√
k

)mk 1

mk!
.

It remains to bound

E

[∣∣∣∣ ∑
λ∈PN

|m1−m|⩽N9/10

m1=···=mM∗−1=0

eiτ1(m1−m)|x1|m1−m

m1!/m!

∏
k⩾M∗

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q
]

= E
[∣∣AN,M∗,m

∣∣2q]

from above. First, the same argument of Proposition 3.2 applies (possibly with a different constant C(q)) with
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FK,M∗ replaced by F̃K,M∗,m defined in (115): for 1/2 ⩽ q ⩽ 1,

E
[∣∣AN,M∗,m

∣∣2q]1/(2q) ≪ 1√
N

J∑
j=1

E

( 1

2π

∫ π

−π
|F̃N/2j ,M∗,m(exp(j/N + iθ))|2dθ

)q
1/(2q)

+
1

N
, (121)

and for 0 < q < 1/2,

E
[∣∣AN,M∗,m

∣∣2q]≪ 1

N q

J∑
j=1

E

( 1

2π

∫ π

−π
|F̃N/2j ,M∗,m(exp(j/N + iθ))|2dθ

)q
+

1

N2q
. (122)

These follow by arguing similarly as in the proof of Proposition 5.4, and adapting Proposition 3.2 to the case
0 < q < 1/2 by applying concavity instead of Minkowski’s inequality in (44). Inserting the upper bound
of Proposition 5.11 (second inequality of (109)) into (121) and (122) yields that for q ∈ (0, 1] and m ∈
[C12, N − C12],

E

[∣∣∣∣ ∑
λ∈PN

|m1−m|⩽N9/10

m1=···=mM∗−1=0

u(m1)
∏
k⩾2

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q
]
≪ mq2/2

(1 + (1 − q)
√

log(N −m))q
. (123)

Combining Lemma 5.16 with (123), we have

E[|AN |2q] ≪
N−C12∑
m=C12

E

[∣∣∣∣ ∑
λ∈PN

|m1−m|⩽N9/10

∏
k⩾1

(
Xk√
k

)mk 1

mk!

∣∣∣∣2q1{|X1|∈[m,m+1)}

]
+ O

( N1−q+q2/2

(1 + (1 − q)
√

logN)q

)

≪
N−C12∑
m=C12

m−q
mq2/2

(1 + (1 − q)
√

log(N −m))q
+ O

( N1−q+q2/2

(1 + (1 − q)
√

logN)q

)
≪ N1−q+q2/2

(1 + (1 − q)
√

logN)q
,

as desired.
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A Some technical computations regarding exponential moments

We collect some technical computations of (exponential) moments under distinct probability measures in
this section. Recall the definitions in Section 3.2.

Lemma A.1. Fix M∗ ∈ N. For any K ⩾ 1 and e−1/K ⩽ r ⩽ e1/K ,

exp
( K∑

k=M∗

r2k

k

)
≍ K.

Proof. Suppose that 1 ⩽ r ⩽ e1/K . Then the lower bound exp
(∑K

k=M∗
r2k

k

)
≫ K is trivial and there exists

some constant L > 0 such that

K∑
k=M∗

r2k

k
⩽

⌈logK⌉∑
n=⌊logM∗⌋

∑
en−1⩽k<en

r2k

k
⩽

⌈logK⌉∑
n=⌊logM∗⌋

e2e
n/K ⩽ logK + 1 + L

⌈logK⌉∑
n=⌊logM∗⌋

en

K
⩽ logK + L.

The other case e−1/K ⩽ r ⩽ 1 is similarly established.

Lemma A.2. Suppose that E[ec0|R1|] < ∞ for some c0 > 0. For any β ∈ (0, 2], K ⩾ 1, and e−1/K ⩽ r ⩽ e1/K ,
we have the following asymptotics for k ⩾ k0 = k(c0), some constant depending only on c0.

