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Abstract

We introduce a new class of stochastic processes called fractional Wiener—Weierstrafl bridges.
They arise by applying the convolution from the construction of the classical, fractal Weier-
strafl functions to an underlying fractional Brownian bridge. By analyzing the p-th variation
of the fractional Wiener—Weierstrafl bridge along the sequence of b-adic partitions, we identify
two regimes in which the processes exhibit distinct sample path properties. We also analyze
the critical case between those two regimes for Wiener—Weierstrafl bridges that are based on a
standard Brownian bridge. We furthermore prove that fractional Wiener—Weierstrafl bridges are
never semimartingales, and we show that their covariance functions are typically fractal func-
tions. Some of our results are extended to Weierstraf3 bridges based on bridges derived from a
general continuous Gaussian martingale.
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1 Introduction

For a € (0,1), b € N, and a continuous function ¢ : [0, 1] — R with ¢(0) = ¢(1), consider

Za {ort}),  0<t<1, (1)

where {z} denotes the fractional part of x > 0. If ¢ is a convex combination of trigonometric
functions such as sin(27t) or cos(27t), we get Weierstrafy’ celebrated example [37] of a function that
is continuous but nowhere differentiable provided that ab is sufficiently large. If ¢ is the tent map,
ie., ¢(t) = t A (1 —t), then we obtain the class of Takagi-van der Waerden functions [35] [36].
Also the case of a general Lipschitz continuous function ¢ has been studied extensively; see, e.g., the
survey [3] and the references therein. Typical questions that have been investigated include smoothness
versus nondifferentiability [16], local and global moduli of continuity [5], Hausdorff dimension of the
graphs [22, 29], extrema [I7], and p-th and ®-variation [32] [14], to mention only a few. An intriguing
connection between Weierstrafl’ function and fractional Brownian motion is discussed in [28], where it
is shown that a randomized version of Weierstraf3’ function converges to fractional Brownian motion.
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In this paper, our goal is to study random functions that arise when ¢ is replaced by the sample
paths of a stochastic process B = (B(t))o<t<1 with identical values at ¢ = 0 and ¢ = 1. This leads to
a new class of stochastic processes X of the form

}:a ({brt}),  o0<t<1,

that we call Weierstraf$ bridges. In this paper, we mainly focus on Weierstrafl bridges that are based
on (fractional) Brownian bridges B. They are called (fractional) Wiener—Weierstraf§ bridges.

Our first results study the p-th variation of the fractional Wiener—Weierstrafl bridge X along the
sequence of b-adic partitions. Letting H denote the Hurst parameter of B and K := 1 A (—log, a),
we show that the p-th variation of X is infinite for p < 1/(H A K) and zero for p > 1/(H A K). The
behavior of the p-th variation for p = 1/(H A K) depends on whether H < K, H = K, or H > K.
Theorem identifies this p-th variation for H # K. The critical case H = K is more subtle and
analyzed in Theorem for the case H = 1/2 = K. It contains a Gladyshev-type theorem for the
rescaled quadratic variations of X, which implies that the quadratic variation itself is infinite.

We also show that the (fractional) Wiener—Weierstrafl bridge is never a semimartingale and that
its covariance function often has a fractal structure, which sometimes is just as ‘rough’ as the sample
paths of the process itself. We also briefly discuss the case in which the underlying bridge B is derived
from a generic, continuous Gaussian martingale. All our main results are presented in Section [2 The
proofs are collected in Section [3]

Some of our proofs are based on an analysis of deterministic fractal functions f of the form (),
for which ¢ is no longer Lipschitz-continuous but has Hélder regularity. These elementary results are
presented in Appendix [A] and are of possible independent interest.

2 Statement of main results

Let W = (W (t)):>0 be a fractional Brownian motion with Hurst parameter H € (0,1), and choose a
deterministic function « : [0, 1] — [0, 1] that satisfies £(0) = 0 and k(1) = 1. The stochastic process

B(t) :=W(t) — k®)W(1), telo,1], 2)

can then be regarded as a fractional Brownian bridge. If we take specifically
1
K(t) == 5(1 + 2 (1 —1)?H), (3)

then the law of B is (at least informally) equal to the law of W conditioned on {I¥ (1) = 0}, and
so B is a standard bridge; see [10]. However, the specific form of k is not going to be needed in
the sequel. All we are going to require is that B is of the form B(t) = W (t) — x(¢t)W (1) for some
function « : [0,1] — [0, 1] that satisfies kK(0) = 0 and (1) = 1 and that is Holder continuous with
some exponent 7 € (H,1]. Obviously, the function x in satisfies these requirements. Both B and
r will be fixed in the sequel.

Definition 2.1. We denote by {z} the fractional part of + > 0. For a € (0,1) and b € {2,3,...},
the stochastic process

Za ({b"t}), 0<t<1, (4)
is called the fractional Wiener— Wezerstmﬂ bridge with parameters «, b, and H.
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Our terminology stems from the fact that by replacing in the fractional Brownian bridge with
a l-periodic trigonometric function, X becomes a classical Weierstrafl function. In addition, the
following remark gives a representation of X in terms of rescaled Weierstrafl functions if H > 1/2.

Remark 2.2. Let us develop a sample path of B into a Fourier series, i.e.,

B(t) =& + Z <5k(cos(27rkt) —1) 4+ sin(27rkt))
- (5)

Mg

(Sk cos(2mkt) — 1) + i sm(27rk:t)>
k=1

where we have used that B(1) = 0 in the second step and where the &, and 7 are certain centered
normal random variables. If H > 1/2, then B is P-a.s. Holder continuous for some exponent larger
than 1/2, and so a theorem by Bernstein (see, e.g., Section 1.6.3 in [20]) yields that the Fourier
series converges absolutely, and in turn uniformly (see, e.g., Corollary 2.3 in [33]). We therefore
may interchange summation in and obtain for H > 1/2 the representation

Z & f(kt) + mg(kt)),
k=1

where - .
= Z o (cos(2mb™t) — 1) and g(t) = Z o sin(27b"t) (6)
n=0 n=0

are classical Weierstrafl functions.

The sample paths of X have two competing sources of ‘roughness’. The first is due to the underlying
fractional Brownian bridge, whose roughness is usually measured by the Hurst parameter H. The
second source is the Weierstrafi—type convolution, which generates fractal functions. In the context
of Remark [2.2] the latter source can also be represented through the roughness of the Weierstrafl
functions f and g in @ For fractional Brownian motion, the Hurst parameter, which is originally
defined via autocorrelation, also governs many sample path properties [25] and is thus an appropriate
measure of the roughness of trajectories. However, as pointed out in [I2], the Hurst parameter
of a given stochastic processes may sometimes be completely unrelated to a geometric measure of
roughness such as the fractal dimension. As discussed in more detail in [13], a more robust approach
to measuring the roughness of a function f : [0,1] — R is based on the concept of the p-th variation
of f along a refining sequence of partitions. Based on the sequence of b-adic partitions, which will be
fixed throughout this paper, the p-th variation of f is defined as

[t

—hm2|f (k41 — f(kbM7, teo,1], (7)

ntoo

provided the limit exists for all £ and where || denotes the largest integer less than or equal to x. This
concept of p-th variation is meaningful for several reasons. First, functions that admit a continuous
p-th variation can be used as integrators in pathwise Ito calculus even if they do not arise as typical
trajectories of a semimartingale; this fact was first discovered by Follmer [9] for 1 < p < 2 and more
recently extended to all p > 1 by Cont and Perkowski [4]. Second, the following implication holds for
t >0,

oo for g < p,

if 0 < (/) < 0o, then () = { (8)

0 forq>p;



see the final step in the proof of Theorem 2.1 in [26]. Thus, if p is such that (8]) holds, then K :=1/p s
a natural measure for the roughness of f. It is called the roughness exponent in [13]. For our fractional
Brownian bridge, we have P-a.s. that (B)\"/") =t . E[|[W(1)|"/¥] (this follows from combining [25)
Section 1.18] with [32] Lemma 2.4]), and so its roughness exponent is almost surely equal to the Hurst
parameter H. For Weierstral functions of the form (), it is a consequence of Theorem 2.1 in [32]
that their roughness exponent is given by

K=1A (—logba).

