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Abstract

Given a composite null P and composite alternative Q, when and how can we construct a
p-value whose distribution is exactly uniform under the null, and stochastically smaller than
uniform under the alternative? Similarly, when and how can we construct an e-value whose
expectation exactly equals one under the null, but its expected logarithm under the alternative
is positive? We answer these basic questions, and other related ones, when P and Q are convex
polytopes (in the space of probability measures). We prove that such constructions are possible
if and only if (the convex hull of) Q does not intersect the span of P. If the p-value is allowed to
be stochastically larger than uniform under P € P, and the e-value can have expectation at most
one under P € P, then it is achievable whenever P and Q are disjoint. The proofs utilize recently
developed techniques in simultaneous optimal transport. A key role is played by coarsening the
filtration: sometimes, no such p-value or e-value exists in the richest data filtration, but it does
exist in some reduced filtration, and our work provides the first general characterization of when
or why such a phenomenon occurs. We also provide an iterative construction that explicitly
constructs such processes, that under certain conditions finds the one that grows fastest under
a specific alternative Q. We discuss implications for the construction of composite nonnegative
(super)martingales, and end with some conjectures and open problems.
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1 Introduction

Consider a universe of distributions II on a sample space (X, F), where X is a Polish space. The
data are generated according to some P € II. Let P and Q be disjoint subsets of II. When we say we
are testing P, we mean that we are testing the null hypothesis P € P. When we say we are testing
P against Q, we mean additionally that the alternative hypothesis is P € Q.

We ask (and answer) two central questions in this paper. The first one is:

Q1. Given a null P and an alternative @, when can we find an ezact p-value for P that
has nontrivial power under Q7 To elaborate, we would like to find a [0, 1]-valued random
variable T that is exactly uniform for every P € P, but is stochastically smaller than
uniform under every @ € Q.

The second central question in this paper is the following:

Q2. Given a null P and an alternative Q, does there exist an exact e-value for P that
has nontrivial power under Q7 To elaborate, we would like to find a nonnegative random
variable X such that EP[X] = 1 for every P € P, but E?[log X] > 0 for every Q € Q.

We will provide a complete answer to both questions in this paper, when P and Q are convex
polytopes in the space of probability measures on X. The solution is surprisingly clean: we prove
that constructions for Q1 and Q2 exist if and only if (the convex hull of) the alternative Q does
not intersect the span of the null P.

We also answer the non-exact versions of both problems, where we only require T to be stochastic-
ally larger than uniform under any P € P:

Q3. Given a null P and an alternative Q, does there exist a p-value for P that has
nontrivial power against Q7

Or, we require that EP[X] < 1 for any P € P:

Q4. Given a null P and an alternative O, does there exist an e-value for P that has
nontrivial power against Q7

For these non-exact problems, the solutions are still very clean: constructions for Q3 and Q4 exist
if and only if the (convex hulls of) P and Q are disjoint.

These appear to be rather fundamental results, and will be proved using recent techniques in
simultaneous optimal transport, combined with classical convex geometric arguments. Note that
in the characterizations for Q1 and Q3 above, a technical condition of joint non-atomicity will
be assumed, which is essentially equivalent to allowing for extra randomization. Our proofs are



constructive, and yields a simple iterative construction, called SHINE, that can explicitly build these
objects and calculate their values on a given dataset, but it seems only computationally feasible for
low-dimensional settings.

Towards the end of the paper, we show how answers to the above two questions help answer a
final related question:

Q5. Given a null P and an alternative Q, can we determine if there is a nonnegative
(super)martingale M for P that grows to infinity under Q7 In other words, when can
we find a process M that is a nonnegative (super)martingale simultaneously under every
P € P but almost surely grows to infinity under every Q € Q7

Before proceeding, we introduce the most important terminology used throughout the paper.

Terminology. We define pivotal, exact, and nontrivial e- and p-variables below.

1. A random variable X is pivotal for P if X has the same distribution under all P € P.

2. A nonnegative random variable X is a e-variable for P if EP[X] < 1 for all P € P. An
e-variable X for P is evact if EF[X] = 1 for all P € P. We say X is nontrivial for Q if
EX[X] > 1 for all Q € Q. An e-variable X for P is said to have nontrivial e-power against Q
if for each Q € Q, EQ[log X] > 0.

3. A nonnegative random variable X is a p-variable for P if P(X < ) < a for all @ € (0,1) and
P € P, and a p-variable X is exact if P(X < a) = aforalla € (0,1) and P € P. A p-variable
X for P is nontrivial against Q if, for each Q € Q, Q(X < a) > a for all « € (0,1) with strict
inequality for some « € (0,1). Without loss of generality, p-variables can be restricted to the
range [0, 1] by truncation, without changing any of their properties.

Note that an exact p-variable is always pivotal, but not vice versa. An exact e-variable need not
be pivotal, and a pivotal e-variable need not be exact. Using x — 1 > logz, an e-variable that has
nontrivial e-power against Q is also nontrivial for Q. We will often omit P and Q in our subsequent
mentions of p/e-variables when they are clear from the context.

Remark 1.1. For the majority of this paper, we suppress the raw data that is observed and used to
form the p-values or e-values. One may simply assume that we have observed one data point Z from
P. This Z could itself be a random vector of some size n > 1 lying in (say) R¢ for some d > 1 (which
means P may be p" for some p on R?), but we leave all this implicit. Thus our p-values and e-values
can be treated as “single-period” statistics. We briefly return to the multi-period (sequential) case
briefly later in the paper.

Related results. The most directly related work is that of Griinwald et al. [2023], which focuses
primarily on e-values, and in particular Q4. To paraphrase one of their main results, consider any
P and Q with a common reference measure, whose convex hulls do not intersect. They show that
as long as a particular “worst case prior” exists, then one can construct an e-value for P which
maximizes the worst case e-power for Q. This is a topic we return to later in the paper, when we
provide a more detailed geometric study of Q3 and Q4 together. We need fewer technical conditions
to establish our results, but their additional assumptions allow them to derive an analogous result
for Q4 even when P, Q are not convex polytopes.

A second related work is that of Ramdas et al. [2022b]. Here, the authors work in the sequential
setting, and ask when nontrivial nonnegative (super)martingales for P> := {P> : P € P} exist.
We can paraphrase their geometric solution: assuming a common reference measure, nontrivial
nonnegative (super)martingales cannot exist if the “fork-convex hull” of P> intersects Q.

Thus, the above two papers both hinted at a deeper underlying geometric picture, and our work
elaborates significantly on this theme, completely characterizing the case of convex polytopes. One



key point is that the earlier works did not give a systematic and thorough treatment of what one can
do in reduced filtrations, while this is a central aspect of our paper. Informally, we will (optimally)
transport P to a single measure p, while transporting Q to a single measure v, and this collapse of
the null and alternative corresponds exactly to working in a coarser o-algebra.

The above idea of transport from multiple measures to specified measures is addressed in the
framework of simultaneous transport studied by Wang and Zhang [2023]. We borrow techniques
from this framework to provide answers to our questions, in particular, Q1-Q3 and Q5.

Background on e-values. E-values are an alternative to p-values, and they have recently been
actively studied in statistical testing by Shafer [2021], Vovk and Wang [2021], Griinwald et al. [2023]
and Howard et al. [2021] under various names. Tests with e-values are often based on martingale
techniques, which date back to Wald [1945], and they emphasize optional stopping or continuation of
experiments. The notion of e-processes generalizes that of likelihood ratios to composite hypotheses.
Some advantages of testing with e-values are summarized in Wang and Ramdas [2022, Section 2].
The idea of testing with e-values is intimately connected to the game-theoretic probability and
statistics of Shafer and Vovk [2001, 2019]. For a review on e-values and game-theoretic statistics,
see Ramdas et al. [2022a).

Notation. We collect the notation we use throughout this paper.

1. Topology. For a set A C R%, A° (resp. A, A, A°, ConvA) is the interior (resp. closure,
boundary, complement, convex hull) of A and aff A is the smallest affine subspace of R?
containing A. For an affine subspace S C R?, we denote by ri(A; S) is the relative interior of
A in S, that is, the interior of A in the relative topology on S.

2. Probability and measure. All measures we consider will be finite and have a finite first moment,
Le., [|z|u(dz) < co. For a Polish space X, we let M(X) be the set of all finite measures on X
and TI(X) be the set of probability measures on X. For u € M(R?), we denote its barycenter by
bary (i) := [pa @ p(dx)/p(RY). For a finite set A of random variables or probability measures
on the same space, we define Conv.A and SpanA in the usual sense of convex hull and span.

We write X 2 p W, or simply X = u, if the random variable X has distribution g under P.
We say “a probability measure p is supported on a set A” if u(A) = 1. This does not imply
that A is closed or A = supp . The product measure is denoted by P ® Q.

3. Stochastic orders. For F,G € TI(R), we write F =<4 G if F((—o00,qa]) > G((—00,a]) for all
a € R. Also, F < Gif F <, G and F # G. For p,v € M(R?), we denote by p <¢x v if
J ¢dp < [ ¢dv for every convex function ¢, in which case we say  is smaller than v in convex

order.! If p,v are probability measures and X ay w, Y tay v, we sometimes abuse notation
and write X <. Y instead of p <cx v. We write p < v if u(A) < v(A) for every Borel set A.

4. Other notation. Bold symbols such as x and « will typically denote vectors. Write 1, =
(1,...,1) €R% 0= (0,...,0) e RY, Ty = {x € RY 2y =--- =24} =R1ly, and I} = {x €
Rz =--- =24 = 0} = Ry14. When the dimension d is clear, we may omit the subscript
d and write 1,0,Z,Z" instead. We let U; denote the Lebesgue measure on [0, 1]. Denote the
Euclidean norm by ||-]|.

Outline of the paper. The rest of this paper is organized as follows. Section 2 provides the
necessary mathematical background regarding convex order and simultaneous optimal transport.
We then collect a few straightforward relations between the existences of p-values and e-values in
Section 3, and further reduce our main problems to the case where P and Q are finite. The easier

I This is sometimes called the Choquet order in the mathematical literature, e.g., Simon [2011].



case with a simple alternative (|Q| = 1) will be solved first in Section 4. Under suitable conditions,
we solve the maximization problem of the e-power in Section 5 and illustrate the SHINE construction
for finding a reasonably powerful e-variable in Section 6. We answer Q1-Q4 in full in Section 7,
where we deal with a general composite (and even infinite) alternative Q. Finally, an application
to composite test (super)martingales related to Q5 will be discussed in Section 8, followed by a
summary in Section 9. Appendix A contains a few technical results that are used in our proofs.

2 Preliminaries on convex order and simultaneous transport

In this section we collect results related to convex order and simultaneous transport for future
use. We rely on some results from Shaked and Shanthikumar [2007] and Wang and Zhang [2023].

We recall from Strassen [1965] that p =<cx v if and only if there exists a martingale transport
from p to v, i.e., a martingale coupling (X,Y’) such that X fay pand Y '8 1. This result is called
Strassen’s theorem. The relation <. is a partial order on II(R?). Given a subset N’ C II(R%), we
say p is a (Pareto) mazimal element in A if there exists no v € N such that v # p and p <y v; we
say p is the mazimum element in N if v < pu for each v € N.

In the following, we collect a few properties of the convex order. These results can be found in
Shaked and Shanthikumar [2007, Section 3.A].

Lemma 2.1. Assuming all random variables below take values in R and are integrable, the following
statements hold.

(i) If E[X] =E[Y], then X = Y if and only if

E[(X —a)+] KE[(Y —a)4] for all a € R.

(i) If {X,} is a sequence of random variables that converge weakly to X and E[|X,|] — E[|X]|],
then
Xn2xY = X 2V

For d > 1 and two R%valued measures pu, v on Polish spaces X,9) (denoted by g € M(X)? and
v € M(2)? such that u(X) = v(2), let T(u,v) and K(u,v) denote the set of all simultaneous
transport maps and plans from p to v respectively, i.e.,

T(uw) ={T: X =9 | poT ' = v},

and K(p,v) is the set of all stochastic kernels x such that

)= [ waulda) = vl

When d = 1, K(u,v) is often represented as the set of all joint distributions on X x 2) whose
marginals are g and v respectively, but for d > 1, we prefer the above representation. To further
characterize the existence of simultaneous transport maps and plans, we need the notion of joint
non-atomicity.

Definition 2.2. Consider a tuple of probability measures gt = (1, ..., uq) on a Polish space X. We
say that w is jointly atomless if there exist p > Zle w; and a random variable £ such that under
u, € is atomless and independent of (duy /dpy, ..., dug/dp).

As a simple example, (1 x Uy, ..., uq x Up) on X x [0,1] is jointly atomless for each collection
(11, -, pa) on X. We refer to Shen et al. [2019] and Wang and Zhang [2023] for more discussions
on this notion.