(i) E
[
exp

(
2βℜXkr

k
√
k

)]
= E

[
exp

(
2β rk√

k
Rk cos(τk)

)]
= 1 + β2 r2k

k + O(k−3/2);

(ii) E
[
exp

(
2β rk√

k
Rk cos(τk)

)
Rk cos(τk)

]
= β rk√

k
+ O(k−1);

(iii) E
[
exp

(
2β rk√

k
Rk cos(τk)

)
R2

k

]
= 1 + O(k−1/2);

(iv) For any α ∈ R, E
[
exp

(
2β rk√

k
Rk cos(τk)

)
R2

k cos2(τk + α)

]
= 1

2 + O(k−1/2);

(v) E
[
exp

(
2β rk√

k
Rk cos(τk)

)
|Rk cos(τk)|3

]
≪ 1.

Proof. Recall that E[cos(τk)2] = 1
2 . For (i), by Taylor’s expansion and Fubini’s theorem,

E

exp

(
2βℜXkr

k

√
k

) = E

exp

(
2β

rk√
k
Rk cos(τk)

) =: 1 + β2 r
2k

k
+ Er(k, β),
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where, after noticing k(m−3)/(2m) ⩾ k1/8 for m ⩾ 4, we have

|Er(k, β)| =

∣∣∣∣∣∣
∞∑

m=3

2mβmrmk

m!km/2
E
[
(Rk cos(τk))m

]∣∣∣∣∣∣
≪ k−3/2

E[|Rk|3] +
∞∑

m=4

(2eβ/k1/8)m

m!
E[|Rk|m]


⩽ k−3/2

(
E[|Rk|3] + E

[
ec0|Rk|

])
= O(k−3/2)

for k larger than some universal constant. Likewise, we have for (ii),

E

exp

(
2βℜXkr

k

√
k

)
ℜXk

 = E

exp

(
2β

rk√
k
Rk cos(τk)

)
Rk cos(τk)

 =: β
rk√
k

+ Ẽr(k, β),

where for k larger than some universal constant (and additionally the fact m ⩽ (32)m for m ⩾ 1)

|Ẽr(k, β)| =

∣∣∣∣∣∣
∞∑

m=2

2mβmrmk

m!km/2
E
[
(Rk cos(τk))m+1

]∣∣∣∣∣∣ ⩽ k−1
(
E[|Rk|3] + E

[
ec0|Rk|

])
= O(k−1).

For (iv), we use only the first term in the expansion and get

E

exp

(
2β

rk√
k
Rk cos(τk)

)
R2

k cos2(τk + α)


= E[R2

k cos2(τk + α)] + E

 ∞∑
m=1

(2βrk)m

m!km/2
Rm+2

k cosm(τk) cos2(τk + α)

 =
1

2
+ O(k−

1
2 ).

For (iii), similarly as in (iv):

E

exp

(
2β

rk√
k
Rk cos(τk)

)
R2

k

 = E[R2
k] + E

 ∞∑
m=1

(2βrk)m

m!km/2
Rm+2

k cosm(τk)

 = 1 + O(k−1/2).

For (v), we have by the simple bound |x| ⩽ e|x|, for k larger than a certain constant,

E

exp

(
2βℜXkr

k

√
k

)
|ℜXk|3

≪ E

exp

(
2β

|ℜXk|rk√
k

+ 3|ℜXk|

)≪ E[e2eβ+3|Rk|/
√
k] ≪ 1.

This completes the proof.

Lemma A.3. Assume the same settings of Lemma A.2. For θ ∈ [−π, π), e−1/K ⩽ r ⩽ e1/K , and any M∗ large
enough depending on c0,

E
[
|FK,M∗(reiθ)|2

]
≍M∗ K.
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Proof. Using independence of {(Rk, τk)}k⩾1 and rotational invariance of Xk, as well as Lemma A.2 (i), we have

E
[
|FK,M∗(reiθ)|2

]
= E

[
|FK,M∗(r)|2

]
= E

[
exp

(
2ℜ

K∑
k=M∗

Xkr
k

√
k

)]

=
K∏

k=M∗

E
[

exp
(

2
rk√
k
Rk cos(τk)

)]

= exp

( K∑
k=M∗

r2k

k
+ O(1)

)
≍ exp

( K∑
k=M∗

r2k

k

)
≍ K,

where the last step uses Lemma A.1.