When analyzing the roughness of the trajectories of the fractional Wiener—Weierstraf3 bridge, we
can expect competition between the Hurst exponent H of the underlying fractional Brownian bridge
and the roughness exponent K resulting from the Weierstral—type convolution. Indeed, our first
result, Theorem [2.3] confirms in particular that the roughness exponent of the sample paths of X is
given by H A K, provided that H # K. It shows moreover that for p = 1/(H A K), the p-th variation
of X has distinct features in each of the two regimes H < K (Hurst exponent wins the competition)
and H > K (WeierstraB-type convolution wins the competition). For H < K, the trajectories of
X have deterministic p-th variation that we can compute explicitly. For H > K, however, the p-th
variation of X appears to be no longer deterministic. The critical case H = K is is more delicate and
will be discussed subsequently.

Theorem 2.3. Let X be a fractional Wiener—Weierstraf§ bridge with parameters «, b, and H, and
suppose that H # K = 1 A\ (—log, «). Then P-almost every sample path of X admits the roughness
exponent H A K. More precisely:

(a) For H > K, there exists a finite and strictly positive random variable V' such that P-a.s. for all
t e 0,1],
1/K
(X =Vt (9)

(b) For H < K, we have P-a.s. for all t € [0,1],

H+1
<X>(1/H) _ 21/(2H)F( QJFFI ) 1. (10)
t V(1 — a2b2H )1/ C2H)

The factor %21/(2H)F(%) appearing in ([10)) is equal to E[|Z|*/#], where Z is a standard normal

random variable. It can be viewed as the contribution of B to (X)3/#). The term (1—a2p*7)1/2H) on
the other hand, results from the Weierstra—type convolution in the construction of X. The random
variable V' in @D has a complicated structure. As we are going to see in Remark V' can be
represented as mixture of the (1/K)™ powers of the absolute values of certain Wiener integrals with
integrator W. The histograms in Figure [1| provide an illustration of the empirical distribution of V'
for two sets of parameter values.

Note that the increment process of the fractional Wiener—Weierstrafl bridge is highly nonstationary.
Therefore, classical results on the variation of Gaussian processes with stationary increments [23, 24]
are not applicable.

Now we turn to the critical case H = K, which we discuss for H = 1/2. In this case, the pattern
observed in Theorem breaks down and the quadratic variation of X is infinite, even though the
roughness exponent of X is still equal to 1/2.
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Figure 1: [lustration of Theorem (a) by means of histograms of the (1/K)'" variation Zznzo | X ((k+

Do —X (k:b‘")‘l/ " for 5000 sample paths of the fractional Wiener-Weierstra$ bridge with n = 16,
b =2, and parameters H = 0.7 and K = 0.5 (left) versus H = 0.5 and K = 0.2 (right).

Theorem 2.4. Let X be a Wiener—Weierstraf$ bridge with parameters o, b, and H, and suppose that
H=1/2=K =1A(—logya). Then the roughness exponent of X is almost surely equal to H and,
P-a.s. for all t € (0,1],
1 L)

. 2

lim — X((E+1)b™) —X(kb ")) =t. 11

nggon;;(«ﬂ )= X(kb ) (11)
In particular, the p-th variation of X is almost surely infinite for p < 2 and zero for p > 2.

Since the quadratic variation of the the Wiener—Weierstrafl bridge with H = 1/2 = K is infinite,
it cannot be a semimartingale. The following theorem extends the latter observation to all parameter
choices.

Theorem 2.5. For any H € (0,1), a € (0,1), and b € {2,3,...}, the fractional Wiener-Weierstrafs
bridge X is not a semimartingale.

Let us discuss another aspect of Theorem [2.4] The convergence of the rescaled quadratic variations
in can be regarded as a Gladyshev-type theorem for the Wiener—Weierstrafl bridge. As in the
original work by Gladyshev [I1], for the derivation of such results it is commonly assumed that the
covariance function

c(s,t) = cov(X(s), X(t))

of the stochastic process X satisfies certain differentiability conditions; see also [2I]. However, the
following result states that the covariance function of the fractional Wiener—Weierstrafl bridge is often
itself a fractal function; see Figure [2| for an illustration. For the particular case H = 1/2 = K
investigated in Theorem , the following result implies in particular that ¢ — ¢(1/2,t) is a nowhere
differentiable Takagi-—van der Waerden function. Thus, Theorem might also be interesting as a
case study for Gladyshev-type theorems without smoothness assumptions.

Proposition 2.6. Suppose that B is the standard fractional Brownian bridge with k given by
and that K = —logya < (2H) A1. Then, for all s € (0,1), the covariance function c(s,t) =
cov(X (s), X (t)) is such that t — c(s,t) has finite, nonzero, and linear (1/K)™ variation. Moreover,
if bis even, H =1/2, and s = 1/2, then the function t — 2c(1/2,t) is the Takagi-van der Waerden
function with parameters b and «, that is, the function in (1)) for the tent map ¢(t) =t A (1 —1t).

A remarkable consequence of Theorem and Proposition is that for every K € (0, 1) there is
a Gaussian process whose sample paths and covariance function both admit the roughness exponent
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Figure 2: Covariance functions of the Wiener—Weierstrafl bridge for H = 1/2, a = 1/2, and b = 2
(left) and b = 3 (right).

K. On the other hand, there exists no centered Gaussian process whose sample paths have a strictly
lower roughness exponent than its covariance function. A precise statement of these facts is given in
the following corollary.

Corollary 2.7. Suppose thatp > 1 and b € {2,3,...}.

(a) There exists a centered Gaussian process Y indexed by [0, 1] whose sample paths have P-a.s. finite,
nontrivial, and linear p-th variation and, for any s € (0,1), the covariance t — c(s,t) =
E[Y (s)Y (t)] has finite, nontrivial, and linear p-th variation.

(b) Suppose that Y is any centered Gaussian process indexed by [0,1] whose sample paths have
P-a.s. finite (though not necessarily nonzero) p-th variation. Then, for every s € [0, 1],
br—1
< 00. (12)

(ke + 15 — e(s, kb™)|”

ntoo

Remark 2.8. We will see in Proposition that the sample paths of the fractional Wiener—
Weierstrafl bridge are P-a.s. Holder continuous with exponent K for K < H. If K > H, then
the trajectories are P-a.s. Holder continuous with exponent ~ for every v < H.

Weierstrafl bridges are not limited to fractional Brownian bridges. They can be defined and
studied for a large class of underlying bridges. In the sequel, we are going to illustrate this by the
Gaussian bridges arising from a continuous Gaussian martingale M = (M(t))cjo1) with M(0) = 0
and var(M (1)) = E[(M(1))?] > 0. When letting

a(t) = cov(M (t), M(1))
var(M(1))

the law of the Gaussian bridge
B(t) = M(t) — k(t)M(1), 0<t<1,

is (at least informally) equal to the distribution of M conditional on {M (1) = 0} (by [10], this holds for
any continuous Gaussian process; is an example). Since Gaussian martingales have deterministic
quadratic variation, k can also be represented as follows,




Now we take o € (0,1) and b € {2,3,...} and let
Za o)),  0<t<l1. (13)

The process X will be called the Gaussian Weierstraff bridge associated with B and with parameters
a and b.

Proposition 2.9. Suppose that (M), = fo s)ds for a bounded measurable function ¢ : [0,1] —
[0,00) for which there exists a nonempty open mterval I C [0,1] such that ¢ > 0 on I. Suppose
moreover that K = —logya < 1/2. Then the corresponding Gaussian Weierstraf$ bridge has
finite, nonzero, and linear (1/K)-th variation along the b-adic partitions.

Outlook and some open questions. Let us conclude this section by pointing out some interesting
open questions and directions for future research that are beyond the scope of this paper.

1. Figure [l|suggests that the random variable V' in part (a) of Theorem [2.3|is a nondegenerate random
variable with nonzero variance. Establishing this claim would provide a distinctive feature between
the two regimes H < K and H > K.