In statistical terms, the hypothesis {Py,..., Pr} as a tuple being jointly atomless is equivalent
to allowing for additional randomization, i.e., simulating a uniform random variable independent
of (dPy/dP,...,dP,/dP) for some P € II(X). It suffices if simulating a uniform random variable
independent of existing random variables is always allowed. Such an assumption is common in
statistical methods based on resampling or data splitting.

Proposition 2.3. Consider p € II(X)? and v € II(Y)?. Let A € RY satisfy |||, =1, pj < p:=
A, and v, LV i= A foreach 1 < j < d.

(i) The set K(w,v) is non-empty if and only if

di %\* dvi - dvg
Rl | = G

where X|p means the distribution of a random variable X under a measure P.

)
v

(i) Assume that w is jointly atomless. The set T (u,v) is non-empty if and only if

din %\* dvg - dvg
TRl | I G

Proof. Theorem 3.4 of Wang and Zhang [2023] implies that the statements hold with A =
(1/d,...,1/d). The more general case follows from Lemma 3.5 of Shen et al. [2019], in the dir-
ection (iii) = (ii) there. O

v

We briefly describe the intuition behind this result, which is crucial for our paper. The push-
forward k4 p mixes the ratios between different coordinates of the (vector-valued) masses of p at
different places of X; see Figure 2. The “ratios” can be recognized as Radon-Nikodym derivatives.
The “mix” effect can be interpreted as a “backward martingale transport”, because looking in the
backward direction gives rise to a martingale coupling of the Radon-Nikodym derivatives. Strassen’s
theorem then gives the convex order constraint on the Radon-Nikodym derivatives. In Wang and
Zhang [2023], such an observation leads also to the MOT-SOT parity that relates the simultaneous
transport to the underlying martingale transport, which will be useful for our purpose when con-
structing explicitly an e/p-variable. We state a weak form of the MOT-SOT parity below, which
can be proved similarly to Corollary 3 of Wang and Zhang [2023]. In the sequel, a coupling (X,Y)
is backward martingale if E[X|Y] = Y; that is, (Y, X) forms a martingale. It is Monge if YV is a
measurable function of X.

Proposition 2.4. Let p € TI(X)? and v € T(Y)? satisfy p < pa, v < vg, and K(p,v) non-empty.
Suppose that p is jointly atomless and (dp/dpq)l,, is atomless. Then there exists a backward
martingale coupling between (dp/dpq)|., and (dv/dvg)|,, that is also Monge. Moreover, if we
denote by h the map that induces this Monge transport, then there exists a simultaneous transport
map Y € T (u,v) satisfying

dv

(Y (@)=h (‘“‘@))  reX.

dp
Finally, we recall the following basic fact on Radon-Nikodym derivatives.

Lemma 2.5. Let d € N and 7 be a probability measure supported on Ri with mean 1. Then there
exist probability measures Fy, ..., Fy supported on [0, 1] such that

aF R
dU,’ "7 dU;
Proof. Since Uy is atomless, 7 (Uy,7) # 0. Pick (f1,..., fa) € T(Uy,7), and define F; by dF;/dU;

fi for 1 < i < d. This is well-defined since f; is nonnegative a.e. and EV1[f;] = 1 for each 1 < i
d.

Uy

ON
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Figure 1: A showcase of simultaneous transport and mixing of the Radon-Nikodym derivatives; red
and blue represent the two dimensions of the vector p, with the height of a bar indicating its mass.
This figure is taken from Wang and Zhang [2023, Figure 1].

3 General relations on the existence of p- and e-variables

_ For convex polytopes P and Q in II, we may write P = ConvP and Q = ConvQ where P and
Q are finite. The following result helps us to reduce the problems to the case where P and Q are
finite.

Proposition 3.1. Suppose that P = ConvP and Q = ConvQ.

(i) There exists an (exact) nontrivial p-variable for P and Q if and only if the same exists for P
and é.2

(i) There exists a (pivotal, exact, bounded) e-variable that is nontrivial for (or has nontrivial
e-power against) Q for P and Q if and only if the same exists for P and Q.

Proof. This is clear from definitions of p/e-variables. O

As a result of the above proposition, in what follows, we can concern ourselves, without loss of
generality, with the case where P and Q are finite subsets of II(X) (except for Section 7.2).

Proposition 3.2. Suppose that P and Q are both finite. Let X be a (pivotal and exact) bounded
e-variable for P that is nontrivial for Q. Then there exists a (pivotal and exact) bounded e-variable
for P that has nontrivial e-power against Q.

Proof. The following fact is crucial: by the Taylor expansion of the log function, for every € > 0,
there exists § > 0, such that for each x € [1 — 6,1 +46], (1 —¢e)(x — 1) < logze < (1 +¢)(z — 1).
Note that each Y = (1 — b) + bX with b > 0 is clearly an e-variable. On the other hand, since X
is bounded, the range of Y can be chosen arbitrarily close to 1 by picking b small enough. Using
mingeo E?[X] > 1 we see that with b small enough, Y is an e-variable that has nontrivial e-power
against Q. Note that pivotality and exactness are preserved under this transformation. O

2Here and later, we mean that the statement holds regardless of whether the bracketed constraint exists, i.e., the
current sentence contains two (similar) statements.



Remark 3.3. Proposition 3.2 also holds true without the boundedness assumption on X, i.e., there
exists a (pivotal and exact) e-variable nontrivial for Q if and only if there exists a (pivotal and exact)
e-variable that has nontrivial e-power against Q. Indeed, this is a direct consequence of our main
results, Theorems 7.3 and 7.4 below. However, we are not aware of a simpler proof of this fact.

In the sequel, when the equivalence of the existences is clear, we may write “there exists a

nontrivial e-variable” instead. When Q@ is infinite, these two definitions are in general different, as
shown by the following example.

Example 3.4. Let Z, denote the law N(y,1) for p € R, and consider P = {Zy} and Q = {Z, |
p > 0}. Clearly, X (w) = 1/2 + 14,50} is a bounded e-variable that is nontrivial for Q. Suppose for
contradiction that Y is a bounded e-variable that has nontrivial e-power against Q. Since Y cannot
be a constant, EZ°[log Y] < E°[Y] —1 = 0. Since Z, — Z, in total variation as y — 0, we have for
u > 0 small enough that EZ+[log Y] < 0, contradicting E?[log Y] > 0 for all Q € Q.

The following calibration result is in place to help us construct an e-variable based on a p-variable.
Proposition 3.5. Suppose that Q is finite.

(i) If there exists an exact (hence pivotal) and nontrivial p-variable, then there exists a pivotal,
exact, and bounded e-variable with nontrivial e-power against Q.

(i) If there exists a nontrivial p-variable, then there exists an e-variable with nontrivial e-power
against Q.

Proof. (i) Suppose that X is an exact nontrivial p-variable. It follows that E := 2 —2X is a pivotal,
exact, and bounded e-variable, and E?[E] > 1 for each Q € Q. Proposition 3.2 then finishes the
proof. (ii) is similar. O

Our next simple result provides general necessary conditions for the existence of p/e-variables,
hence answering the trivial parts of Q1-Q4.

Proposition 3.6. Suppose that P and Q are arbitrary subsets of TI(X).
(i) If there exists an e-variable nontrivial for Q, then ConvP N ConvQ = 0.
(i1) If there exists an exact e-variable nontrivial for Q, then SpanP N ConvQ = 0.

Proof. For (i), suppose that R € ConvP N Conv@, then since EF'[X] < 1 for all P € P, EF[X] < 1.
But EQ[X] > 1 for all Q € Q implies Ef[X] > 1, contradiction. For (ii), suppose that R €
SpanP N Conv@Q, then EP[X] = 1 for all P € P gives that EX[X] = 1. But E?[X] > 1 forall Q € Q
gives ER[X] > 1, contradiction. O

Let us end this section by incorporating the following important result, which sometimes helps
us remove the jointly atomless condition when pivotality is not involved.

Proposition 3.7. Let P = {Py}oco, and Q = {Qo }orco,. If there exists an (exact) e-variable
(defined on (X x[0,1], F@ B([0,1]))) that is nontrivial for {Qe x Uy }grco, with null {Pyx U }oco,,
then there exists an (exact) e-variable that is nontrivial for Q with null P.

Proof. Let Y be an exact e-variable that is nontrivial for {Qg x Uj }orco, with null {Py x Uy }gee, -
Define X = EY1[Y] by taking expectation of Y over the second coordinate. Then EF[X] =
EFixUily] = 1 and EQ/[X] = E¥>*V1[Y] > 1, meaning that X is an exact e-variable nontrivial
for Q. The non-exact case is similar. O



4 Composite null and simple alternative

In this section, we characterize the existence of exact and pivotal p-variables and e-variables for
composite null and simple alternative (singleton). Although our results in this case are covered by
the more general result for composite alternatives treated in Section 7, studying this setting first
helps with building intuition behind our proof techniques. Moreover, the concept of e-power studied
in Section 5 is defined for a single @ in the alternative hypothesis. We fix P = {P,..., P.} and
Q = {Q} in II(X) and assume that (Py,...,Pr,Q) is jointly atomless (unless otherwise stated).
The main results are Theorems 4.3 and 4.4 below. When Pi,..., P, < @, we write the measure
Y= (dPl/dCQ7 SN ,dPL/dQ)|Q on RL.

Lemma 4.1. Suppose that Q ¢ Span(Py,...,Pr) and Py,..., P, < Q. There erists a disjoint
collection of closed balls By, ..., By, in RY of positive measure (under ) not containing 1 such that
denoting by t; the point of B; closest to 1, we have 1 € Conv({t1,...,tx})°.

Proof. Since Q ¢ Span(Px, ..., Pr), the measure v cannot have support contained in a hyperplane in
R% by definition. In other words, aff suppy = RY. By Lemma A.1(ii), 1 = bary(y) € (Convsupp~)°.
Therefore, there exist s1,...,s; € supp~y such that 1 € (Conv{si,...,s;})°. Let B; be the ball
centered at s; with radius » > 0 for 1 < j < k. For r small enough, these balls will be disjoint from
1, and the closest points t1, ..., satisfy 1 € Conv({t1,...,tx})°. O

Proposition 4.2. We have Q ¢ Span(Py, ..., Pr) if and only if there exist probability measures
G # F such that
K((Pr,y...,Pr,Q),(F,...,F,QG)) # 0.

If moreover (Py, ..., P, Q) is jointly atomless, then Q & Span(P, ..., Pr) if and only if there exist
probability measures G # F such that

T((P,...,Pr,Q),(F,...,F,GQ)) # 0.
In addition, in both cases above, we may pick F = U; and G atomless.

Proof. The “if” is clear. For “only if”, let F' = U; and consider first the case where Py, ..., P, < Q.
Then using Proposition 2.3, it suffices to prove that there exists some G > F' such that

dPy dPr, dQ dF dF dG
an AP AQY) (AR Gy
dQ’ 7 dQ dQ ) le — dG’ T dGdG ) la

(W ARy (98 ey "
7= dQ’ 7 dQ )l = \dG’ T dG ) |6

We will first consider a special type of density dF'/dG which allows us to construct G such that
(1) holds. Suppose that

Equivalently,

1 ifo<z<1l—g¢
1+e¢ if1—5<x<1—%;
l—e ifl1-5<z<1,

dG
@(93) =

where € > 0 is a small number. Clearly, G is atomless. Moreover, (dF/dG)|q is concentrated on
[(1+¢e)7, (1 —¢)"Y] and PY[dF/dG = 1] = 1 — ¢. Therefore, the measure (dF/dG,...,dF/dG)|q
is supported on the line segment {x € RE | 2y = --- = 21 € [(1+¢)7%, (1 —¢)7 Y}, with mean 1
and P¢[dF/dG # 1] = e. We will find a measure (dF/dG,...,dF/dG)|q that satisfies the condition
above and also (1).

Consider a disjoint collection of closed balls {B;}1<j<k in RY as constructed in Lemma 4.1. By
Lemma A.2, there is § > 0 and a segment {x € RF | 7 = --- = 2 € [l — 4,1 + 6]} containing



1, such that any measure of total mass J supported on it will be smaller in extended convex order
than some 7 such that 7 < 7|U;; B We choose € > 0 so that (1 —¢)~! < 1+ 4. As a result, the
i1 B

measure G constructed in the above paragraph satisfies

_((4F  aF
W = dG,,dG |G

The measure (dF/dG,...,dF/dG)|q —w is concentrated at 1, which is smaller in convex order than
any measure with barycenter 1 and the same total mass. Since bary(y) = bary(¥) = 1, we conclude

dF dF
Yy oy ‘ jcx '7
(dG dG> ¢

If Py,..., P, < Q does not hold, then we define Q' = Q/2+ (P +---+ Pr)/(2L), and repeat the
above arguments, so that there is k sending (P, ..., Pr,Q’) to some (F,...,F,G’) where G’ # F.
By linearity, & also sends (Py, ..., Pr,Q) to (F,...,F,G) where G =2G' — F # F. O

<ex V-
N

Theorem 4.3. Suppose that we are testing P = {Py,...,Pr} against Q = {Q}. The following are
equivalent:

(a) there exists an exact (hence pivotal) and nontrivial p-variable;
(b) there exists a pivotal, exact, and bounded e-variable that has nontrivial e-power against Q;
(c) there exists an exact e-variable that is nontrivial against Q;

(d) there exists a random variable X that is pivotal for P but has a different distribution under @,
where the laws of X under both are atomless;

(e) it holds that Q & Span(P;,...,Pr).