Let us recall (35) and (36).

Lemma A.4. Assume the same settings of Lemma A.2. We have for Q(1) = Q(1)
r,M,K , and any eM ∨k0 ⩽ k < K

and e−1/K ⩽ r ⩽ e1/K ,

(i) EQ(1) [
Rk cos(τk)

]
= rk√

k
+ O(k−1);

(ii) EQ(1) [
R2

k cos2(τk)
]

= 1
2 + O(k−1/2);

(iii) EQ(1) [|Rk cos(τk)|3
]
≪ 1.

We also have for Q(2) = Q(2)
r,M,K,θ, and any eM ∨ k0 ⩽ k < Kr, θ ∈ [−π, π), and e−1/K ⩽ r ⩽ e1/K ,

(i) EQ(2) [
Rk cos(τk)

]
= (1 + cos(kθ)) rk√

k
+ O(k−1);

(ii) EQ(2) [
R2

k cos2(τk)
]

= 1
2 + O(k−1/2) and EQ(2) [

R2
k cos(τk) cos(τk + kθ)

]
= cos(kθ)

2 + O(k−1/2);

(iii) EQ(2) [|Rk cos(τk)|3
]
≪ 1.

Proof. By definition, Taylor’s expansion, Fubini’s theorem, and Lemma A.2, we have

EQ(1) [
Rk cos(τk)

]
=

E
[
exp(2r

k
√
k
Rk cos(τk))Rk cos(τk)

]
E
[
exp(2r

k√
k
Rk cos(τk))

] =

rk√
k

+ O(k−1)

1 + r2k

k + O(k−3/2)
=

rk√
k

+ O(k−1),

EQ(1)
[
R2

k cos2(τk)
]

=
E
[
exp(2r

k
√
k
Rk cos(τk))R2

k cos2(τk)
]

E
[
exp(2r

k√
k
Rk cos(τk))

] =
1
2 + O(k−1/2)

1 + r2k

k + O(k−3/2)
=

1

2
+ O(k−1/2),

and

EQ(1)
[
|Rk cos(τk)|3

]
=

E
[
exp(2r

k
√
k
Rk cos(τk))|Rk cos(τk)|3

]
E
[
exp(2r

k√
k
Rk cos(τk))

] ≪ 1

1 + r2k

k + O(k−3/2)
≪ 1.

Computation of moments under Q(2) is similar. Using the fact E
[
eβ cos(τk) sin(τk)

]
= E

[
eβ sin(τk) cos(τk)

]
= 0

for any fixed β in the second equality, and Lemma A.2 in the third, we obtain

EQ(2) [
Rk cos(τk)

]
=

E
[
exp(2r

kRk√
k

(cos(τk) + cos(τk + kθ)))Rk cos(τk)
]

E
[
exp(2r

kRk√
k

(cos(τk) + cos(τk + kθ)))
]
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=

E
[
exp(

4rk cos( kθ
2
)√

k
Rk cos(τk))Rk cos(τk)

]
E
[
exp(

4rk cos( kθ
2
)√

k
Rk cos(τk))

] cos(
kθ

2
)

=
2 cos2(kθ2 ) rk√

k
+ O(k−1)

1 + 4 cos2(kθ2 ) r
2k

k + O(k−3/2)
= (1 + cos(kθ))

rk√
k

+ O(k−1),

and analogously, taking β = 2 cos(kθ2 ), α = kθ
2 in Lemma A.2 (iv),

EQ(2)
[
R2

k cos2(τk)
]

=

E
[
exp(

4rk cos( kθ
2
)√

k
Rk cos(τk))R2

k cos2(τk + kθ
2 )