2. Theorem analyzes only the case H = 1/2, and it would be interesting to obtain a similar result
for all H € (0,1). Based on the argument used to establish the convergence of expectation in
Section , we expect that the following convergence holds for arbitrary H € (0, 1) and P-a.s. for
all t € [0, 1],

|tb™ |
9l/(2H) (L1

—ny|V/H _
lim — s 1/(2H Z\X ((k+ 107 = X (ko) Tt

nftoo N

3. Theorem shows that the sample paths of X have finite, nonzero, and linear (H A K)~!-th
variation if H # K. Theorem on the other hand, shows that this relation breaks down in the
critical case H = K. A similar phenomenon appears already in the deterministic case (1)) with
Lipschitz continuous ¢. In this case, H = 1 and we pick « = 1/2 and b = 2 in , so that also
K = 1. Yet, the corresponding function (|1)) is typically not of bounded variation and, in the case
where ¢ is the tent map, has been used as a classical example of a nowhere differentiable function
[35]. It was shown in [I4] that Weierstral and Takagi-van der Waerden functions with critical
roughness possess finite, nonzero, and linear ®-variation for the function ®(z) = z(—logz)~"/2,
where ®-variation is understood in the Wiener—Young sense and taken along the b-adic partitions.
We expect that a similar effect is in play for fractional Wiener—Weierstrafl bridges and conjecture
that for H = K and ®(z) = 2"/ (—logz)~/?H) P-as. for all t € [0, 1],

L6 21/ (11)
lim » (| X((k+1b ™) — X (kb™)|) = 2H

- 1.
ntoo P ﬁ(_ log a)l/(2H)

3 Proofs

Let X denote the fractional Wiener—Weierstrafl bridge with parameters «, b, and H and recall that the
underlying fractional Brownian bridge is of the form B(t) = W (t) —rx(t)W (1) for a fractional Brownian
motion W with Hurst parameter H and a function « : [0,1] — [0, 1] that is Holder continuous with
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exponent 7 € (H,1] and satisfies £(0) = 0 and x(1) = 1. Moreover, the parameters K and p are

defined as .

(KNH)

Let us first discuss the p-th variation of a general function f of the form . In @, this p-th
variation is defined as the limit of the terms

K=1A(—log,a) and p=

br—1 b"—1 | n—1

Vo= Y |f((k+ 1007 — f(kbM)P =) 2_: ™ (cb({(k + 1"} — cb({k‘bm‘”})) p
—am 30 |3 (ol + 16 — ot )| (14)

k=0 ' m=1

where we have used the assumption ¢(0) = ¢(1) in the second step. Following [32], we now let

(Qr, Zr,Pr) be a probability space supporting an independent sequence Uy, Us, ... of random vari-
ables with a uniform distribution on {0,1,...,b— 1} and define the stochastic process
Ry :=>» Ub~',  meN (15)
i=1

The importance of the random variables R,, and the need to have the random variables R,, de-
fined independently of our underlying Gaussian processes explain the subscript ‘R’ in our notation
(Qr, Zr,Pg). Note that each R,, has a uniform distribution on {0,...,b™ — 1}. Moreover,
ensures that

{b™R,} =b""R,, for m <mn. (16)

Following [32], we can now express the sum over k in through an expectation over (R,,)1<m<n

and then use to obtain

Vo = (apb)”ER{ p] . (17)

> @GRy + 1)b™) — G(Rb™™))

For notational clarity, the probability space on which the fractional Brownian motion W and its
corresponding bridge B are defined will henceforth be denoted by (Qw, #w, Py ). The product space
of these two probability spaces will be denoted by (€2, #,P). That is, Q = Qw x Qr, ¥ = Fy R Fr,
and P = Py ® Pg.

3.1 Proof of Theorem [2.3] (a)

In this section, we will deploy Proposition in Appendix [A| to prove part (a) of Theorem .
Recall that this part addresses the situation in which K < H, which is equivalent to either ab? > 1
or afb > 1.

Lemma 3.1. In the context of Theorem 2.5 (a), let (rm)men be an arbitrary sequence of integers such
that r,, € {0,...,0™ — 1}. Then the expectation

[e.9]

s (e (o5 -5(2)) | o

m=1

s finite and strictly positive.



Proof. For m,n € N, let us define A,k := r(™2) — k(72) and

fn = i ofm]l S Z a "Apk.
m=1

Using B(t) = W (t) — k()W (1), we get

S o (5(5H) - 5(52)) = Yo (v < 1) (7)) - S e Ay
/fn t)dW(t (19)

Here we have used the fact that the Wiener integral of the step function f, with respect to the

fractional Brownian motion W is given by the standard Riemann-type sum (see, e.g., p. 16 in [25]).
Since x is Holder continuous with an exponent strictly larger than H, our assumption ab” > 1

implies that the series ), & ™|A,,x| is finite. Moreover, for k, n € N with k <n and p =1/H,

1o = fillopay < ) @™ ™ 4+ Y a7 Ay, (20)

and the right-hand side can be made arbitrarily small by making k large. Therefore, the sequence
(fn) converges in L0, 1] to

i a ekl i a ALK (21)
m=1

m1
m=1

We claim next that there exists a nonempty open interval on which f is nonzero. Indeed, we have

s 1
fl@)>a™ - mzla—mmmm for v e 72,1, (22)

and when n is sufficiently large, the right-hand side of the preceding inequality will be strictly positive.
Our next goal is to show that the Wiener integral fo t) dW (t) exists and that

Z@ ( (Tm+1)—B<Z—Z)):/Olfn(t)dW(t)—>/01f(t)dW(t) in L2, (23)

To this end, we will separately consider the cases H =1/2,1/2 < H < 1,and 0 < H < 1/2.
First we consider the case H = 1/2. In this case, W is a standard Brownian motion, and so (19)),
, and the standard It6 isometry yield our claim. In particular,

Eyw f;a—mBrm,jl - B = 1f(t)dW(t)2:||f||%z[o,1], (24)
> on(n() - 5(32)) /

where the right-hand side is finite and strictly positive.

Next, we consider the case 1/2 < H < 1. It follows from in conjunction with Theorem 1.9.1 (ii)
and Equation (1.6.3) in [25] that fo ) dW (t) exists and holds. In particular, the first identity
in (24) holds also in our current case 1 /2 < H < 1, and another application of Theorem 1.9.1 (ii)
in [25] yields that the expectation is finite. To show that it is also strictly positive, we combine
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and the fact that f € LP[0, 1] with Lemma 1.6.6, Theorem 1.9.1 (ii), and Equation (1.6.14) in [25]
so as to obtain a constant C' > 0 such that

KZ@"”( ay —B(g—g))ﬂ :C/Ol/olf(u)f(v)]u—v\2H_2dudv. (25)

Since H < 1, the function t — t*#72 is strictly convex and decreasing on (0, 00). The integral kernel
K (u,v) := |u—v|?"~2 is hence strictly positive definite; see Proposition 2 in [2]. Since we have already
seen that f(t) is nonzero on a nonempty open interval, the integral on the right-hand side of
must hence be strictly positive.

Finally, we consider the case 0 < H < 1/2. Recall from Section 1.6 in [25] that there exists an
unbounded linear integral operator M from L'[0,1] to L?(R) such that

|( () dW(t)ﬂ M g (26)

for all g in the domain of M* which is denoted by L%[0,1]. The specific form of M* will not be
needed here. All we will need is that there exists a universal constant C'g > 0 such that

|MPg(z)| = Culg(x)] - |z[2~ ",  zeR,
where g(z) = [ e g(t) dt denotes the Fourier transform of g; see Theorem 1.1.5 and (1.3.3) in [25].
By Parseval’s 1dent1ty, we hence have
MGy = € [ Ga)? a2 do, g€ L0, @0
Note that
o ix(rm—+1)/b™ _ twry /b™ p—m if < pm
1 T+1($)‘=e e ‘< 1|x|_. ,
[ ] x 2/|z| otherwise.

Therefore, for n < N and ¢ := ||Mf111[071] z2@®)/ChH,
1 H H
M o M
| &

S A5 7m||]\/jH]l Tl ||L2(R e Z | Am]

C
H m=n+1 m=n+1

bm > Y
o m\/ / p1-2H dp 4 Z am\/g/ x=172 dy + ¢ Z a”"|Apkl

m=n+1 m=n-+1

IA

N

\/1_7 Z a~mhmH 4 \/7 Z a " e Z a ALK

m=n+1 m=n+1 m=n+1

Since ab® > 1, the latter expression is less than any given € > 0 as soon as n is sufficiently large. By
Remark 1.6.3 in [25], the space L0, 1] is complete with respect to the norm || f|| 12 0.1y = [IM ™ f| 12w
if 0 < H < 1/2, and so we must have f,, — f in L%]0,1]. Thus, the Wiener integral of f exists and
we also have , which gives

/01 F() AW (t) = i a ™ (B(Tmb: 1) _ B(%@)) (28)

By (26), the L2-norm of this Wiener integral is given by ||M* f||;2(r), and yields that || M f||z2()
is finite and also strictly positive, since f is nonzero on a nonempty open interval. O
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Proof of Theorem (a). To apply Proposition[A.2)in Appendix[A] choose v € (K, H) so that ab” >
1 and pick a version of B with y-Holder continuous sample paths. Lemma yields that

o<se[(Sen(a(%5) -2(3))

The argument of the expectation is normally distributed, and so

pw(zam( (o) - B(32)) =0) =0 Frus

Hence we conclude that

< oo Pgr-a.s.