Proof. The direction (a) = (b) is precisely Proposition 3.5, (b) = (c) is clear from definition,
(¢) = (e) being precisely Proposition 3.6, and (e) = (d) is Proposition 4.2. To show (d) = (a), let
X be a random variable that has a common law F' under P € P, and law G under (). Let ¢ be as
given in Lemma A.3. It follows immediately that ¢ o X is an exact p-variable. O

Theorem 4.4. Suppose that we are testing P = {Py,...,Pr} against Q = {Q}. The following are
equivalent:

(a) there exists a nontrivial p-variable;
(b) there exists an e-variable that is nontrivial for Q;
(¢) it holds that Q & Conv(Py,...,Pr).

Proof. That (a) = (b) is precisely Proposition 3.5; (b) = (c¢) is clear from Proposition 3.6. For
(¢) = (a), we define the set U = U, = (—00, 1) U (1,00)% U {1}. We claim that it suffices to find
a measure [ <.y 7 that is supported on U and not equal to d;. Given such p, we apply Lemma
2.5 to find measures F1,..., Fy such that (dF,/dUy,...,dFr/dUy)|y, = p. Since p is supported on
U, we may without loss assume that there is a threshold 8 € (0,1) such that for each 1 < @ < L,
dF;/dU; < 1 on [0,8) and dF;/dU; > 1 on (B,1]. In particular, F; =g U;j. Proposition 2.3 then
yields a random variable X € T((P1,...,Pr,Q),(F1,...,Fr,U1)). Let ¥ be as given in Lemma
A.4(ii). By definition, ¥ o X is a nontrivial p-variable.

To find a measure p <.y 7 that is supported on U and not equal to d1, for simplicity we translate
U by 1, and from now on U = (—00,0) U (0,00)* U {0} and 7 has mean 0. Our goal is to find
a measure u supported on U such that u <. v and p # dg. We apply induction on L. Suppose
that L = 2. Then since @ ¢ Conv(Py, P,), the measure v is not supported on any line that has a
negative slope and contains 0. There are two cases.
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e If 7 is not supported on any line (hyperplane in R?), then Q & Span(Py, P»). By Theorem 4.3,
a nontrivial p-variable exists.

e If ~ is supported on a line, then such a line must contain 0 and have a positive slope, and
hence is contained in U.

Now suppose that L > 2. We say a set K C R” is a linear cone if it is the union of two symmetric
convex cones at 0 in R”. Clearly, U is a linear cone, and

(i) the intersection of a subspace and a linear cone is a linear cone;

(i) if S is a subspace of RY and K is a linear cone, then {0} C S N K if and only if there exists a
one-dimensional subspace 1" of S such that T'C K.

Since @ ¢ Conv(Py,..., Pr), the measure « is not supported on any hyperplane that is contained
in U° U {0} and contains 0. If v is not supported on any hyperplane, then using Theorem 4.3, a
nontrivial p-variable exists. Thus we may assume that 7 is supported on some hyperplane S such
that {0} C SNU. We then lower the dimension by one and identify S = RL~1. There are two cases.

e If ~ is not supported on any hyperplane in S, then there exist points x1,...,x5_1 € supp~y
such that riaff{zy,...,2p_1} = S. Let T be a one-dimensional subspace of S such that
T CU. Then TNConv{xy,...,xr_1} is nonempty. Using Lemma A.2, we may find a measure
u supported on the bounded set TN Conv{z1,...,z5-1} (and thus supported on U) such that
1 =cx v and p # dg. It follows that a nontrivial p-variable exists.

e If v is supported on a hyperplane S’ of S, then by Mazur’s separation theorem (Conway [1990,
Corollary 3.4]) and since v is not supported on any hyperplane that intersects with U only at
0, we must have {0} € S’ NU. In this case, we have reduced the dimension by one. Thus
induction works for this case.

By reducing the problem iteratively in the above manner, we eventually arrive at the problem with
L = 2, which we already showed above. O

Remark 4.5. The directions (¢) < (e) in Theorem 4.3 and (b) < (¢) in Theorem 4.4 also hold
without the condition that (P, ..., Pr, Q) is jointly atomless, in view of Proposition 3.7.

Example 4.6. (i) Let P, ~ Ber(0.1), P, ~ Ber(0.2), and @ ~ Ber(0.3). It follows that Q €
Span(Py, P») \ Conv(P;, P5). By Theorems 4.3 and 4.4, a nontrivial e-variable (or p-variable)
exists, but an exact nontrivial e-variable (or p-variable) does not exist.

(ii) Let P, ~ N(=1,1), P» ~ N(1,1), and @ ~ N(0,1). By Theorem 4.3, there exists a pivotal
exact nontrivial e-variable (or p-variable).

5 Constructing a powerful e-variable

We focus on e-variables in this section. Provided the existence, our next step is to maximize the
e-power of an e-variable that is pivotal and exact. The e-power of an e-variable X can be measured
by E®@[log X], which has long been a popular criterion; see for example Kelly [1956], Shafer [2021],
Griinwald et al. [2023], Waudby-Smith and Ramdas [2022].% It has been recently called the e-power
of X (Vovk and Wang [2022]), a term we continue to use for simplicity. For P = {Py,..., Pr} and
Q = {Q} such that Py,..., P, < Q and (Py,..., P, Q) is jointly atomless, our goal is to solve

max{E®[log X] : X is an pivotal exact e-variable}. (2)

3In short, it captures the rate of growth of the test martingale under the alternative Q; see Section 8.
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This optimization problem turns out to be a special case of a more general problem that is illustrated
by (6) below. Such a connection will be explained in Section 5.1. We describe an equivalent condition
for the existence of a maximal element for (6) in Section 5.2. A further sufficient condition in the
case L = 2 is illustrated in Section 5.3. Finally, we provide several examples in Section 5.5. In this
section, we denote by v the law of (dP;/dQ,...,dP;/dQ) under Q. In particular, v is a probability
measure on Ri with mean 1.

5.1 E-power maximization and convex order

We first recall the maximizer of e-power in the case of a simple null versus a simple alternative,
which has an explicit form. This fact is used frequently in the above literature.

Example 5.1. Let us first illustrate an example with simple null P = {P} (L = 1) and simple
alternative @ = {@}. Clearly, any e-variable is pivotal. We arrive at the optimization problem

max{E®[log X] : X >0, EF[X] = 1}. (3)

By Gibbs’ inequality, the maximum value is attained by the likelihood ratio, i.e., when X = dQ/dP.

Below we illustrate the solution to (3) using our theory, which sheds light on the composite null
case. For simplicity, we assume P < @ and (P, Q) jointly atomless. Denote by v := (dP/dQ)|q.
Consider the set M., of probability measures u such that @ <.« 7. Using Lemma 2.5, every p € M,
corresponds to a probability measure F' such that (dF/dU;)|y, = p. By Proposition 2.3, there
exists a random variable Y that has law F under P and law U; under ). In the next step, we assert
in (3) that X is of the form X = (dU;/dF)(Y), and optimize E¢[log X] over F € M., It is clear
that the constraint

dU dU
EF[X] =E [dF(Y)] E {dF] 1
is satisfied, and the objective in (3) becomes
dU dU dF
Q = Q 71 — Uz 71 = U - —_—
E%[log X]=E [log(dF (Y))} E [log dF] E { 1ogdU1].
We have thus arrived at the optimization problem
dF dF
max 4 EY' | —log ——| : —— . 4
ax{ { ©8 dUJ au; v, © M”} @

The value (4) gives a lower bound on (3). Since the set M., has a maximum element + in convex
order, the problem (4) has a trivial solution E?[—~dP/dQ]. This corresponds to the solution to (3)
using Gibbs’ inequality.

The fact that the two values (3) and (4) are the same is not a coincidence and holds more
generally for composite null, which we will prove in Proposition 5.2. With a composite null, the
main difficulty arises from solving (4), because the set M., has a complicated structure, and may
not contain a maximum element in convex order.

As explained in Example 5.1, the first step to solving (2) is to impose the further condition that
X is of the form (dG/dF)(Y) for some F,G,Y. As a consequence of Gibbs’ inequality, this does not
affect the optimal value of (2).

Proposition 5.2. There exists a mazimizer X to (2) of the form X = (dG/dF)(Y), where F,G €
II(R), and Y € T((Py,...,Pr,Q),(F,..., F,Q)).

Proof. Suppose that Z is a maximizer to (2). Since Z is a pivotal e-variable, we denote by F’ as the
common distribution of Z under P;, 1 <i < L, and G’ the distribution of Z under Q. Let Z be the
identity random variable on R, we have Ef" [Z] = 1. By Gibbs’ inequality,

!’

E@[log Z] = E€ [log Z] < E€’ [log jg} — EQ [1og (j;’:, (Z))]
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Thus, X = (dG’/dF’)(Z) must also be a maximizer to (3). O
Given X = (dG/dF)(Y) where Y € T((Py,...,Pr,Q),(F,...,F,G)), we may rewrite

E[log X] = E? [log (ﬁ(y))} - IEG{

aF )

—log@

As a consequence of Proposition 2.3, the optimization problem (2) is equivalent to finding

— R - - < it} it
ma,X{E |: log G:| ( G,..., G)‘ CX( IR )‘ } (5)

More generally, since x +— —logx is convex on its domain, we may formulate the problem of
optimizing E¢[¢(dF/dG)] for all convex function ¢ : R, — R. In other words, let v be the law of
(dP1/dQ,...,dPr/dQ) under @ and introduce the set M., of probability measures supported on
Ig that is dominated by v in convex order, and our goal is

to maximize p in <y, subject to p € M.,. (6)

This will the goal of the present section. The reader should keep in mind that unfortunately,
even if (6) allows a unique maximum element, it does not necessarily solve (2) uniquely when the
logarithm in (2) is replaced by other concave functions. This is because Proposition 5.2 requires
Gibbs’ inequality, where the logarithm plays a crucial role.

5.2 Existence of the maximum element in convex order

To ease our presentation, we will assume further that
~ does not give positive mass to any hyperplane in R%. (N)

That is, for every half-space H C R, ~4(0H) = 0. This is a technical assumption which greatly
simplifies our proofs (as we will explain in Remarks 5.7 and 5.11), and we expect that analogous
results hold without such an assumption.

Proposition 5.3. In the above setting, consider x > 0. There exists a closed half-space H, of R
and a measure ,; supported on H,, such that

(i) the positive diagonal T € H,;
(ii) —1 € H,;
(i1i) x1 € OH, = H, NHS, where HS is the closed complement of Hy;

(iv) the measure pme = 7y — pi s supported on HS, and the barycenters of . and pme both lie on
t.

Moreover, if (N) holds, there exists a unique measure i, salisfying the above conditions. In this
case, we call OH, a separating hyperplane at x.

Remark 5.4. In fact, it also holds that j, = v|m, and pme = v[me. If moreover, v has a strictly
d

positive density on R¢, then H, is also unique.
Proof. We induct on L. The base case is L = 1, where the claims follow simply by picking H, =
(—o0, z].

Fix an arbitrary L > 2 and = > 0. Consider the plane P;, = {x € RF | z; = 22} C RE, s0
that Z+ C Pr. The collection of lines in Py, through z1 will be denoted by Ly, 6 € [0,27), where
IT C Ly. For each Ly, consider the projection of v on the hyperplane Py to which £y is normal.
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zl

Figure 2: Scheme of the proof of Proposition 5.3 for L = 3

It follows from our induction hypothesis that there is some half-space Hy , of RE on which some
measure fg, < 7y is supported, such that bary(ug,) € Pr and bary(y — po) € Pr, as well as
Ly C OHp 5.

Suppose that (i) does not hold. Then 7 is supported on a hyperplane S in R” containing Z;,. By
the induction hypothesis, we may find a closed half-space H/, of S satisfying the conditions (i)-(iv).
Clearly, any closed half-space H,. of RT containing H/, also satisfies the same conditions.

Therefore, we may assume (i) and that 7 is not supported on any hyperplane in R”. In particular,
o,z and fur o are non-zero. In this case, bary(po,5) and bary(fr ;) lie in the two different half-planes
in P, separated by ZT. By continuity of the measure, there exists some 6, such that bary(ug, ) €
Z+. This establishes (iii) and (iv). Finally, by replacing H, by H¢, we may assume that (ii) holds
as well.