]
E
[
exp(

4rk cos( kθ
2
)√

k
Rk cos(τk))

]
=

1
2 + O(k−1/2)

1 + 4 cos2(kθ2 ) r
2k

k + O(k−3/2)
=

1

2
+ O(k−1/2),

and using Lemma A.2 (iii), (iv),

EQ(2)
[
R2

k cos(τk) cos(τk + kθ)
]

=
cos(kθ) − 1

2
EQ(2)

[
R2

k

]
+ EQ(2)

[
R2

k cos2(τ +
kθ

2
)

]
=

cos(kθ)

2
+ O(k−1/2).

Finally,

EQ(2)
[
|Rk cos(τk)|3

]
≪

E[|Rk|3] + O( 1√
k
)

1 + 4 cos2(kθ2 ) r
2k

k + O(k−3/2)
≪ 1.

This completes the proof.

Recall (38) and (39). The discrepancy of the sums over µk and νk is small due to the fluctuation of the
cosine function, as pointed out in the next lemma. We refer to [50, equation (12.7)] for a simple proof of this
elementary estimate.

Lemma A.5. We have for any m ∈ N and θ ∈ [−π, π) \ {0} that∣∣∣∣∣ ∑
em−1⩽k<em

r2k cos(kθ)

k

∣∣∣∣∣≪ 1

|θ|em
.

In particular, for any θ ∈ [−π, π) \ {0},

∑
m⩾log 1

|θ|

∣∣∣∣∣ ∑
em−1⩽k<em

(µk − νk)

∣∣∣∣∣≪ 1.

Finally, we record the following estimate for the denominator of (36).

Lemma A.6. For any θ ∈ [−π, π) \ {0}, M ⩾ log(103/|θ|), and e−1/K ⩽ r ⩽ e1/K ,

E
[

exp

(
2

logKr∑
m=M+1

(Z0(m) + Zθ(m))

)]
≍ K2

r

e2M
.
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Proof. Recall in the proof of Lemma A.4 we computed

E

[
exp

(2rkRk√
k

(cos(τk) + cos(τk + kθ))
)]

= 1 + 4 cos2(
kθ

2
)
r2k

k
+ O(k−3/2)

= 1 +
2rk

k
+

2rk

k
cos(kθ) + O(k−3/2).

Therefore,

E
[

exp

(
2

logKr∑
m=M+1

(Z0(m) + Zθ(m))

)]
=

∏
eM⩽k<Kr

(
1 +

2rk

k
+

2rk

k
cos(kθ) + O(k−3/2)

)

≍ exp

( ∑
eM⩽k<Kr

(2rk

k
+

2rk

k
cos(kθ)

))
.

By Lemmas A.1 and A.5, the desired statement follows.

B Deferred proofs from Section 5.2.3

Proof of Lemma 5.12. Suppose first that |τ1| ⩽ N−1/2. Then∣∣∣∣ ∑
j:|j−m|⩽N9/10

eijτ1
|x1|j−m

j!/m!
rj
∣∣∣∣ ⩽ ∑

j:|j−m|⩽N9/10

|x1|j−m

j!/m!
rj ≪

∑
j:|j−m|⩽N9/10

mj−m

j!/m!
rm. (124)

Using (113), the sum over j ⩾ m can be bounded by

∑
j:0⩽j−m⩽N9/10

mj−m

j!/m!
≪

N9/10∑
j′=0

ej
′
( m

m + j′

)m+j′

⩽
N9/10∑
j′=0

exp
(
− (j′)2

m

)
≪

√
N. (125)

The other sum over j < m can be bounded similarly, leading to∣∣∣∣ ∑
j:|j−m|⩽N9/10

eijτ1
|x1|j−m

j!/m!
rj
∣∣∣∣≪ √

Nrm ≪ rm

|τ1|

in the case |τ1| ⩽ N−1/2.
Now suppose that |τ1| ⩾ N−1/2. A consequence of (124) and (125) is that∣∣∣∣ ∑

j:|j−m|⩽N9/10

eijτ1
|x1|j−m

j!/m!
rj
∣∣∣∣≪ ∣∣∣∣ ∑

j:|j−m|⩽
√
N

eijτ1
|x1|j−m

j!/m!