(S () - () o) -0

Therefore, Proposition yields the result. O

Remark 3.2. It follows from Proposition that the p-th variation of X is Py -a.s. given by
+1 R
(o) - n(%)
> o (6(F) -8 (5
Furthermore, for each realization of the random variables (R,,), the identity shows that the

S o (5(5) - 5(5)

is equal to a Wiener integral with respect to the fractional Brownian motion W. Thus, the right-hand
side of can be regarded as a mixture of the p-th powers of certain Wiener integrals.

) ER{ . (29

3.2 Proof of Theorem [2.3] (b)

In this section, we will prove part (b) of Theorem . Recall that this part addresses the situation in
which K > H, which is equivalent to either ab” < 1 or a”b < 1. Let us introduce the notation

br—1

=) IX((k+ 1)) = X (kb (30)

Recall also the three probability spaces (Qg, Zr, Pr), (Qw, Fw,Pw), and (2, F,P) = (Qy xQr, Fw®
Fr, Py @ Pg) introduced above. Sections|3.2.1|and [3.2.2| are devoted to the proof of Theorem [2.3[ (b)
when ¢ = 1, and we extend the arguments for a general ¢ € [0, 1] in Section [3.2.3|

3.2.1 Convergence of the expectation

In this first part of the proof, we will prove that the expected p-th variation, Ey [V}], converges to
cr /(1 — 20?2 where
21/(2H)F<P£+1>

CH ‘= ﬁ

Here and later, we denote by 14 the indicator function of a set A.
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Lemma 3.3. The expected p-th variation is of the form

ulVi) = (00)E]| [ o) W)

1

where E[-] denotes the expectation with respect to P =Py @ Pg and f,(z) = gn(x) — hy, for

(@) =D 0 g Ry (2)  and By =Y @ (K(R + 1D)b7") = K(Rpb™™)).
m=1
Proof. By and (2)),

> o (B((Rm +1)b™) — B(Rmb‘m))

1
1)

where we have used the fact that the Wiener integral of the step function f,, is given by the standard
Riemann-type sum (see, e.g., p. 16 in [25]). ]

E{ /01 fo(x) dW () p}

is of order (a?b)™" and the contribution from the time-independent constants h,, are asymptotically
negligible. This argument will become valid after having shown that the contribution from the func-
tions g, gives the correct magnitude. This is our current focus. We start with the following elementary
lemma.

E[V,] = (a"b)"Ey {ER[

— (aPh)"Ep [EW H /O @) dW ()

We will eventually prove that

Lemma 3.4. For given v € (0,1), C >0, and 0 < a < 3, suppose that we have constants C,, = (1 +
0(1))CB"™ and random variables n, for which E[|n,|] = O(a™). Then E[|C,, + n,|"] = (14 o(1))C75™7.

Proof. We have
v [ee) n 0%
}:/O P<’1+C—’; >x>dx

— "n 1/ " 1/~
P T—1 + P 1 . 1
/ (Cn>:1: )dx / (Cn< T )dx (31)

We show that the first integral converges to one. First, we have for any ¢ > 0,

1 1—¢
1> / P(g—” S 217 - 1) iz > / (|| < (1— (1—)V)C,) de — 1 — <.
0 0

U
E|ll+ 4

n

To deal with the remaining part of the integral, we let L denote a constant for which E[|n,|]/C, <
La"™ /™. Then, by Markov’s inequality for y > 0,

n

E[[7n]] v
yC, — yp"

P(|n,| > yCr) <

Therefore,

~ T /vy _ ﬁ OO;
0§/1 P(C’ > 1)dx§€+L6n/1+6$1/7_1dx—>5.

n

The second integral in converges to zero by a similar argument. This completes the proof. O
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In the following, we will frequently deal with sums of covariances, for which the following easy
observation will be useful.

Lemma 3.5. Let m,k € Nym > k. Let S ={0,1,...,0™ =1} and firj € {1—-b",...,0,..., 0™ —1}.
Then #{i € S : b™{ib=*} —i = j} < 1.

Proof. Note that v™{ib=*} = (ib™ %) mod b™, where n mod b™ is the remainder of n divided by b™.
Suppose i1,iy € S are such that (i16™ %) mod b™ — i; = (i2b™ %) mod b™ — i5. Then b™ divides
(i1 — i) (™% — 1) and b™ divides (i; — %), implying i; = is. O

From now on, L > 0 will denote a generic constant that may depend only on «, b, H, K but not on
anything else (in particular, not on n, m, k). The value of L may change at each occurrence.

Proposition 3.6. For g, as in Lemma we have

(aPb)"E {

[ ot awa| ] = e

1 — a2b?H)p/2'

Proof. If Y is any centered Gaussian random variable, then E[|Y[P] = E[Y2P/2E[|Z|P], where Z is
standard normally distributed. Since, moreover, E[|Z|P] = ¢y, we have

) [romel] sl from) [}

To deal with the #g-measurable random variable Ey,[( fol gn(x) dW ())?], we define

/ () ()

Eham = Eay | (W((Ri + 1)675) = W(RD™)) (W (B + 167") = W(Rb™)]

With this notation, the definition of g,, gives

1 2 n n
0 m=1 k=1
Note that the diagonal terms &, ,, are deterministic and given by b=>™. Hence,
n n 2b2H)—n -1 (OébH)_Qn
C’n = o = —me—ZmH _ (06— _ 1 ] ‘ »
mz:f 7 mzjla 1 — a2p?H (1+ o ))1_a2b2H (34)

When denoting the sum of all off-diagonal terms by

M = 2 Z a_m_k§k7m7

1<k<m<n

we get that

E H /01 gn(z) dW (2) p} — cuBR[|Cn +ma["?]. (35)

For dealing with the right-hand expectation, we need to distinguish between the cases H > 1/2 and
H<1)2.

13



For H > 1/2, the increments of fractional Brownian motion are nonnegatively correlated, so each
&km 1s nonnegative, and so is 7,. To apply Lemma we aim to bound E[¢,,] = E[|&,]] from above.
Due to the stationarity of increments of W, the random variable & ,,, depends only on Ryb™* — R,,b™"™.
Note that since k < m, we have Ryb~* = {Rmb_k }. So using the fact that R,, is uniformly distributed
on {0,1,...,0™ — 1} and applying Lemma and a telescoping argument yields

Rlkm] = b ZEW ({07} +075) = W({b™ ) (W (@ + 1)b™™) = W(ib™™))]

:wmiimnww*x (4 1) = (b)) = Wb ™ — {ib )]

<b Y B WG + )~ W) (36
= By W)W (1) — W(1)] = b (1578 (1 by
< Lb™F,

where the last step follows from the mean-value theorem. Combining the above yields

Er[|nn|] = Er[n.] =2 Z a_m_k]ER[fk,m] <L Z a MRy O(a"), (37)
1<k<m<n 1<k<m<n
where a = (ab)™ for ab < 1, and a is an arbitrary number in (1, (ab?)=2) for ab > 1. Since

a < (a?p*)~1 =: g, it follows from Lemma [3.4 with C' = (1 — a2*)~! and v = p/2 that E[|C,, +
mlP/?] = (1 + 0(1))CP%(a?b)~™. In view of (35), this completes the proof for 1/2 < H < 1.
We now turn to the case 0 < H < 1/2, for which p/2 > 1. We will prove below that for k < m,

€mell orzey < LOT™ +7H™). (38)

Then Minkowski’s inequality and 0 < H < 1/2 yields that

Ialloe@n <2 D) @ lépmllirrey <L Y a O 0T = o (@®5P) 7).