Suppose that (N) holds and p,, v, are distinct measures satisfying the above conditions. Then
iz — Vg is a nontrivial signed measure supported on a hyperplane in RY, contradicting (N). O

Recall from (6) that our goal is to find the maximum element in M., in convex order.
Theorem 5.5. Assuming (N), the following are equivalent.

(a) There exists a unique mazimum element p in convex order in My, i.e., it =ox v and for each v
supported on IT with v <y 7, it holds that v <.y p.

(b) The class of measures {fiz }z>0 from Proposition 5.3 is monotone (in the usual order), i.e., for
all x <y, pz < fiy.

Example 5.6. Suppose that L = 1. It is clear from the proof of Proposition 5.3 that condition
(b) is always satisfied. Therefore, the maximum element p in M, always exists. This agrees with
Example 5.1, where the likelihood ratio maximizes the e-power.

Remark 5.7. The only place we used our assumption (N) is on the uniqueness of the measure p,
in Proposition 5.3. When there is no uniqueness, the condition (b) in Theorem 5.5 needs to be
replaced by the existence of a monotone selection of measures {1, }+>0, each of them satisfying the
conditions in Proposition 5.3.

The condition (b) in Theorem 5.5 is in general not easy to check, especially in higher dimensions.*
Later, we supply a sufficient condition in Section 5.3, and a few examples in Section 5.5.

4In this paper when we mention “dimension” we always mean the dimension of null/alternative, but not dimension
of the space X.
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Lemma 5.8. Let v be a probability measure on Iz such that v < v. For H, and p, defined in
Proposition 5.3, denote by b, 1 the barycenter of u, and & distributed as the first marginal of v. Then
E[(¢ —2)_] < (z — by) e (RE) for all z > 0. Moreover, equality holds for = if and only if for every
martingale coupling (X,Y") such that X By and Y 7, it holds (Y | X < z) 2 pha [ i (RE).
Proof. Let v, be a unit normal vector to OH,,, such that the angle 8, between the vectors v, and
1 satisfies 0 < 6, < 7/2. For y € RF we write a, = (y,v,) with Euclidean inner product. Define
¢z : RE = R by
. ay/cosbf, if a, <0;
0=(v) = {o if a, > 0.

Since ¢, is concave and v <. 7, it follows that

(b0~ e (89) = [ 0y < [ Gudv = ~Bl(€ ~ o).
This completes the proof. The rest is clear. O

Proof of Theorem 5.5. We first prove (b) = (a). We first characterize the measure p by the cumu-
lative density function of its first marginal (recall that p is supported on the nonnegative diagonal
I%). For x > 0, pick p, as in Proposition 5.3. Note that x + u,(R”) is nondecreasing in x and
continuous by (b). Define i by the unique probability measure on Z* such that u([0, 2]%) = p. (R¥).

We next show that u <.« . By Strassen’s theorem, it suffices to find a martingale coupling

(X,Y) such that X E wand Y b v. Let us fix X iy w and let

Mo — g
frar (RE) = iz (RE)
where we identify the random variable X supported on Z with its first coordinate. This defines a
coupling (X,Y) since x < ' = p, < por. Let a = 0 be arbitrary. On the event {X < a}, YV is
distributed as i, /pa(R*). By Proposition 5.3, we have E[Y 1{x<,3] € ZT. In addition,

B [Xpcen] = ([ odin @) <1

which is exactly bary(u,) projected to Z. Therefore, we must have E[X 1 x<q3] = E[Y T1x<q], s0
that (X,Y) is indeed a martingale. Thus p <¢x 7.

Now by Lemma 2.1(i), it suffices to show that for each v < v and &,,¢,, denoting the first
marginals of v, , it holds that E[({, —z)_] < E[({, —z)_] for all z > 0. This is indeed a consequence
of Lemma 5.8, since

E[(€, — )] = 21 (RY) - / £ (1 (RE)) = (2 — by)jua(RE).

We next show (a) = (b). Suppose that x < y but p; € py. In particular, supp p, € supp . We
may assume that p,(R”) and p,(RL) are positive. Suppose for contradiction that (a) holds with a
maximum element . We define the measures

Vg = Mx(RL)abary(um) + (1 - ,ux(RL))(Sbary('y—uw)

and similarly v,. Then with the usual notation,

E[(§ — 2)-] > E[(&, — 2)-] = (& — bo)a(R") (7)

YV]z<X<a)2

and

E[(§, —y)-] Z E[(&, —y)-] = (y — by) 1y (RY). (8)
By Lemma 5.8, equalities hold for (7) and (8), and for every martingale coupling (X,Y) such that

X% pand Y2 5, it holds (V | X < 2) & pp/pe(RL) and (Y | X < y) "2y /py (RL). This

contradicts supp ft; € supp fty. O
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Figure 3: Illustration of Theorem 5.9. The convex set I is enclosed by the red contour OI' on which
v (the law of (dP;/dQ,dP/dQ) under Q) is supported. The measure y is supported on the thick
segment on the diagonal Z.

5.3 A sufficient condition in case |P|= 2

When L = 2, we provide a sufficient condition for the class of measures {i,}.>0 to satisfy the
monotonicity condition x <y = p, < py. In view of Theorem 5.5, this condition implies the
existence of the maximum element p. We keep the same setting as in Section 5.2 and assume (N),
with the exception that L = 2.

Theorem 5.9. Suppose that there exists a convex set ' C R? such that y(OT') = 1.° Then there exists
a unique mazimum element u in convex order in M.,. Moreover, u is the unique probability measure
on the I with p([0,7]?) = p.(R?), where p, was given in Proposition 5.3 applied with L = 2.
In particular, there exist distinct measures F,G € II(R) such that (dF/dG,...,dF/dG)|¢ = u,
attaining the mazimum in (5).

Lemma 5.10. Suppose that there exists a convex set I C R? such that v is supported on OT'. For
x>0, let H, and p, be defined as in Proposition 5.3. Then for 0 <z < x', pz < fly.

Proof. Fix 0 < z < 2’. Define C1 = H, \ H}, and Cy = H,» \ H. It follows that the positive part
of py — py is supported on Cy. Let us define

S =R1+ 0H, N OH,.

The line S separates R? into two (closed) half-spaces, and we denote by H’ the one that does not
contain C. Since the barycenters of i, and p,- lie on Z7, it suffices to show that v(Cs\ (C1UH')) = 0.
Suppose not. Then there exist z; € T NCy and 25 € AT N Cy \ (C; UH'). Since T is convex, it
cannot hold that both #1 and 2’1 belong to I'°. Suppose that 1 ¢ I'°. Then by convexity of I" and
our assumption (N), we have p, = 0, thus pu, < g, holds trivially. The case 2’1 ¢ I'° is similar. [

Proof of Theorem 5.9. The first claim follows from Theorem 5.5 and Lemma 5.10. The existence of
F, G follows from Lemma 2.5, by setting G = Uj. O

Remark 5.11. With essentially the same arguments, we may remove assumption (N) from Theorem
5.9. With the presence of atoms, selecting any monotone collection {15 }+>0 would be enough; see
Remark 5.7.

5This assumption is far from being necessary, but might be convenient to verify.
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5.4 On multiple observations

Before we proceed, let us remark on the case with multiple data points. Suppose that instead
of one data point, we observe n iid data points Zi,..., 7, in the space X from the experiment.
The e-variable is built based on the n data points together instead of a single data point. In other
words, given P = {Py,..., Py} and @ = {@Q}, we build an e-variable that is pivotal, exact, and has
nontrivial power against Q" := {Q"} for P" := {P}",..., P}'}. We first see that, as long Q) ¢ P,
at most two observations are needed to build a pivotal and exact e-variable based on Theorem 4.3.
Note that no joint non-atomicity or absolute continuity needs to be assumed for this result.

Proposition 5.12. Suppose that Pi,...,Pr, < Q and Q ¢ P. Then either Q ¢ SpanP or Q* ¢
SpanP?.

The proof of Proposition 5.12 is put in Appendix A. Note that the absolute continuity condition
cannot be removed.

Let us denote by ¢,, the maximum e-power with n data points for P™ against Q™ using a pivotal
and exact e-variable, similarly as in (2).

Proposition 5.13. In the setting above, suppose that Py, ..., P, € Q and (Pi,...,Pp, Q) is jointly
atomless, and @ € P. For any n,m € N, U1, = €y + Ly, In particular, ¢, /n converges to a
positive limit less than or equal to minpep EQ[log(dQ/dP)].

Proof. We first show that for any n,m € N, £,,,,, > €,,+£,,,. Suppose that X (") attains the maximum
e-power among pivotal and exact e-variables against Q™ for P”, and X (") against Q™ for P™. Define
X M) (1 wo) = XM (w) X ™) (wy), where wy € X™ and wy € X™. Clearly, X ™+™) is pivotal and
exact against Q"™ for P Its e-power is EQ" " [log X (™)) = EQ" [log X(™] + EX" [log X ™)],
thus €y, = €y + €, holds. Tt then follows from Fekete’s lemma that ¢, /n converges to some limit
in RU {oo}. Since this e-power is bounded from above by the e-power for {P;'} against {Q"}, we
have for all 1 < i < L that £, /n < EQ"[log(dQ™/dP/*)]/n = EQ[log(dQ/dP;)] as we see in Example
5.1. That the limit is positive follows from Proposition 5.12, Theorem 4.3, and 4,1, = b + 4. U

Asymptotically, is there a loss of power caused by imposing exactness or pivotality?
By Proposition 5.13, ¢3n /2™ is increasing in n. This means the loss of power caused by imposing
pivotality and exactness is getting weaker as the number of data points grows. It remains an open
question whether £,, /n — minpep E?[log(dQ/dP)]. If this holds true, then the loss of power vanishes
asymptotically, by noting that nminpcp E@[log(dQ/dP)] is the theoretical best e-power for testing
P™ against Q" (see Example 5.1). In Example 5.15, we present a setting of normal distributions
in which 4,,/n — minpep EQ[log(dQ/dP)] holds true. We conjecture that this limit holds true in
general, but we did not find a proof.

5.5 Examples

The condition in Theorem 5.9 that v = (dP/dQ,dP»/dQ)|q is supported on the boundary
of a convex set is not very restrictive. When P;, P»,Q € II(R), the vector of density functions
(AP /dQ)(z), (dP,/dQ)(x)) forms a parameterized curve in R? by z € R. In certain nice cases,
such a curve lies on the boundary of a convex set. We illustrate with a few examples below.

Example 5.14. Consider P, ~ N(—1,1), P, ~ N(1,1), and @ ~ N(0,1). It follows from direct
computation that
dpPy dPZ) ‘ ( —£-1/2 &1/2)
=|—-—=,—F = (e ,€
! (d@ aQ ) lo

which is supported on the hyperbola {(z1,z2) € R%|z122 = 1/e}, the boundary of the convex set
{(z1,22) € R% | 122 > 1/e}. By Theorem 5.9, there exists a unique maximal element x in M., in
convex order.

law ?

£~N(0,1)
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Using the above notation, it is easy to see that H, = {(z1,72) € R? | 21 + 22 < 2z} and
fe = ¥|u, . Moreover, Theorem 5.9 yields that p is the unique probability measure on Z+ with

1
1([0,2])2) = 2@ (1og(\/éx +ex? — 1)) —Lfor e > —, 9)
e
where ® is the Gaussian cumulative density function. It can be directly seen from the figure below
that points z,y € R are shrunk to a single point precisely when the points (e"’”’l/Q, e’w’l/Q) and
(ey_l/Q, e_y_1/2) are symmetric around Z. This happens if and only if z = —y. In other words,
the most powerful pivotal e-variable is a function of |Z|, where Z is the observed data point. Using

Example 5.1 on testing the simple hypothesis |Z| t v |€ + 1| against |Z| 2 |€|, this e-variable is
given by X = 2e'/2/(e? + e7%) = e'/2cosh(Z)~!, and the e-power is E?[log X] ~ 0.125. In the
sequential setting where iid observations 71, ..., Z, are available (treated in the next example), we
effectively reduce the filtration generated by Z1, ..., Z, to the one generated by |Z1|,...,|Z,|. This
corresponds to the intuition that taking absolute value transports Pj, P, to the same measure but
not for @, and indeed this is the optimal solution to (5).