∣∣∣∣ rm + rm.

On the other hand, summation by parts yields (without loss of generality, assume
√
N ∈ Z)

∑
j:0⩽j−m⩽

√
N

eijτ1
|x1|j−m

j!/m!
=

|x1|
√
N

(
√
N + m)!/m!

√
N∑

j=0

eijτ1 −

√
N∑

k=1

( k−1∑
j=0

eijτ1
)( |x1|k

(k + m)!/m!
− |x1|k−1

(k − 1 + m)!/m!

)
.
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Applying triangle inequality then leads to

∣∣∣∣ ∑
j:0⩽j−m⩽

√
N

eijτ1
|x1|j−m

j!/m!

∣∣∣∣ ⩽ |x1|
√
N

|τ1|(
√
N + m)!/m!

+
1

|τ1|

√
N∑

k=1

∣∣∣∣ |x1|k

(k + m)!/m!
− |x1|k−1

(k − 1 + m)!/m!

∣∣∣∣≪ 1

|τ1|
≪

√
N.

The other sum over j : −
√
N ⩽ j −m < 0 is similar. This finishes the proof.

Proof of Lemma 5.13. The main idea is that, under our assumptions, eijτ ≈ eimτ , |x1| ≈ m, and rj ≈ rm for
|j −m| ⩽

√
C4N , and the sum over j with |j −m| ⩾

√
C4N is negligible. Let us make these approximations

precise. First, for N large enough,∣∣∣∣ ∑
√
C4N⩽|j−m|⩽N9/10

eijτ1
|x1|j−m

j!/m!
rj
∣∣∣∣ ⩽ ∑

√
C4N⩽|j−m|⩽N9/10

|x1|j−m

j!/m!
rj ⩽ Lrm

∑
√
C4N⩽|j−m|⩽N9/10

mj−m

j!/m!
,

since | log r| = O(1/N). Applying the same argument in (125) leads to

∑
√
C4N⩽|j−m|⩽N9/10

mj−m

j!/m!
≪

N9/10∑
j=
√
C4N

exp
(
− j2

m

)
≪ e−3C4 .

It follows that ∣∣∣∣ ∑
√
C4N⩽|j−m|⩽N9/10

eijτ1
|x1|j−m

j!/m!
rj
∣∣∣∣ ⩽ Lrme−3C4 . (126)

Second, for N large enough,

∑
m−
√
C4N<j<m+

√
C4N

|x1|j−m

j!/m!
rj |eijτ − eimτ | ≪ rm

√
C4N∑
j=1

exp
(
− j2

m

)
C
−1/2
4 ≪ rm

√
NC

−1/2
4 .

By the triangle inequality,∣∣∣∣ ∑
m−
√
C4N<j<m+

√
C4N

eijτ
|x1|j−m

j!/m!
rj −

∑
m−
√
C4N<j<m+

√
C4N

eimτ |x1|j−m

j!/m!
rj
∣∣∣∣ ⩽ Lrm

√
NC

−1/2
4 .

In addition, ∣∣∣∣ ∑
m−
√
C4N<j<m+

√
C4N

eimτ |x1|j−m

j!/m!
rj
∣∣∣∣ =

∑
m−
√
C4N<j<m+

√
C4N

|x1|j−m

j!/m!
rj ⩾

1

L
rm

√
N. (127)

Combining (126)–(127) and applying the triangle inequality, we conclude that∣∣∣∣ ∑
j:|j−m|⩽N9/10

eijτ
|x1|j−m

j!/m!
rj
∣∣∣∣ ⩾ 1

L
rm

√
N − Lrme−3C4 − Lrm

√
NC

−1/2
4 .

The claim then follows by picking C4 large enough.
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