1<k<m<n 1<k<m<n

Thus, by and another application of Minkowski’s inequality,

IEH /Olgn(:c) AV ()

Multiplying the preceding identity with (a?b)*/? = (a?b*")" and using will then yield the
assertion for 0 < H < 1/2.

p12/p
}‘w?@ﬁﬂmmmmﬂﬁ%@+MﬁWW)
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It remains to establish . By arguing as in (36)), we write
ER [|§m,k|p/2}

bm—1
<6 ST |Ew WO WG+ 16 = W) [
j=—bm
bm—1 - /2
D D [ e P e e Ve U R
J=—bm
— "— / .y — —k|2H . _ _k|2H p/2
< Ly (\|]+1b R e e L e )
J=—bm
2™ —1 - p/2
< 3 (G = (e
=0
’ 2™ —1 p/2
S T D (R R F i el I
j=2

By the mean-value theorem, for j > 1,

(G+ D)™ = (o)™ < L

Therefore, since p > 2,

)2H—1b—m _ LjQH—lb—QmH'

26 —1 o1
b~ Z (((jJr 1)b_m)2H - (jb_m)2H> " < Lbm Z jIP/2 < ppPmi2,
Jj=2 =

Combining the above we obtain ||&mkllfs2@,) < L(072™ + b7P™/2)2/P < L(b=*™ 4 p=™) and thus
(38)- o

Proposition 3.7. Proposition [3.6 holds with g, replaced by f,, i.e.,

} _ <<1 T o(1))en

1— a2b2H)p/2'

o [ fuwawi

Proof. Recall from Lemma [3.3|that f, = g, —h, where h, = >0 _ o™ (k((Rpn+1)b7™) —K(Rnb™™)).
By . Minkowski’s inequality and the 7-Hélder continuity of x,

1 1/p
| [ maw)| = (all B
0 LP(P)
= " |30 a7 (B DY) = ()
_ Lr(PR)
< P Z o™ || (k((Rim + 1)b7™) — “(Rmb_m))HLp(pR)
<L Z a b = o((ab) ™).
Thus the assertion follows by applying Minkowski’s inequality to || [ f, dW || o) = || [ (gn—hn) AW || Lo(p)
and using Proposition O]
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3.2.2 A concentration bound

Having proved convergence of the expected p-th variation, we now turn to the second part of the
proof, which establishes a concentration inequality and thus Py -a.s. convergence. Recall the notation
V,, from . We also introduce the shorthand notation

t"W —ipm peNandi=0,...,b"

7

and we will simply write ¢; in place of tg") if the value of n is clear from the context. The following
lemma can be proved analogously as Lemma 10.2.2 in [24]; all one needs is to replace [24], Equation
(5.152)] with the Borell-TIS inequality in the form of Theorem 2.1.1 in [IJ.

Lemma 3.8. Let ¢ > 1 with p~t + ¢! =1 and define

bn
M, = {(m,...,ubn) ER™ D " < 1}

Jj=1

and

n

on = sup y > uBIX () — X (6-)) (X () = X (t;-0)): (39)

(#k)EMn i=1 j=1

Then

2

P (| —E[V;]| > 5) < 2¢ %, (40)

The preceding lemma will be needed in the proof of the following proposition. In the sequel, A
will denote a generic constant in (0,1) that may depend only on «,b, H and that may differ from
occurrence to occurrence.

Proposition 3.9. Suppose that holds and o, = O(A") for some A € (0,1). Then V,, converges
almost surely to

(1 _ asz/p)pm - (1 _ a2b2H)1/(2H)'
That is, Theorem[2.3 holds for t = 1.

CH CH
Cp =

Proof. Combining Proposition and Lemma yields lim, E[V;,] = C,. We also claim that the
sequence (V,,)nen is uniformly integrable. To see why, choose ny € N such that E[V,] < C, + 1 and
on, < V2w for all n > ng. Then, for n > ng and ¢ > (C, + 2)?,

EValyy, ool = / P(V, > r)dr =p / P(Vi > (Cp+ 2+ 5))(Cp+ 2+ s ds

Vr—Cp—2

< P(|[VE_E[VH]| > s+ -2
of (W= =W > s+ 2=

< 2p / e (O, 4+ 2+ s)P 1 ds,
cl/P—Cp—2

) (Cp+2+s)P ' ds

where we have used in the final step. Clearly, the latter integral can be made arbitrarily small
by increasing ¢, which proves the claimed uniform integrability.
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Next, since E[V,7] < E[V,]¥, the sequence (E[V,7]),cy is bounded. Suppose there is a subsequence
(nx) such that E[V,'] converges to the finite limit ¢ as k 1 oo. Then ([40)) with the choice s, = no,
and the Borel-Cantelli lemma give V! — ¢ P-a.s. and in turn V,, — ¢ P-a.s. Due to the established
uniform integrability, the latter convergence also holds in L', and we obtain ¢# = C,,. It follows that
¢ is the unique accumulation point of the sequence (E[V,/]),cy and equal to C’;/ P Therefore, we can

replace the above subsequence (ny) by N, so that V,, — C,, P-a.s. as required. [

In the remainder of this section we prove that o = O(\") for some A € (0,1). The first obvious
step is to plug into . Fixing n € N and using the shorthand notation

m,k m m
P = B[(BU{b™:}) — B{b 1)) (BH{}) — BU 1), (41)
this gives
b b n—1 n—1 n—1 n—1 b b"
m+ m m,k)
on=sup > N iy " = sup > a MZZMW%
(bk)EMn ;5 j=1 m=0 k=0 (he)EMn 1 —g o= 0 i=1 j=1
n—1 n—1 2l
< o S5 Y @
(i) €M (v5) GM" =0 k=0 i=1 j=1

Lemma 3.10. Let 1/2 < H < 1 and consider two disjoint intervals of lengths b=™,b=% in [0, 1] that
are apart by the distance 6. Then the covariance of the increments of W on these two intervals is
bounded by Lb=—mk§*1=2,

Proof. We assume that m > k and the two intervals are denoted [u,v],[s,t] with 0 < u < v =
u+b"" < s<t=s+b" <1 The proofs for the other cases are analogous.

Since H > 1/2, the function z — 22 is convex and its derivative is bounded by L on [0,1]. We
also record here the standard fact that

Ew [(W(v) = W(u)(W(t) = W(s))] = %(Iv — s fu =t = o =t = Ju— ). (43)

Observe that 6 = s —v < s —u < t—v < t —u. By the mean-value theorem, there are x; €
(s —v,s —u),zy € (t —v,t — u) such that

Ew [(W(v) = W (u)(W(t) = W(s))] = Lo (23" — 21"
S Lb ™ (b_ + b—m)52H—2 S Lb_k_m52H_2,
completing the proof. O

For the case 0 < H < 1/2, the following lemma, in a similar sense as Lemma m, gives estimates
of covariances of increments of W that are sufficiently apart.

Lemma 3.11. For 0 < H < 1/2 there exists a constant L > 0 such that for all 1 <i < b",

S [Ew (W) = Wt) (W (k) = Wtg-))] | < Lo,

Jj=1
li=5]>2
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Proof. By the symmetry and stationarity of the increments, it suffices to consider the case ¢ = 1.
That is, it suffices to show that

T, = bn > [Bw W) W) - Wit )] | < 2o,

‘7_
This obviously holds for H = 1/2. For 0 < H < 1/2, we use and the mean-value theorem to get

bn bn

_ 1 —onH ~ 2H _ 2H : 2H —onH : 2H—2 —2nH
T,=5> 0 (2(3—1) — 2 (j—92) )ng > -2
Jj=3 7=3
This concludes the proof. O

For a function f:[0,1] - R and 0 < s <t with (s,t) ¢ Ny x N, we introduce the notation

f)—f({s}) ifteN,
Af(s,t) = { S — FO)  if s €N, (44)
fH{t}) — f({s}) otherwise.

Then we have the relations
AB(s,t) = B({t}) — B({s}) and AW (s,t) = AB(s,t) + Ar(s, t)IWV(1). (45)
So p,EZL’k) from has the alternative expression
P = By [AB(b™ i1, ™) - AB(6 -1, b)),
In the same way, we let
AU = By [AW (B0, 5™ 5) - AW (6,1, b')].

These quantities are well defined as long as i,j > 1 and m,k < n, because then (b™t;_1,b™t;) and
(b%t;_1,b%t;) do not belong to Ny x N.

Lemma 3.12. For H € (0,1), let h:= (2H) A 1. Then the following inequalities hold.
(a) Fork=0,...,n—1,

‘pl(?],k) . ﬁ((),k)‘ < L(b(k—2n)7- + b—m’—i—(k:—n)h + b(k—n)T—nh)‘ (46)

Z?]

(b) Asn 1 oo, we have for some A € (0,1) independent of n,

n—1

ZO&’“ sup  sup ZZWH’@HP@ — o] =0 (47)

-0 (wi)EMn (v)EMn ;4 j=1

Proof. (a) We get from (45]) that |pz - p” | < I+ J, where

= |(k(t:) — ﬁ(ti—l))Aﬁ(bktj—la b*;)],
(k(t:) = (tia) B [W (AW (050, 0)] | + | Ar(B"; 0, 65 By [W (1) (W (£:) = W (t:-1))]|-

18



The definition and the 7-Holder continuity of s imply that |Ar(b¥t; 1, b%t;)] < Lb*=™7 and in
turn I < Lb*=2M7. To deal with J, note that the covariance is Holder continuous with exponent
h in each of its arguments. This gives J < L(b~"7Hk=mh 1 pk=m)7=nh) and proves (a).