Example 5.15. We consider the setting in Example 5.14 but instead of one data point, we observe
n iid data points Z1,...,Z, in the experiment. Here, we build an e-variable based on the n data
points together instead of building an e-variable for each data point; this allows for more flexibility
than Example 5.14. In this setting, P; = N(—1,,1,), P» = N(1,,1,), and Q = N(0,, I,,), where
1, =(1,...,1) e R*, 0, = (0,...,0) € R", and I, is the n x n identity matrix. It follows from
direct computation that

(AP AP | (e e
7(dQ’dQ)’Q(e € )

which is very similar to Example 5.14. Using a similar argument as in Example 5.14, the most
powerful pivotal e-variable is given by E, = e™/2 cosh(}" | Z;)~'. Note that this is different
from the sequential one built in Example 5.14 which is E} = e™/? [T}, cosh(Z;)~!. The contrast
between FE,, and E7 is interesting to discuss. On the one hand, F, has better e-power than E
since E, > E} due to log-convexity of the cosh function. This is intuitive, as E}; effectively tests
more null hypotheses such as N(u, I,) for p € {—1,1}" than E,. On the other hand, n — E is a
martingale under both P, and P, but we can check that n — FE), is not a martingale under either
Py or P;. In Section 6, we will compare the e-power of the two approaches numerically, and in
Section 8, we further discuss test martingales. Finally, we note that ¢, /n = E?[log E,,]/n — 1/2 =
min;—1 2 E?[log(dQ/dP;)]/n, and hence the upper bound in Proposition 5.13 is sharp. On the other
hand, EQ[log E}]/n = 1/2 — E¥[log cosh(Z;)] ~ 0.125.

law

€RN(0,n)’

Example 5.16. Let us examine some further sufficient conditions with L = 2. Consider Py, P>, Q €
II(R) such that P, P, < Q and dP;/dQ € C?(R) for i = 1,2. Recall that a simple C? parameterized
curve (z(t),y(t)) in R? lies on the boundary of a convex set if and only if its curvature

x/y// _ y/x//
(@) + (y)?)%/?

is always nonnegative or always nonpositive (Theorem 2.31 of Kiihnel [2015]).  Therefore,
(dP,/dQ,dP,/dQ) lies on the boundary of a convex set if

(ﬁ)’(@)” _ (@)”(@)’
dQ / \dQ d@ d@
remains of a constant sign. As a simple example, this is the case if Py, P>, are Gaussian dis-

tributions on R with different means but the same variance, or with the same mean but different
variances. In particular, this recovers Example 5.14.

k’:
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Figure 4: An illustration of Example 5.14: v is supported on the hyperbola ;25 = e, the optimal
w1 is supported on the red ray. Dashed arrows indicate the reduction of filtration.

More generally, suppose that Py, P5, Q have densities p1, pa, ¢ € C?(R) where q is strictly positive,
and denote by W (f1,..., fn) the Wronskian of fi,...,f,. Then we have the further sufficient
condition that

W ((p1/q)'s (p2/q)") # 0 everywhere,

or equivalently, W (p1, ps, ¢)(z) # 0 for all z € R. By the Abel-Liouville identity (Teschl [2012]), this
is the case if p1, p2, ¢ form a fundamental system of solutions of the ODE

y®) = az(2)y® + a1 (x)y + ao(z)y
for some continuous functions a; : R - R, 0 <17 < 2.

In higher dimensions with more than two nulls, Theorem 5.9 is often not applicable. Nevertheless,
given enough symmetry, we may directly compute {u,} from Theorem 5.5 and prove that they are
monotone. Surprisingly, many intuitively straightforward tests are suboptimal.

Example 5.17. Consider probability measures P, ~ N((0,1),1), P> ~ N((=v/3/2,—1/2),1), P3 ~
N((v/3/2,-1/2),1), and Q ~ N((0,0),I). Note that Theorem 5.9 is not directly applicable here.
It is natural to guess from Example 5.14 that the optimal solution is the Euclidean norm, i.e., the
distance from 0 in R2. On the contrary, we show this is not the case. A routine computation gives
that

(dPl dr dp3> ’ _ (651—1/2 o(—61—V3E—1)/2 e(—§1+\/§52—1)/2)
dQ " d@Q dQ /e

Note that this forms an exchangeable random vector. The support is contained in {(z,y,z) €
R} | zyz = e~%/?}. By symmetry and exchangeability, the unique optimal solution shrinks the set
{(z,y,2) | z+y+2 = a,zyz = e~>/?} into a single point. In the coordinate (£, &), this is equivalent
to

law

€1,62"2'N((0,0),1) independent

h(&1, &) == el 4 e(—€1—V362)/2 + e(—€1+V36)/2 _ Vea. (10)

In other words, we reduce the filtration generated by the sequence of observations Z1, ..., Z, to the
one generated by h(Z1),...,h(Z,). Tt is clear that (10) does not agree with £2 + 3 = a’ for any
a’ € R, so taking the Euclidean distance from 0 instead of h is suboptimal. Using a general technique
of constructing the most powerful e-variable in Section 6.2 below, one can show that the e-variable
takes the form X = 3(€Z(1)_1/2 +e(=20-vBZ®-1/2 | e(_Z(l)'*'\/gZ(z)_1)/2)_1 = 3\/eh(Z)™!, where
Z = (ZMW, Z?)) forms a single observation. This example also generalizes to more than three nulls
(Gaussian with the same variance) whose means form a regular polygon centered at 0.
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Finally, we supply the following example illustrating an explicit calculation of {iy }.>0 with the
presence of atoms in . This example also shows that without pivotality, the maximum value of (2)
increases.

Example 5.18. Let a,b,¢,d € (0,1) such that max(a 4 ¢,b + d) < 1. On the probability space
Q = [0, 3], we define atomic measures P;, P», ) where

(i) P has density aljg ) +cljg + (1 —a—c)ljgs);
(ii) P has density b]l[071] + d]l[l)g] +(1-b- d)]l[273];
(iii) @ is uniformly distributed.

It is clear that Py, P, < Q and (P, P>, Q) is jointly atomless. The measure v = (dP; /dQ, dP>/dQ)|q
has 1

T=3 (0(3a,30) + O(3c,30) + O(3(1—a—c)3(1—b—d))) -
Note that assumption (N) is not satisfied. In the following, we specify the choices of a = 0.2, b =

0.3, ¢ = 0.5, d = 0.6. The triangle connecting the points (0.6,0.9),(1.5,1.8),(0.9,0.3) intersects
with Z% at the points (0.7,0.7) and (1.3,1.3). Note that the measures

1 1 1 1
55(3117317) + 65(3(1—a—c)73(1—b—d)) and 55(30,&1) + 66(3(1—a—c)73(1—b—d))

have barycenters equal to (0.7,0.7) and (1.3,1.3) respectively. In particular, we may pick

0 for x < 0.7;
fe = $03a,30) + §6(3(1—a—c)3(1—b—da)) for 0.7 <z < 1.3;
y otherwise.

so that {iy }z>0 is monotone and satisfies the four conditions in Proposition 5.3.

In view of Theorem 5.9 and Remark 5.11, the maximum is attained in (5) and hence in (2), by the
choice X (w) = 0.71ueqo,1jui2,2.5} + 1-31fwe,2ju2.5,33- The optimal value is &~ 0.047. On the other
hand, if we remove the constraint that X is pivotal, then with X ~ 1.636(9,1) + 1.150[1 2) + 0.660|2 3],
we have E%[log X| =~ 0.07, showing that the maximum in (2) increases.

6 The SHINE construction

The current section develops the SHINE construction (Separating Hyperplanes Iteration for
Nontrivial and Exact e/p-variables), that effectively produces a pivotal nontrivial exact e/p-variable
via separating hyperplanes (see Proposition 5.3, which is the key to our construction). Unless
otherwise stated, we follow the setup of Section 5 and assume (N).

The first goal of the SHINE construction is to solve the optimization problem (6). In the case
where the condition in Theorem 5.5 is satisfied, the construction outputs the maximum element.
When the maximum element g does not exist or when the condition (b) in Theorem 5.5 is hard
to check, we provide a reasonable mazimal element p in convex order. In the second part of the
SHINE construction, we recover the corresponding e/p-variable from the output u in the first part.
The two parts are respectively illustrated in Sections 6.1 and 6.2. We end this section by providing
examples and simulation results in Section 6.3.
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Figure 5: An illustration of the SHINE construction in dimension L = 2. The measure + is supported
on the region enclosed by the red contour, where bary(y) = (1,1). In the first step of the SHINE
construction, we use Proposition 5.3 to find a line ¢; through (1 1) that partitions «y into two parts

(1) and ,ué ), each of whose barycenters lies on the diagonal. In the Second step7 we find a line

ég through 1:1 = bary(u1 )) that partitions ,ugl) into two measures u ) and u , each of whose

barycenters lies on the diagonal, and similarly a line £35. We then proceed iteratively.

6.1 Description of the SHINE construction

Start with p(®) = 6y, xg ) = =1, and ,u(o) = . At step n > 0, we are given p(” {xk }1<k<2n

and {y,&")}lgkggn. For each k, we apply Proposition 5.3 to the sub-probability measure u,i ") at the
(n)

point z; . This yields a unique decomposition of ugl) into two measures, each having barycenter on
Z7F. Denote them by H(QZ+P and p (n+1) For 1 < k < 2", define z("+ ) = = bary(u;, (n+1 )) Finally,
let 11("*1 be the probability measure having mass ,u(nﬂ)(RL) on x(nJr ) for every k, i.e.,
gn+1
p ) = Z /Li(cnﬂ)(RL)agCgH)- (11)
k=1

The output of the SHINE construction at step n is the measure ().

It is easy to see that each p(™) is centered at 1, supported on Z+, and satisfies u(™ <.y v. Thus
the sequence {u(”)} is tight and allows a weak limit. In fact, an even stronger assertion can be made.
Define {X,,} the coupling of the first coordinate of {u(™} such that Xy = 1 and at each n > 0, for
j=2k—1,2k,

(n+1) L
() ] _ r (RY)

P |Xor = X =] = uoy) (RE) + g™ (RE)
2k—1 2k

It holds that {X,,} forms a nonnegative martingale, and hence converges a.s. to some X, by the
martingale convergence theorem. Denote by u the law of X1 = (X, ..., Xoo). Then p <cx v by
Lemma 2.1(ii).

Remark 6.1. The first step of the construction, i.e., after finishing step n = 0, already contains a
proof of Proposition 4.2, because 8y # u") <. v. Nevertheless, the ideas behind the original proof
of Proposition 4.2 extend to the composite alternative scenario.

Example 6.2. Suppose that L = 1, i.e., we have simple null versus simple alternative. In this case,

(n) .

Proposition 5.3 applies trivially: for each n > 0 and 1 < k < 2", the measure p), * is decomposed
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into
(n) (n+1)

n+1
—M2k1+ﬂ(+)'

n)
- 'uk ’ [0,bary (u ”))) +Mk ’[bary (">) o0)”
As in (11), this results in a sequence of laws {1(™},,>0 on R that are increasing in convex order and
dominated by «y. This is closely related to a martingale decomposition theorem by Simons [1970]: if
we denote by {Z,},>0 the natural martingale coupling of {M(")}n>0, then Z,, — Z a.s. for some Z
that has law ~.

Theorem 6.3. Assume (N). The above construction always produces in the limit a mazimal element
W in convex order in M.,.

When we apply the construction we need to stop at finitely many steps, so we will not always
obtain a maximal element. However, Theorem 6.3 shows that our output of the construction is quite
close to being maximal. We start the proof with a few simple observations.

Lemma 6.4. Suppose that p is a finite measure on R, and I is a nonempty bounded open interval.
Assume that there exists a sequence of decreasing intervals I, | I, such that bary(pl|s, ) € I for every
n where the barycenter is well-defined. Then I C (supp p)©.

Proof. This is a direct consequence of continuity of the measure. We omit the details. O
Lemma 6.5. Assume (N). Any mazimal element v in M., is atomless.

Proof. Suppose that v has an atom at x¢l. Then a martingale coupling of v and 7 transports the
mass at 791 to some measure 7/ on RY. In particular, bary(y') = 291 and 7’ < 7. By assumption
(N), supp~’ is not contained in any hyperplane. Using a similar argument in the proof of Proposition
4.2, we conclude that there exists a measure v/ <., 7' supported on I satisfying v/ # 7/ (RL)d,,.
The new measure v —~'(R%)§,, +7/ then dominates v in convex order, contradicting the maximality
of v. O

Proof of Theorem 6.3. Suppose that p is the measure from the construction, p <¢x v, and v <y 7
with v supported on ZT. Our goal is to show pu = v. Let &,,&, denote the first coordinate of p, v

Consider the collection X of the first coordinates of all points Ién), n>0,1<k< 27+1 defined in
the middle of the construction. We first show that for each x € X,

Pl > a] =P[§, > 2] and  E[§, | &y > 2] =E[§, | & > 2] (12)

Note that given the first equality, the second equality in (12) is equivalent to E[(§, — )] = E[(& —
x)4]. The proof is similar to the “=” direction of Theorem 5.5. Let 7, be any martingale coupling
of (u,v) and 7, be any martingale coupling of (v,~). For z = CL‘&O) =1, by (a symmetric version of)
Lemma 5.8, £, attains the maximum value of E[(§, — x)4], and thus E[({, — z)+] = E[(& — 2)4].

Lemma 5.8 further implies that®
mu([0,2) x Hy) = 7, ([0,2) x Hy) =1 —7m,([z,00) x Hy) =1 — 7, ([x, 00) x H).

In particular, P[¢, > z] = P, > x|, proving (12). In the general case, consider z = xgcn). There

exists an interval J whose endpoints are the two neighbor points of xi") in {xém)}mQh 1<kgam+t U

{0, 00}. By definition, v maximizes E[(,,—) ], and p maximizes E[({,—z)+ L{¢,es3]- Our induction
hypothesis (12) applied to the right endpoint of J meanwhile implies that the two optimization
problems are the same. Thus, there exists a similar block decomposition of the supports of m,,,m,
where the total masses coincide on the blocks, and (12) holds for x = m,(cn). We leave the details to
the reader.

6By our assumption on 7, p cannot have an atom at x.

22



We now finish the proof given (12). We claim that the set X _is dense in suppv. Indeed,
suppose that I is an open connected component of the open set R\ X. By construction and (12),

each argcn) ,(JL)

in {x,(ﬁm)}m<n7 1<kgom+1. In particular, there exist intervals I,, | I where the endpoints of each I,
belong to X and bary(v|;,) ¢ I. By Lemma 6.4, I C (supp v)¢, establishing the claim.

Therefore, the distribution functions of p and v coincide on a dense subset X of the support of
the atomless measure v. This implies u = v. O

is the barycenter of v restricted to the interval formed by two neighbor points of z

We note in particular that Lemma 6.5 together with Theorem 6.3 yield that the construction
always gives an atomless measure p in the limit.

When the maximum element exists, a maximal element must be maximum. This has the following
consequence.

Corollary 6.6. Suppose that the condition in Theorem 5.5 is satisfied, i.e., there exists a mazimum
element pg. Then our construction produces the same mazximum element pg.

With the presence of atoms, the decomposition given by Proposition 5.3 is not necessarily unique
when applied to our construction. The degree of freedom of each p, is the measure on the hyper-
plane OH,. To describe a well-defined construction, we need to specify p,|sm, uniquely for each z.
Analyzing the maximality of the output remains a technical task, which we do not discuss in this

paper.

6.2 Recovering explicitly an e/p-variable

We aim first to recover our e-variable X, which we recall from Proposition 5.2 is of the form
X = (dG/dF)(Y), where Y € T((P1,...,Pr,Q),(F,...,F,G)) and F,G come from our SHINE
construction. We have seen that at the n-th step, our construction leads to a canonical martin-
gale coupling of p(™) and 5 that couples the mass u](gnﬂ)(RL)(;w(nH) with ugnﬂ). We denote the
martingale coupling by (A,,[',), which is a random vector of (icimension 2L. Under assumption
(N), we know further that the measures {M]gn)}lgkggn are mutually singular, and hence (A,,T'y)
is backward Monge, i.e., in the backward direction we have A, = h([,) for some h. Since

(Py,...,Pp,Q) is jointly atomless, we may apply Proposition 2.4 to find a simultaneous transport
map Y € T((P1,...,Pr,Q),(F,...,F,G)) such that for each z € X,

dF dPy dr
@) x1=h (dQ(x), . dQL(:r)> :

This leads to
(X(x))*1 x1=~h (igl(x), ceey C}g(as)) , reX.

For example, the n-th step of the construction gives explicitly

(X(z)'x1= h(m,(cnﬂ)) if (((iigl(x), ce (ipoL(x)) € supp ,u,(cnﬂ), xr e X (13)

Note that the measures F,G can meanwhile be reconstructed from Lemma 2.5, and further
Lemma A.4 (i) if one requires F' = U;. In this case Y is the valid p-variable as desired, which can
be effectively described by the MOT-SOT parity of Wang and Zhang [2023].

Example 6.7. Suppose that we are in the setting of Example 5.14, with P; ~ N(=1,1), P, ~
N(1,1), and @ ~ N(0,1). Recall that

_ (dP dP, (. -z-1/2 Z-1/2 ’
7= (dQ7 dQ) ‘Q B (e 0 ) Z2N(0,1)
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By symmetry of 7, it is clear that the separating hyperplanes H, in the SHINE construction are given
by H, = {(a,b) : a+b < 2z}. In the first step of the construction, we locate the barycenters of the
measures y|g, and y|mge. By direct calculation, we obtain bary(y|m,) ~ 0.713 x 1 and bary(v|me) ~
1.743 x 1. Using (13), the corresponding e-variable has the form

X(z) = 1.403 if |z| > log(ve + Ve —1);
10574 if |z] < log(ve + Ve — 1).

The resulting e-power E[log X] is approximately 0.089.” In general, we may construct X in multiple
steps.

6.3 Simulation results

We first consider the setting of Example 5.14, where we recall that P, ~ N(—1,1), P> ~ N(1,1),
and @ ~ N(0,1). In Figure 6, we provide two figures illustrating the e-power at each step in the
SHINE construction and the corresponding laws of the e-variable under Py, P>, and Q. In the left
panel, we compute the e-power in two ways: from the analytic expression (9) and by Monte Carlo
simulations. The e-powers are reasonably close with only 2 x 10* samples and converge quickly to
their limits, where it is straightforward to compute from (9) that the theoretical maximum e-power
is approximately 0.12543. In the right panel, we show the distributions of the e-variable under
P, P;, and Q at step n = 5 of the SHINE construction, again by simulating 2 x 10* samples of each
distribution. The pivotality of the e-variable implies that the laws of X under P; and P, are the
same, while the marginal errors shown by the figure are due to our Monte Carlo simulation.® Note
that within finitely many steps, the SHINE construction always yields a discrete e-variable.

—— Monte Carlo 0.05 1
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(a) growth of the e-power (b) distributions of the e-variable X

Figure 6: The SHINE construction for Example 5.14

In Figure 7, we complement the discussions in Example 5.15 regarding multiple data points.
Recall that P, = N(-1,,1,), P» = N(1,, I,), and Q@ = N(0,,I,,), where n € N. Panel (a) computes
the theoretical e-power developed after a number of steps with two data points (n = 2), which is
approximately 0.35775, significantly higher than 0.25086, which is twice the e-power with a single
data point. Panel (b) plots the theoretical e-power at the seventh step of the SHINE construction,
for various numbers of observations. Observe that the curve is convex and tends to linear, reflecting

7One may compare this to the maximum e-power 0.12543, which can be directly computed from 9).
8With Monte Carlo, our e-variable is approzimately pivotal since the measure ~ is atomic, which violates Assump-
tion (N).

24



the fact that taking multiple data points increases the average e-power, while the normalized e-power
converges as shown in Proposition 5.13.
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Figure 7: Maximum e-power with multiple data points for Example 5.15.

The implementation of the SHINE construction in dimensions greater than two has the obstacle
that it is difficult in general to find the separating hyperplanes. We leave this to future work, as
well as generalizations of the SHINE construction when (N) does not hold.

7 Composite null and composite alternative

Our goal in this section is to extend Theorems 4.3 and 4.4 to composite alternative, i.e., when
|P|,]Q| > 1. A full characterization of the existence of (exact and pivotal) nontrivial p/e-variables
is provided in the case where both P and Q are finite. We also discuss the general case where P, Q
are infinite, including a few open problems.

7.1 Existence of an exact and pivotal p/e-variable for the finite case

We start with the case where P, Q are both finite. That is, given P = {Py,..., Py} and Q =
{Q1,...,Qn} such that (Py,...,Pr,Q1,...,Qn) is jointly atomless (with the exception of Remark
7.5), we characterize equivalent conditions for the existence of an (exact and) nontrivial e-variable
(or p-variable). We build upon the ideas from Proposition 4.2.

Lemma 7.1. Let V C R? be a subspace containing 1 € R? and . be a collection of affine hyperplanes
in R? containing 1 such that whenever S € . and an affine subspace T satisfies TNV C S, it holds
T C S’ for some S" € .. Then for each measure u centered at 1 whose support is not a subset of
S for any S € .7, there exists a measure v on V such that v <.« p and the support of v is not a
subset of S for any S € 7.

Proof. The proof is similar to the proof of Proposition 4.2. Define T' = aff supp u. By Lemma A.2, it
suffices to find points sq,. .., s, € supp p such that ri(Conv{si,...,si};T) contains 1 and intersects
with V not on a single S € ..

Suppose that the contrary holds. That is, any s1,...,8, € suppp satisfies 1 ¢
ri(Conv{sy,...,sx};T) or ri(Conv{si,...,sp;T) NV C S for some S € .. By Lemma
A.1(i), any ri(Conv{sy,...,sx};T) is contained in ri(Conv{si,...,sx};T) for some k < K and
$1,...,8K € supp p such that 1 € ri(Conv{sy,...,sx};T). This implies for all sq,...,s; € supp u
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that ri(Conv{sy,...,sx}; T) NV C S for some S € .. Consequently, there exists S € .% such that
ri(Convsupp u; T) NV C S. By Lemma A.1(ii), 7' C aff ri(Conv supp u; T). Since V, .S are affine
spaces, it holds that TNV C S. Moreover, suppu C T C S’ for some S’ € . by our assumption.
Hence, the support of i is contained in S’, contradicting our assumption. O

Proposition 7.2. Let L, M € N and (Py,...,Pr,Q1,...,Qun) be a jointly atomless tuple of probab-
ility measures on X such that Span(Py, ..., PL)NConv(Q1,...,Qn) = 0. Then there exist probability
measures F,Gq,...,Gp on R such that F ¢ Conv(Gy,...,Gu) and

T((Plv"'7PL7Q17'"aQM)7(Fa"'7FaG17"'7GM))#w'

Proof. Let p be a dominating measure for (Py,...,Pr,Q1,...,Qn),say p= (P +---+ P, + Q1+
-+ Qum)/(L+ M), and v = U;. Then Span(P,...,Pr) N Conv(Q1,...,Qn) # 0 is equivalent to
the existence of {a;}1<i<r and {5, }1<j<ar such that

L L M
dP; d@;
Zaz Z/BJ ]?ﬁj/ ) Zaizzﬁjzl'
i=1 j=1
Similarly, F' € Conv(G1,...,Gar) is equivalent to the existence of {\;}1<;j<ar such that
M M
dF dG
j=1 j=1

To this end, we define

L M
S =08ap| B0, a;i=) Bi=1p,
i=1 =1

where
L M
Sa,,B = (:Elu"wxp?ylw'qu) |Zazx122ﬂjyj
i=1 j=1

We now claim that for each measure v such that supp~y is not a subset of some S € ., there exists

7 =ex 7 such that 7 is supported on V := {(x,y) € RE*M | 2y = ... = 21} but not concentrated on
asingle Vy := {(x,y) eRLM | gy = ... =2 = Z]Ail Ay, } for all A; >0, Z?il A\;j = 1. Provided
the claim is true, we construct using Lemma 2.5 the measures F, Gy, ..., Gy such that

=T
v

dF dF 4G, dGy
dv’ " dv’ dv T dv

Since v =<¢x v and 7 is supported on the hyperplane {(x,y) | Z LT+ Z —1Yy; = L+ M}, our

measure v will be supported on the same hyperplane, thus v = (LF + ijl G;)/(L+ M). In other
words, p,v allow the same linear combination of the measure tuples (Pi,..., Py, Q1,...,Qn) and
(F,...,F,Gy,...,Gpr). By Proposition 2.3,

T((P17...,PL7Q1,...,QM),(F,...,F,G17...7GM))#@

holds as desired.

To prove the above claim, we apply Lemma 7.1 withd = L+ M, p =, v =7, and V, . defined
as above. Note that if the support of 7 is contained in V' but not in a certain S, then it cannot be
contained in a certain V. Thus the conclusion of Lemma 7.1 suffices for our purpose.
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It then suffices to check the condition in Lemma 7.1 that whenever S € .% and an affine subspace
T satisfies TNV C S, it holds T C S’ for some S’ € .. To this end, we consider So g € ¥ and

first assume T is a hyperplane containing So g NV ={(x,y) |21 = =2 = Z;Vil By, +. In this
case, a normal vector to 7' (which is unique up to a multiplicative constant) must also be a normal
vector of Sq 8 NV, and hence must be of the form (¢1,...,t, —f E{;l tiyooo, —Bum Zle t;) for

some t1,...,t;, € R. If Zle t; =0, then T D V, and thus V' C S, g, which is impossible. Thus
Zf:l t; # 0. It follows that for some t1,...,ty with Zle t; # 0,

L L M
T = (1'17---,13L,y17~-~7yM)|Ztixizzti 5jyj
i=1 =1 j=1

Therefore, T' € .. More precisely, T = St/ SL 4.8

Next, we prove the general case of an affine subspace T' that satisfies TNV C So g. Note that
V & Sq g for each Sq g € ., and that V' is of dimension M + 1. Thus S g NV is of dimension M.
Let 7" =T + (SqgNV)+ VL. Then T is a hyperplane, T C T”, and

T'NVC(TH (SapgnNV)NV=(TNV)+ (SapsnNV)C Saps.
This completes the proof. O

Theorem 7.3. Suppose that we are testing P = {P1,...,Pr} against Q@ = {Q1,...,Qun}. The
following are equivalent:

(a) there exists an exact (hence pivotal) and nontrivial p-variable;
(b) there exists a pivotal, exact, and bounded e-variable that has nontrivial e-power against Q;
(c) there exists an exact e-variable that is nontrivial for Q;

(d) there exists a random wvariable X that is pivotal for P and satisfies F ¢ Conv(Gy,...,Gy),
where F' is the law of X under P € P and G is the law of X under Q; for 1 <j < M;

(e) it holds that Span(P, ..., Pr) N Conv(Q1,...,Qn) = 0.