To prove part (b), we note first that for (u;) € M, due to Holder’s inequality,

b b Va ; "\ U
}]MsCZm@ (ZQ <ot (48)
=1 =1

=1

For the purpose of this proof, let us denote the expression on the left-hand side of by S, and the
right-hand side of (46) by K, ;. Then and part (a) yield that

n—1 2 n—1
S, <L Z Ckk( sup Z ’ﬂl ) Kn,k < LanH Z Otk <b(k72n)7' + bfn‘rJr(kfn)h + b(kfn)ffnh) )
k=0

() EMn 5 —y k=0

By evaluating the geometric sum and using 7 A h > H, we conclude that S, = O(\") for some
A€ (0,1). O

The following basic estimate is a consequence of the above lemmas, and serves as the base case
for an induction proof.

Lemma 3.13. There ezist A € (0,1) and L > 0, depending only on b, H, and 7, such that for all n,

sup  sup ZZ |,uz||1/]||p(00 | < LA™ (49)

(hi)eMn (vj)EMn =1 5

Proof. By considering the case £ = 0 in Lemma m (a) and using the triangle inequality, it suffices
to prove Equation for ,55370) in place of pl(g-’o). Indeed, from and ,

sup sup Z Z |MZHVJ | ‘pzo 0) ~(70j’0)‘ < LanH(b—2nT + b—n(T—i-H)) _ Lb—n(T—H)'

(i) EMn (V])EMTLZ‘ 1 j=1

Note also that ,65’0]-’0) only involves standard increments of W, i.e.,

PO = B [(W (1) — W(t) (W () — W(t;))]

]

Consider first the case H>1/2. We bound each factor y;,v; by £1 and use Cauchy-Schwarz to
obtain bounds on the near-diagonal terms:

sup  sup Y wllylleS0 < Y0 1657

(ki) €M (vj)EMn <4 spn 1<, j<b™
li—j]<2 li—j|<2
1/2

< LY (EWKW(ti) —W(ti1))?] - Ew[(W(t;) — W(tj,l))2]>
< Lynp~2H
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By repeated use of Holder’s inequality, we estimate the remaining terms as follows,

Spi= sup  sup Z\Mz > Illas”

(i) €My (vj)EMn ;3 1<5<b?
>

b p\ 1/p
(0,0
< sup sup (E |uz|q> <§( E, |Vj‘|pl(,j)|>)

(/—L'L)EM’I’L l/] EMn i=1

(B ) (5 ) )

(i) €My (v§)EMn

=1 1<5<b™ 1<5<b™
li—j|>2 li—j]>2
" 1/p
"'(070) P
< < E § i | :
i=1 1<j<bn
[i—j[>2

For each fixed 1 <17 < b", we apply Lemma [3.10] with m = k = n to obtain

p
> <y (o)
1<5<bh™
[i—j1>2

Summation over ¢ and recalling that p = 1/H yields

b o™ o\ 1/p b™ H
—2n —np\(2H-2) -n 2—2 2n(H-1)
sngL(§:§:<b 0 )) §L<b . p) < LD,
=2

i=1 (=
Now we consider the case 0 < H<1/2. Then 1 < ¢ < 2 and M, is contained in the unit ball, By,

of R”". Using that \ﬁg?j’o)| < b=2" by the Cauchy—Schwarz inequality, the near-diagonal terms can be
bounded as follows,

0) 2 ~(0,0)
sup  sup il v sz | < sup sup il” + v ‘ )Mo
(,U@)GM" (IJJ')EM" 1§;§bn ! 7 (Hz)EMn (V])EMn ; 1<]Z<bn ’ 7
[i—j]<2 li—j]<2

< b sup Z D (l + 1)

(ki)€B1 =1 1<j<pr
7>
(vj)eB1 li—j]<2

S Lb_QnH.
To deal with the off-diagonal terms, we replace the covariance matrix {|ﬁ§70j70)|}1§2‘7j§bn with

= {157 Ly s bz o

By Lemma and Lemma 10.2.1 in [24], we conclude that the operator norm of R satisfies | R|| <
Lb=2"H Thus

~ 0,0) —2n
sup  sup Y [l \< sup ZZM 1[50 Li—jise = |R]) < Lb~2,
(i) €My (v5)EMn 1<i,j<bn
[i—i>2 e

as required. O
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Now we prepare for the induction step. We start with the following lemma, which gives a key
oy : L (mok) (m.h)
reason for why it is convenient to work with p; ;" instead of p; ;

Lemma 3.14. Let H € (0,1), n €N, and 0 < u < v <1 be fivred where ub"™, vb" € Z, then

bn+1

Z [l By (W (507"71) = W((5 = Do) (W (v) = W (w))]|

< Z (s, Il ) B OV = (G = D00V (0) = W)L

(i—1)b<j<ib

Proof. For each fixed ¢, the intervals ((i—1)b~",ib~") and (u, v) either have containment relationship or
are disjoint. Hence, for subintervals [s,¢] C [(:—1)b™",ib~"], the sign of the covariance of W (t) — W (s)
and W (v) — W (u) is independent of the choice of s and t. Indeed, it is well known that W (t) — W (s)
and W (v) — W(u) are always positively correlated if the intervals ((i — 1)b=",ib™") and (u,v) have
containment relationship; if they are disjoint, then W (t) — W(s) and W(v) — W (u) are positively
correlated if and only if H > 1/2, negatively correlated if and only if H < 1/2, and independent if
H = 1/2. Thus the claim follows by removing the absolute values and using a telescopic sum. O]

Lemma 3.15. Let L > 0 and A € (0,1) be constants and (a,)nen be a sequence of positive real
numbers satisfying ag < L and

An+1 S L\" + /\(ln, n e No.
Then there are constants Ly > 0 and Ay € (0,1) such that a,, < L1 \}.

Proof. Dividing both sides by A"™! we see that b, := a, /A" satisfies b,,1 < b, + L/\. This gives
b, < L+nL/X so that a, < Ln\" < L1 A}. O

The following is an induction argument using Lemma [3.13| as the base case. It states in particular
that the contribution from the terms with m = 0 in is of the order O(A™).

Lemma 3.16. Let

bn n

n—1
F.r:= sup sup ZZ ]ull/]Hp” and F, = Z(X’“ka. (50)
k=0

(Vz)eMn Hz)EMni 1 j=1

Then there exists A € (0,1) such that F,, = O(\™) for all H € (0,1).

Proof. Let us define Fnk and F), as in . but with p( ®) replaced with p(o *) By Lemma [3.12 (b)

1,7 i
and the triangle inequality, the assertion will follow if we can show that E, = O(A™). To this end, for
s >0, we write M, . := {(s¥9;) : (u;) € M, }. Let us define for r, s > 0 the function

ﬁn,k(ras) = sup sup ZZ |MZVJ||101]

(VZ)EMHT(ML eMnsZ’ 1 J 1

Obviously we have ﬁmk(l, 1) = ﬁnk as well as the homogeneity property

Foi(r,s) = (rs)Y9E, x(1,1). (51)
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For the induction step we will bound ﬁnﬂ,kﬂ from above by ﬁnk

Fn+1,k+1
bn+1 bn+1

= sup sup Z Z |p,l]/] | ‘E n+1 W(t ))AW(bk—Htjn-‘yl-l ’ bk;.l,_l n+1))H

(W) EMnt1 (vj)EMnt1 ;7 j=1

bt b—1 b

= sup sup Z Z Z || |V]+vbn|‘E n+1) W(t?_ﬁl ))AW(bkt§n)1, bkt§.”))]|

(W) EMnq1 (vj)EMny1 ;1 — j=1

b—1 b prtl

= sup  sup ZZwﬁmZME £y — W TN AW R 6 )|

(/’LZ)EMVH»I (V])eMn+1 v=0 ] 1
b—1 " b"
< o DD el D mas bl B0V - WERDAW @, 047

(H)EMn+1 (v)EMnt1 420 51 1)b<(<ib

b—1 b" b"

= sup  sup ZZ|VJ+W|Z|M||E PN = W) AW (R )

(W) EMnq1 (v5)EMny1 j=1

where the second step follows from the simple relation {(j + vb™)b*+D=(+101 — L4pk=n1 “the fourth
step follows from Lemma [3.14] and where we define fi; := max_1yp<s<i |pt¢|. Then Zle ] < 1

implies Zf:l |7 < 1 so that (ji;) € M,. For s := (sp,...,8—1) in the b-dimensional simplex
Sp = {(s0,...,85-1) : 5 >0, > .5, <1}, we define
bn
I(s) :== {(uj) € M,y : Z |Vjpopn | =5, for v=0,...,b— 1}. (52)
j=1
Then