Proof. The direction (a) = (b) is Proposition 3.5, (b) = (c¢) is clear, (¢) = (e) being precisely
Proposition 3.6, and (e) = (d) is Proposition 7.2. To show (d) = (a), we let ¢ be a nontrivial
p-variable with null {G1, ..., G} and alternative {F'}, whose existence is guaranteed by Theorem
4.4. Then by definition, ¢ o X has a common law that is <g U; under each P;, and has law that is
=« Uy under each @;. Applying Lemma A.4(i) then yields a random variable ¥ such that P ogo X
is an exact and nontrivial p-variable as desired. O

Theorem 7.4. Suppose that we are testing P = {Py,...,Pr} against Q@ = {Q1,...,Qn}. The
following are equivalent:

(a) there exists a nontrivial p-variable;
(b) there exists an e-variable that is nontrivial for Q;
(c) it holds that Conv(Py, ..., PL) N Conv(Q1,...,Qn) = 0.

Proof. The proofs are similar to Theorem 4.4, where in the direction (¢) = (a) we replace the linear
cone (—o0, 0)U(0, 00)U{0} by the linear cone (—o0,0)L x (0, 00)M U(0, 00)E x (—00,0)MU{0}. O

Remark 7.5. By Proposition 3.7, the directions (¢) < (e) in Theorem 7.3 and (b) < (¢) in Theorem
7.4 also hold without the condition that (Py,..., Pr,Q1,...,Qn) is jointly atomless.

27



Remark 7.6. The equivalence of (b) and (c¢) in Theorem 7.4 is a special case of Kraft’s theorem
[Kraft, 1955], which states that for each ¢ > 0, there exists an X with

inf EQ[X] > e+ EP[X 14
529[]52‘;51[] (14)

if and only if the total variation distance dry(ConvP, ConvQ) > ¢.” Kraft’s theorem serves as a
starting point for impossible inference; see Bertanha and Moreira [2020]. To see that this implies
the equivalence of (b) and (c) in Theorem 7.4, suppose that (b) holds. It follows that EQ[X] > 1 >
EP[X] for all P € P and Q € Q. Kraft’s theorem implies the existence of some ¢ > 0 such that
drv(ConvP, ConvQ) > ¢, and in particular, (¢) holds. On the other hand, if (¢) is true, then Kraft’s
theorem yields € > 0 and X satisfying (14). A suitable linear transformation Y of X then satisfies
EQ[Y] > 1> EP[Y] for all P € P and Q € Q, and the rest follows from Proposition 3.2.

Corollary 7.7. Suppose that we are testing P against Q, where P and Q are convez polytopes in I1.
Denote by {Py,...,Pr} (resp. {Q1,...,Qn}) the vertices of the polytope P (resp. Q) and assume

that (P1,...,Pr,Q1,...,Qun) is jointly atomless. Precisely the same conclusions in Theorems 7.3
and 7.4 hold.
Proof. This follows immediately from Proposition 3.1. O

Example 7.8. Fix 0 < ¢1 < ¢2 < 1 and let P = {Ber(¢;)} and @ = {Ber(p) | ¢2 < p < 1}.
Corollary 7.7 then provides an exact nontrivial e-variable (or p-variable). Nevertheless, such an
exact nontrivial e-variable (or p-variable) would not exist if we replace P by {Ber(p) | 0 < p < ¢1}.

Due to the complication of convex order in higher dimensions, it remains a challenging task how
to generalize Theorem 5.9 and the SHINE construction to the composite alternative case.

7.2 Infinite null and alternative

We first state a weaker version of Theorem 7.3 when both P = {Py}oco, and Q = {Qo}oco,
may be infinite but allow a common reference measure.

Proposition 7.9. Assume that there exists a common reference measure R € II(X) such that
Py < R for 0 € Oy and Qo9 < R for 8 € ©1. Then there exists an exact bounded e-variable X
for P against Q satisfying infoeg E@log X| > 0 if and only if 0 ¢ SpanP + ConvQ where the
closure is taken wrt the total variation distance. If Q is tight, then we have the further equivalence
to SpanP N ConvQ = (.

Note that we have put a stronger assumption on the e-variable X (infgeg E?[log X| > 0) than
having nontrivial e-power against Q (for all Q € Q, E?[log X] > 0). Proposition 7.9 can thus be
seen as a sufficient condition for the existence of an exact e-variable that has nontrivial e-power
against Q. Dealing with pivotal p-variables is beyond the scope of this paper and left open.

Proof of Proposition 7.9. We first show the “only if’ direction. Suppose that 0 € SpanP + ConvQ
and X is an exact and bounded e-variable satisfying infgeo E%[log X] > 0. In particular, since X
is bounded, for a sequence of distributions converging in total variation, the expectations of X also
converge. Let P(™ e SpanP and Q™ € ConvQ be such that P(™ + Q™ — 0 in total variation.
It follows that EP"[X] = 1 and EQ" [X] > infseo, E?¢[X] > 1. But then liminf EP"™+Q"™ [X] >
infgeo, E??[X] — 1 > 0, a contradiction.

Next, we show the “if” direction. Let R € II(X) be as given. We may abuse notation and identify
each Py and Qg with its density wrt R. Clearly, convergence in total variation is equivalent to
convergence in L'(R). Thus, S := Span{Ps : § € O} is a closed subspace of L!(R). By assumption,

9Here, we do not require that P and Q are finite.
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the set C' := Conv{Qp : § € O} satisfies that C'+ S is closed, convex, and disjoint from 0 in the
quotient space L'(R)/S. By the Hahn-Banach separation theorem, there is h : L'(R)/S — R such
that E|m > ¢ > 0. Composing with the quotient map we obtain a linear functional h : L*(R) — R,
and it is easy to check that h vanishes on S and h|c > . By duality, we may recognize h € L*°(R).
It follows that the bounded random variable X = h+1 satisfies EX'[X] = 1+EF[n] = 1+ [ hPdR =1
for each P € P and EQ[X] =1 + JhQdR > 1+ ¢ for each Q € Q. Proposition 3.2 then concludes
the proof.

Suppose that Q is tight and that there exist P(™ e SpanP and Q™ e ConvQ such that
P 4+ Q™ — 0. By Prokhorov’s theorem, ConvQ is weakly compact. This implies for some
subsequence {ng}, Q") is convergent. The limit then belongs to SpanP N ConvQ. The other
direction is obvious. O

We pose the open problem of characterizing the existence of pivotal, exact, and nontrivial p/e-
variables with P, Q infinite. For instance, in a very close direction, we pose the following conjecture,
strengthening Proposition 7.9. We expect that the theory of simultaneous transport between infinite
collections of measures will be helpful.

Conjecture 1. Suppose that P = {Py}oco, and Q = {Qo }o co, are probability measures on X
and that there exist 6y € ©g and 6; € O such that Py < Py, and Qp < Qy, for all §,6". Assume
also that (Py, Qo' )oco,,0'co, is jointly atomless.'? There exists a pivotal and exact e-variable X

satisfying infgeo E%[log X] > 0 if and only if 0 ¢ SpanP + ConvQ, where the closure is taken wrt
the total variation distance.

Our next result shows that surprisingly, even in simple settings where P and Q are seemingly
distant, an e-variable may not exist.

Proposition 7.10. Let P be an infinitely divisible distribution on R® with a density p. Consider
P := {Pyp}oecra that are the shifts of the measure P, where Py has density p(x — 0). Let Q be any
distribution on R? with a density q. Then for each Q that contains Q, there exists no exact e-variable
for P that is nontrivial for Q.

Note that here we have reached a slightly stronger conclusion than the forward direction of
Proposition 7.9, that even an unbounded e-variable would not exist. The absolute continuity of Q
cannot be removed. For instance, if Q has a mass at z € R?, X = 146, would be an exact e-variable
that is nontrivial for {Q}.

A particular instance of interest is when @ is Gaussian. In this case, Gangrade et al. [2023]
effectively proved that for the set of all Gaussians (of all means and all covariances), there does
not exist an e-variable with nontrivial power, even non-exact. Thus, our result is stronger in that
it allows for a much smaller P that just includes all translations of any single Gaussian, but it is
weaker in that it only shows that an ezact e-variable with nontrivial power does not exist.

Proof of Proposition 7.10. By Sato [1999, Lemma 7.5], the Fourier transform of the density p of an
infinitely divisible distribution has no real zeros. By Wiener’s Tauberian theorem (Theorem 8 of
Wiener [1933]), the linear span of the set of translates {p(- — 6)}ger is dense in Ll(R) Therefore,
there is P € Span{ P : 6 € R} with density p such that drv (P, Q ([ p(z x)|dz)/2 < e. In
other words, @ € Span{P; : § € R}, say we have @ = limy_, oo P P®) | where P(k € Span{Pg 0 € R}.

Suppose that X is an exact e-variable that i is ) nontrivial for {Q} Then there exists a large number
K > 0 such that X := = X1{x<x satisfies E¢[X X] > 1. Since X is bounded, we have

1<IEQ[X]— lim EP”[ X] < hmsupEP >[X}:1.

k—o0 k—o0

This leads to a contradiction. O

10If ©¢ or © is infinite, this can be defined in the natural way as in Definition 2.2.
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8 On the existence of nontrivial test (super)martingales

From here on, for t € {1,2,...}, let Z* denote (Z1, ..., Z;), which represents data on X!, and let
F by default represent the data filtration, meaning that F; = o(Z?).

A sequence of random variables Y = (Y;);>0 is called a process if it is adapted to F, that is, if
Y; is measurable wrt F; for every t. However, Y may also be adapted to a coarser filtration G; for
example o(Y") could be strictly smaller than F;. Such situations will be of special interest to us.
Henceforth, F will always denote the data filtration, G will denote a generic subfiltration (which
could equal F, or be coarser). An F-stopping time 7 is a nonnegative integer valued random variable
such that {7 <t} € F; for each t > 0. Denote by Tx the set of all F-stopping times, excluding the
constant 0 and including ones that may never stop. Note that if G C F, then Tg C Tx. In this
section, P is a set of measures on the sample space X°°.

Test (super)martingales. A process M is a martingale for P wrt G if
EP[M; | Geoa] = My (15)

for all t > 1. M is a supermartingale for P if it satisfies (15) with “=" relaxed to “<”. A (su-
per)martingale is called a test (super)martingale if it is nonnegative and My = 1. A process M is
called a test (super)martingale for P if it is a test (super)martingale for every P € P. The process M
is then called a composite test (super)martingale. We say that M is nontrivial for Q if E9[M,] > 1
under all @ € Q and for all finite stopping times 7 € Tz, and M has nontrivial power against Q if
E®[log M,] > 0 under all Q € Q and for all finite stopping times 7 € Tr.

It is easy to construct test martingales for singletons P = {P}: we can pick any Q < P, and
then the likelihood ratio process (dQ/dP)(X?) is a test martingale for P (and its reciprocal is a test
martingale for Q). In fact, every test martingale for P takes the same form, for some Q.

Composite test martingales M are simultaneous likelihood ratios, meaning that they take the
form of a likelihood ratio simultaneously for every element of P. Formally, for every P € P, there
exists a distribution QF that is absolutely continuous wrt P and satisfies M; = (dQ¥/dP)(X?).
Trivially, the constant process M; = 1 is a test martingale for each P, and any decreasing process
taking values in [0,1] is a test supermartingale for each P. We call a test (super)martingale nonde-
generate if it is not always a constant (or decreasing) process. Nondegenerate test supermartingales
do not always exist: whether they exist or not depends on the richness of P.

On the existence of nondegenerate test (super)martingales. If P is too large, there may
be no nondegenerate test martingales wrt F. To explain the situation, suppose that P contains
only measures of iid sequences with marginal distributions in a set P™" C II(X). Examples of the
non-existence phenomenon include the case when P™? is the set of all subGaussian distributions
[Ramdas et al., 2020], all log-concave distributions [Gangrade et al., 2023], or all Bernoulli distribu-
tions [Ramdas et al., 2022b]. In all these cases, nondegenerate test martingales have been proven to
not exist, at least in the original filtration F. Sometimes, nondegenerate test supermartingales may
still exist, as in the subGaussian case. But if P™2" is too large or rich (as in the exchangeable and
log-concave cases), even nondegenerate test supermartingales do not exist.

However, the situation is subtle: in the above situations, there could still exist nontrivial test
(super)martingales in some G C F; note that a nontrivial one must be nondegenerate. Indeed, for
the exchangeable setting described above, Vovk [2021] constructs exactly such a test martingale in a
reduced filtration. It is a priori not obvious exactly when shrinking the filtration allows for nontrivial
test (super)martingales to emerge, and how exactly should one shrink F (the relevant filtration G is
not evident at the outset).

Our results for (exact) e-variables have direct implications for the existence of test (su-
per)martingales. For simplicity, consider the iid case, where each Z; ~ P for some P € Pmar
or P € Qmar; that is, P = {P>* | P € P™} and Q = {P*>® | P € Qmar}.
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Corollary 8.1. Let P™ and Q™" be convex polytopes in I(X). If P™ and Q™ are disjoint,
then there exists a test supermartingale for P that is nontrivial for Q. If (SpanP™a') N Qmar = (),
then there exists a test martingale for P that is nontrivial for Q.

The proof is simple, and does not require joint non-atomicity. The conditions on P and Q imply
that an (exact) e-variable (based on ¢ sample points for any ¢) exists for P that is powerful against
Q by Corollary 7.7. We can form our (super)martingale by simply multiplying these e-values (thus
constructively proving the corollary).

We conjecture that the converse direction in the above corollary also holds, perhaps with some
additional conditions; in other words, we conjecture that if a test martingale for P is nontrivial for
Q, then the span of P™2" does not intersect Q™. (To explain why we cannot directly invoke the
reverse directions of our theorems, it is possible that the construction of the e-variable at step t can
use information about the distribution gained in the first ¢ — 1 steps. In short, there (of course) exist
test (super)martingales that are not simply the products of independent e-values, and ruling those
out requires further arguments.)

The first (supermartingale) part of Corollary 8.1 is closely related to the main result by Griinwald
et al. [2023], albeit they require some extra technical conditions in their theorem statement, while
relaxing the polytope requirement. The second (martingale) part is new to the best of our knowledge,
and is a key addition to the emerging literature on game-theoretic statistics [Ramdas et al., 2022a].

Remark 8.2. Let P™ = Conv({Py,...,Pr}) with L finite and suppose @@ € SpanP™ but @ ¢
Pmar . By using Theorem 4.3, there does not exist a nontrivial test martingale for P against {Q>}
wrt the original filtration. On the other hand, if Py,..., Py < @, then by Proposition 5.12, there
exists a reduced filtration — in particular formed by combining data points — with respect to which
a nontrivial test martingale exists.

E-processes and fork-convex hulls. E-processes are a generalization of test supermartingales,
that have emerged as a powerful general concept in the recent literature when testing composite P.
We briefly introduce the concept below and relate it to the above results.
A family (MP)pep is a test martingale family if MT is always a test martingale for P (wrt G).
A nonnegative process E is called an e-process for P (wrt G) if there is a test martingale family
(MP)pep such that
E; < M} for every P € P,t > 0. (16)

This type of definition was used by Howard et al. [2020], who used the name “sub-i) process”. In
parallel, Griinwald et al. [2023] implicitly defined an e-process for P (wrt G), also without using the
name “e-process’, as a nonnegative process F such that

EP[E,] < 1 for every 7 € Tg, P € P.

In words, E; must be an e-value at any Tg-stopping time. Ramdas et al. [2020] proved that the two
definitions are (under mild technical conditions) equivalent.

By the optional stopping theorem for nonnegative supermartingales, it is easy to see that test
supermartingales for P are e-processes for P (wrt G). But the latter class is much larger: there are
many problems for which an e-process can be designed wrt F, but no test supermartingale exists
wrt F (e.g., the earlier mentioned cases of testing exchangeability and log-concavity; also see Ruf
et al. [2022]).

The difference between test supermartingales and e-processes is connected to the geometric
concept of fork convexity. Ramdas et al. [2022b] proved that if M is a test supermartingale for
P, then it is a test supermartingale for {Conv(P), the fork convex hull of P (a much larger set). The
same is not true for e-processes, which are only closed under convex hulls, not fork-convex hulls: if
M is an e-process for P (wrt some G), then it is an e-process for Conv(P) (wrt G), the convex hull
of P, while it is generally not an e-process for fConv(P).
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It is an important open problem to fully characterize the geometric conditions needed for the
(non)existence of e-processes and test (super)martingales wrt F or some reduced G. Comparing the
e-powers obtained for the different solution concepts in different filtrations seems nontrivial, and
also a key open direction.

9 Summary

This paper uses tools from convex geometry and simultaneous optimal transport to shed light on
some fundamental questions in statistics: when can one construct an exact p/e-value for a composite
null, which is nontrivially powerful against a composite alternative? The answer, in the case where
the null and alternative hypotheses are convex polytopes in the space of probability measures, is
cleanly characterized by convex hulls and spans of the null and alternative sets of distributions.
Several other related properties, like pivotality under the null, end up being central, where the
technical property of joint non-atomicity is assumed in some of our results.

Our proofs are constructive when the alternative is simple, and in simple cases, we provide
corroborating empirical evidence of the correctness of our theory. A key role is played by the
shrinking of the data filtration (accomplished by the transport map which maps the composite null
to a single uniform). Implications for the existence of composite test (super)martingales are also
briefly discussed.

We mention several open problems along the way, and anticipate that our results can be gener-
alized beyond convex polytopes with the development of newer technical tools. For instance, it is of
great interest to generalize the SHINE construction to the composite alternative setting, and extend
our results to general convex subsets of probability measures that are not polytopes.
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A Some technical lemmas

We start with a few elementary results from convex analysis. We refer the readers to Rockafellar
[1970] and Simon [2011] for more background.

Lemma A.1. Let A C R? be a closed set, and u € M(R?Y) with supppu = A. Then the followings
hold.

(i) aff A= affri(ConvA;aff A);
(i) bary(u) € ri(ConvA;aff A).

Proof. (i) The D direction is obvious. To prove C, we may replace A by ConvA and without loss
of generality assume A is also convex. Let a € A and b € ri(A4;aff A), then elementary geometric
arguments show that (a + 0)/2 € ri(A4;aff A); see Theorem 6.1 of Rockafellar [1970]. Thus A €
aff ri(A; aff A).

(i) We may without loss of generality assume aff A = R? and replace the relative interior by
interior. An application of the Hahn-Banach separation theorem yields bary(u) € ConvA. Suppose
bary(u) ¢ ri(ConvA;aff A) = (ConvA)°, then the Hahn-Banach separation theorem implies the
existence of a closed hyperplane H C R? such that bary(u) € H and (ConvA)° C R?\ Hj; see
Theorem 11.2 of Rockafellar [1970]. Therefore, A C OH, contradicting aff A = R?. By Theorem 6.3
of Rockafellar [1970], ri(ConvA; aff A) = ri(ConvA;aff A). This completes the proof. O

We also prove the following variant of the Choquet-Meyer theorem.

Lemma A.2. Suppose that pn is a finite measure on R?, xy,...,x, € suppu, and x €
ri(Conv{z1,...,z;};aff supp ). Then there exists & > 0 such that any measure v with total mass
Y(R?) < 6, supported on B(x;8) N (aff supp ), satisfies v <cx fi for some i < p.

Proof. First, we may assume without loss of generality that aff supp u = R%, and replace the rel-

ative interior by interior. In this case, we must have aff{z1,..., 2} = aff supp u = R?, otherwise
(Conv{zy,...,xr})° = 0 and the statement is vacuously true.
Since © € (Conv{zy,...,zx})°, there exists ¢ > 0 such that the distance of z from

dConv{xy,...,x} is larger than e. Let uy for N € N be the conditional distribution of p given
the o-field generated by cubes with coordinates in Z¢/N. The smallest cubes have size (1/N)<. For
each j = 1,...,k, pick a cube DY of size (1/N)% in R containing x; (possibly on its boundary) that
has a positive u-measure, which is possible since z; is in the support of u. Let ij = bary(p|p~). It
J
is then clear that uN({yJN}) > 0 and [I,N({yév})(syz_\r <ex M pn-
J J

For N > d%/?/e, ly — a;|l < e/d. Therefore, x € ri(Conv{yy, ...,y };aff{yy", ...,y }). Fix
N > d®/? /e such that the boxes {D;V}lgjgk are disjoint. Write (y1,...,yx) = (y9,...,yY) and
D; = D;V. Note that the distance between z and dConv{y,...,yx} is positive by the triangle
inequality, and hence aff{y;,...,yx} = R%, so that € (Conv{yi,...,yx})°.
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Pick § > 0 small enough such that B(z;6) C (Conv{yi,...,yr})° and that § <
min{pun({y1}), ..., un{yr})}. By Choquet’s theorem (Theorem 10.7(ii) of Simon [2011]), for each
y € B(x;9), there exists a probability measure 7, supported on {y1, ..., yx} such that bary(vy,) =y,
and v, is continuous in y.

Consider an arbitrary measure v with total mass (R?) < 6 and supported on B(x;6). Define

7= / Yy y(dy).

Observe that v <¢x 7 and ¥ is supported on {y1,...,yx} with

Y({y;}) = /%({yg}) (dy) <YRY) <6 < pv({y;}), 1< <k

i( 7)) )#|D,~

= \nv({y;})

Define

It follows that

Ei: ( 7)) ) i ({9518, Zex ij (m%}))) ulp, = .

pn ({y;}) = \uv({y;}
Since {D, }1<<k are disjoint,
k
p< ZM D; S
j=1
as desired. 0

We next state and prove a few elementary results regarding the stochastic order <4. These are
useful when proving existence of p-variables.

Lemma A.3. Suppose that F,G € TI(R) are atomless and F # G. Then there exists a bounded
random variable ¢ on R such that its law under F is Uy and its law under G is <g Uy but distinct
from Uq.

Proof. We pick a random variable ¢ that has law U; and is comonotone with dG/dF under the law
F. In particular, ¢ and dG/dF are positively associated. Therefore, for a € [0, 1],

dG dG
Go<a)= / dF]l{¢<a}dF /@dF/ LigcaydF = F¢<a)=a.

Since dG/dF is not a constant under F, there exists a € (0,1) such that the inequality is strict. [
Lemma A.4. Suppose that Fy,...,F,G are atomless probability measures on [0, 1].

(i) If F; = Uy for alli and G <4 Uy, then there exists a random variable ¥ : [0,1] — [0,1] such
Uy for all i and V| = U;.

(i) If there exists B € (0,1) such that dF;/dU; < 1 on [0,8) and dF;/dU; > 1 on (5,1], and
F; =« Uy for alli and G = Uy, then there exists a random variable ¥ : [0,1] — [0, 1] such that
Ulp, = Uy for alli and ¥|g <s Us.
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Proof. (i) Let F = max F, and Id be the identity on [0,1]. Let F, G and F; be the corresponding

cdfs. G >1d > F > ﬁ'z and E|F7 =« 1d|p, law U; for each i. Hence G follows Ui under G and it
dominates Uy under each F; by Theorem 1.A.3.(a) of Shaked and Shanthikumar [2007].
(ii) Denote by a = min{8 — F;([0, 8))} > 0. Pick 7 such that max F;([3, 8 + 27)) < «. Define

W(z) = T ifIG[p,B+T]U[5+2T,1];
x —7 otherwise.
By construction, it is then easy to check that |y, <s Uy and U|p, =4 Us. O

Finally, we prove Proposition 5.12, which we believe is well-known but have not found a proof
in the literature.

Proof of Proposition 5.12. Suppose that Q € SpanP and Q? € SpanP?. We may assume that
SpanP = Span(Pi, ..., Py) for some ¢ < L and that Pi,..., P, are linearly independent. Denote by
f; = dP;/dQ, so that fi,..., f, are linearly independent as functions in L*(Q). By construction,

there exists a unique tuple of nonzero numbers (aq, ..., ay) such that Z§:1 a; P; = Q. In particular,
Z§=1 a; =1 and
l=a1fi+ - +aefe Q-ae. (17)

Since Q? € SpanP?, there exist by, ..., by such that for any set A € F,

L
/A  1Q()Q() = /A XA;bjfjm)fj(y)@(dx)@(dy).

By symmetry of the integrand wrt z,y, we must have for any A, B € F,

L
/A 1QMnQUy) = /A XB;bjfj(x)fj(y)Q(dw)Q(dy)

By Carathéodory’s extension theorem, it holds
L
D obifi@)fiy) =1 Q-ae. 18)
j=1

By considering the a.e. set y € X where (18) holds and comparing (17) and (18), we have for any
1<j <Y, f; is Q-a.e. constant. This implies P; = Q. Therefore, @ € P. O
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