Fn+1,k+1
b—1
Sopd, suwp s Z\VWIZWIE W) = W) AW G, 14
s€Sy = (v5)€I(s) (1) EMn41 =1
b—1

<sup ) sup  sup Z’Vj+vbn|2|,u1

seSy 5=y (v)el(s) ()M 52

W (™) — W (") AW (R4, o)) |

b—1 b—1
= sup ﬁn 1,s,) = ﬁn 1,1)sup s,l/q = bHﬁn, ,
SESy UZ:; k( ) k< ) SESy UZ:; g

where the last line follows from and Holder’s inequality:

b—1 b-1  \ 1/g
Zs}/q < ( sv> bi/P < pH. (53)

v=0 v=0
Hence,
n—1
Fog = ZOé Fn+1 K(1,1) < Fn+10(1 1) +OéZOé Fn+1 k+1(1,1)
k=0 k=0
< Fuiio(1,1) +ab™ > ok Fy(1,1) = Fpe(1,1) + ab”F,. (54)
k=0
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By Lemma [3.13] F,410(1,1) = O(A"), thus we conclude by Lemma and b < 1 that F, ., =
O(A™), completing the proof. H

Now we turn to the second induction step. This time we use Lemma [3.16| as the base case:
Proposition 3.17. Let H € (0,1), then o2 = O(A\") for some A € (0,1).
Proof. Similarly to the proof of Lemma |3.16, we define the function

Gpmi(r,s) := sup sup Z Z,uzyjpgk )

(Nz)eMnr(Vg EMns i=1 j=1

From (42)), we get

1 n—1
o2 Q"G k(1,1) =1 G,
0 k=0

3
I

3
I

So it suffices to show G,, = O(A™). Asin the preceding proof, G,, ,, » satisfies the following homogeneity
property,

Grmi(r,s) = (15)V9G,, mi(1,1). (55)
Let us also introduce the shorthand notation
Ao B(s,t,u,v) == AB(s,t)AB(u,v).
Then, with S, denoting again the b-dimensional standard simplex and I(s) as in ,

Gn+1,m+1,k+1 (17 1)

bn+1 bn+1

— sup sup Z Z ,UZV] A B bm+1t n+1 bm+1t (n+1) bk+lt(n+1 bk+1t n+1))]
(i) EMn41 (VJ)EMnJrl i=1 j=1

b—1 b—1 b" b"
_ m+1,(n+1) m+1,(n+1) 1 k+1,(n+1) k+14(n+1)
= sup sup E E E E Litubn Vjobn E[Ao B(b tHubn P 2N t3+vb" A P

(ki) E€Mni1 (v)E€Mnt1 3,0 y—0 =1 j—1
b—1 b—1 b* b

= sup osup D D IS iV B[ B, 0 bR o))

(hi)E€Mni1 (V)E€Mnt1 3,0 y—0 =1 j—1
b—1 b1

STTTOD DTS 9) SIS
rGSbseSbuov 0/14611') (vj)el(s) i—1 j—1
If u,v € [0,b— 1] NZ are given and (;) € I(r) and (v;) € I(s), then by definition
Z Z Hitubn Vj+vb"p£?7k) S Gn,m,k(ruy 37))~

i=1 j=1
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Thus, by the homogeneity property ,

b—1 b—1

Gn+1,m+1,k+1(17 1) S sup sup Z Z Gn,m,k(“m 31})
reSy s€Sy, u=0 v=0

b—1 bv—-1

= sup sup Z Z(rusv)l/qum’k(l, 1)

resy seSy u=0 v=0

b—1 b—1
= Gpmi(1,1) <sup Z 7’3/‘1> (sup Z s}/q>
SESy u=0 SESy v=0
- bQHGn,m,k(la ]-)a

where the final step follows from . Next, observe that G, x = G gm SO that

Gn+1 = Z Z am+an+l,m,k<1a 1)

m=0 k=0
n—1 n—1
= Z Q"G (1, 1) + a2 Z Z "Gy k1 (1,1)
0<m,k<n m=0 k=0
mk=0
n—1 n—1
< LZa Gorron(1,1) + 20" N " am G (1, 1)
k=0 m=0 k=0
=LY o"Grior(1,1) + o’ G, (56)
k=0

By Lemma [3.16
ZOé Gri10k(1,1) < ZC% Foyip = Fopr < LA™

k=0 k=0
Since a?b?" < 1, Lemma now yields G,, < LA\". O

Combining Proposition and Proposition [3.9| proves Theorem (b) in the case t = 1. In the
next subsection, we sketch a proof for the case 0 <t < 1.

3.2.3 Linearity of the p-th variation

Now we sketch how the preceding arguments can be modified so as to obtain a proof of Theorem
(b) for all ¢t € [0,1]. The details will be left to the reader. We consider M € N, r € Ny, and an
interval I = [rb=™, (r +1)b=*] C [0,1]. The goal is to show that the p-th variation of X on I is equal

to (X )ﬁ” ) times the length of I. For given n € N, the n'® order approximation of the p-th variation of
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X on [ is then

pn—M_1
Vie = > [Xb™+ (k+1)b") = X(rb™ + kb™) P
k=0
-y Z A" (B({rb™ M + (k + 1)b™ ")) — B{rb™ M 4 kb))
=3 | e B e D)) - BU N Rp)

n

Y a T (BU(S, + 1007 = B{Sb")

m=1

= b—M(an)nER{

|
where S, is a random variable on (Qg, #r,Pg) with a uniform distribution on {ro"=* rp"M 4
L+, (r+ 1™ —1}. Note that our random variables (R,,) were constructed in such a way that
R,,b=™ = {R,b~™}. So all we need is to replace in Sections [3.2.1] and [3.2.2] all terms of the form

R,,b=™ with {S,b~} and verify that all arguments still go through. Indeed, the expectation Ey [V7,,]
can be analyzed exactly as in Proposition and Proposition [3.7, and one obtains

(1 +o0(1))cn
(1 — a2p2H)p/2

IE‘W [‘/I,n] - b_M

Note that the factor 5= is just the length of I. For the concentration inequality, we simply restrict
the sequence () to the indices {k : [tx—_1,tx] C I}.

3.3 Proof of Theorem [2.4]

For simplicity, we only consider the case ¢ = 1. The extension to the case 0 < t < 1 can be obtained
in the same way as at the end of Section

Next, we claim that we may assume without loss of generality that x is equal to the standard
choice (3), which for H = 1/2 is simply given by x(t) = ¢t. To this end, let B(t) = W (t) — ()W (1)
be the Brownian bridge with a generic function « : [0,1] — [0, 1] satisfying £(0) = 0 and (1) = 1
and being Hélder continuous with exponent 7 > 1/2. The corresponding Wiener—Weierstrafl bridge
is denoted by X. For the moment, we denote by B(t (t) = W(t) —tW(1) the standard Brownian bridge
and let X be the corresponding processes. Then X = X + f - W (1), where f(t) = Yo ao({b"t})
for ¢(t) := t—r(t). Since ¢ is Holder continuous with exponent 7 > 1/2 and a®b = 1, Proposition [A.2]
yields that f has a finite quadratic variation (f >§2). Thus, the following lemma yields that holds
for X if and only if it holds for X. The assertion for p > 2 is obtained in a similar way from Lemma
2.4 in [32]. Thus, we may assume in the sequel that x(t) = t.

Lemma 3.18. For any function h € C[0,1] and n € N, let us denote

b —1

Vi(h) =Y (h((k+1)07") — h(kb™™))".

k=0

Now suppose that f,g € C[0,1] are functions for which limsup,, V,,(f) < oo and n='V,,(g) — ¢, where
c>0. Thenn 'V,(f +g) — c.
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Proof. We have

b —

Ll 0) = Valf) +Valg) 4 S (R 1B — FOR) (9((k+ 1) — gk,

[y

The Cauchy—Schwarz inequality implies that the absolute value of the rightmost term is bounded by
2n~ 1V, (f)/?V,,(g)/?, and this expression converges to zero by our assumptions. O

To prove the assertion of Theorem (2.4, we need to show and, in addition, that the p-th
variation of X vanishes for p > 2; that the p-th variation of X for p < 2 is infinite will then follow
from by using the argument in the final step in the proof of Theorem 2.1 in [26]. As in the proof
of Theorem [2.3] we show first convergence of the expectation. Lemma states that the expected
p-th variation is of the form

|

where E[ -] denotes the expectation with respect to P = Py, ® Pg and f,(z) = gn(x) — h, for

EulVil = (00)E]| [ o) W)

gn(z) 1= Z a "L b-m (Rt ip-m] (@) and by, = Z a "(Ry, + )07 — R,,07™).
m=1 m=1

In our present case, we have a?b = 1 = ab'/?, and so the factor (a”b)" in front of the expectation
is equal to 1 for p = 2 and it decreases geometrically for p > 2. In the proof of Proposition [3.6|
Equations and are still valid. However, the diagonal terms are simply equal to n and
so C, from must now be replaced with C,, = n. Equation thus becomes

E H /01 gn(z) dW ()

p /2
} = culr[[n+m[""].

Note next that ¢y = 1 in our case H = 1/2. Moreover, Equation (37)) remains valid, but only the
case ab > 1 = a?b can occur, so that E[|n,|] = O(1). Using (7)), one thus shows by using similar
arguments as in Lemma [3.4] that for p = 2,

EE{

- ] = %ER[\n+nn|} — 1. (57)

/ () ()

For p > 2, on the other hand, there exists A € (0, 1) such that

(apb)"]E[ /0 1 Gul@) dW (2) p} = o(\").

Finally, one shows just as in Proposition that gn can be replaced with f, in . Altogether, this
yields that 1E[V,] — 1 for p = 2 and E[V,] = o(A") for p > 2.

Having established the convergence of the expectation, we now turn toward the almost sure con-
vergence. For p > 2, we have E[V,] < LA™ for some L > 0 and A € (0,1). We choose v € (A, 1) and
apply Markov’s inequality to get




Hence, the Borel-Cantelli lemma yields V,, — 0 P-a.s.

For p = 2 we use again a concentration bound. However, the method used in the proof of
Theorem does not work in the critical case. The main reason is that the inequality abfl < 1
no longer holds, so that we are not able to conclude from and that F,, and G, decay
geometrically. We therefore use a somewhat different approach here. First, we fix n and let again

= ib~". Following the proof of Theorem 1 in [21], we fix n and let (Y;);=o.. pm—1 be an orthonormal
basis for the linear hull of {X (t;) — X (to), ..., X (ty) — X (tpn_1)} in L*(Qw, Fw, Py ). Then we let
B = (b;)ij=1,. s denote the matrix with entries b;; = Ew [(X(¢;) — X(t;—1))Y;]. Then we define
A = (a;j)ije1.. pn for a;; = Ew[(X(t:) — X(t;i-1))(X(¢;) — X(t;_1))] and observe that A = BBT.
Finally, we define C' := B'B. Since V,, = YTCY, Hanson and Wright’s bound [I5] yields that there
are constants Ly, Ly > 0 such that for s > 0,

. Lls L282
P Vn_E Vn > §2 - NN 2o 0 )
o (Ve = Bulbl) > ) < 20 (—min {27, 20

where ||C|| is the spectral radius of C'. Then one argues as in the proof of Theorem 1 in [21] that

trace O < ||C]| - trace A = ||C|| - By [V,] and IC|| < iré%(trace(/lm))l/m.

Since we have seen above that %Ew[Vn] — 1, there is a constant L3 such that

Ly(s A %) )

inf,,en(trace(A™))/m

W(‘Vn —Ew (V4] > S) < 2exp ( —

We will show below that there is a constant L > 0 such that for sufficiently large n,

inf (trace(A™))Y™ < L. (58)

meN

Hence, for those n,

1 1 L
IP’W()—VH — —Ew[V,]| > n’1/4> < 2exp ( — —3(n3/4 A n1/2)>,
n n L

and so the Borel-Cantelli lemma yields that lim,, %Vn = lim,, %EW[V,L] =1.
It remains to establish (58). We first need upper bounds for \agg)]. Recalling the shorthand
notation , we have

b n—1 n—1

bn
2 loual =3
j=1

j=1"m=0 k=0

a pl]

pr
<9 Z oMk Z ‘pg?k)
j=1

0<k<m<n

One checks that the intervals ({t;_;b™}, {t;b™}) and ({t;_1b*}, {t;b*}) are either disjoint or have
containment relationship. Using our assumption x(¢) = ¢, we find that in the disjoint case,

] = [ [(Bem)) = Bttt D) B~ Bt < 0
In the containment case we have
051 = ' |(BU"™) = B({tab™ ) (B({1,6) - B({tj—lbk}))]’ < N
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When fixing ¢, k, m and letting j vary in {0,1,...,b" — 1}, b™ choices of j will give containment and
b" — b™ others give disjointness. Thus, since a?b = 1,

b
Z ’ai,j‘ <2 Z am-i—k (bm . Qbkz—n + (bn . bm) . bk+m—2n>
Jj=1

0<k<m<n—1

—_

<6b S (ab)mth< 6b‘”( (ab)m>2 < L

3

0<k<m<n-—1 m=0
for some constant L.
Set
b1 b1
A€ = E E |ak1 k2| |akz7kz+1 :
=0 kgp1=0
We then have that
b1 b1 pn—1
m
trace(A™) < Ap =Y > ak gl |kl D O] < i L.
k1:0 kaO k?m+1 0
By induction,
b 16" —1
trace(Am) < Lm lAl Lm ! E E |a;€1 k2| < Lmbn
k1=0 ko=

We conclude that
inf (trace(A™))Y/™ < 1nf L™ = L.

meN

This proves . [

3.4 Proof of Theorem 2.5

We note first that, if X were a semimartingale, its sample paths would admit a continuous and finite
quadratic variation. By Theorem , we thus need only consider the case H A K = 1/2. In the sequel,
we are going to distinguish the cases H = K, K < H, and H < K.

Proof of Theorem[2.5 for H = K. The assertion follows immediately from (11]), because a continuous
semimartingale cannot have infinite quadratic variation. O]

Now we turn to the case K < H. It needs the following preparation. Let S be a partition of
[0,1]. That is, there is m € Nand 0 = sp < s; < --- < s, = 1 such that S = {sg,...,s,}. By
S| = max; |s; — s;—1| we denote the mesh of S. For functions f € C[0,1] and ¥ : [0,00) — [0, 00), we

define n
= DU (If(si) — flsi-)])

and

vy (f) = l}fg (sup {U\p(f, S) : S partition with |S| < 5})

As a matter of fact, it is clearly sufficient if U is only defined on an interval [0, z), provided that the
mesh [S| is sufficiently small.

28



Lemma 3.19. Consider the function

1'2

U(0):=0 and U(z) = 0<z<lle,

and let f,g € C0,1].
(a) If f is of bounded variation, then vy (f) = 0.
(b) If f is Hélder continuous with exponent 1/2, then vy(f) = 0.

(c) Ifvg(g) =0, then vy (f + g) = ve(f).
Proof. (a) Let S = {sq, ..., S,} be a partition with [S| sufﬁciently small. Then

|f(s5) = f(s5-1)
0 S U\I/(f,S) S (m]aXQIOgIOg‘f(SJ) S] 1 ) Z ‘f S’L 1)|

As [S| — 0, the sum on the right converges to the total variation of f, and hence to a finite number.
The maximum, on the other hand, tends to zero as |S| — 0 (here we use the conventions 1/0 = oo,
log 0 = —o0, and log 0o = 00).

(b) Let ¢ > 0 be such that |f(t) — f(s)| < ¢|t — s|/2. Then, for S = {s¢,...,sm},

n

1
0 l19) € (M g ) Do sl

=1

Clearly, the value of the telescopic sum is ¢, while the maximum tends to zero as as |S| — 0.

(c) One checks that ¥ is increasing and strictly convex. Now we let xy := 1/(2¢) and define
U, as that function which is equal to ¥ on [0, x¢] and, for z > z, equal to ¥(zg)(x/x0)* for a =
24+ 1/((1 +1log2)log(l +log2)). Then there exists § > 0 such that vy, (h,S) = vg(h,S) holds for all
functions h € {f, g, f + g} and partitions S with [S| < d. Next, one checks that log (¥s(e”)) is strictly
increasing and convex. Thus, we may apply Mulholland’s extension of Minkowski’s inequality [27]. In
our context, it implies that

5 (0 (£.5)) = U5 (00, (9.5)) < 05 (v + 9.9)) < 5 (0ao(£29) + 05 (00, (9.5)). (59)

Taking a sequence of partitions (S,,)neny With [S,| — 0 and vy, (f + g,S,) — ve,(f + g), applying the
right-hand side of , and passing to the limit as n 1 oo thus yields that

\IJ‘J_l(v‘I’o(f—"g)) < hn%mf (\Ij (U‘I/o(f S )) 1(Uq,0(g,8n>)) < ‘I’El(v%(f))~

In the same manner, we get vy, (f + g) > vy, (f) by taking a sequence of partitions (S, ),en With
IS,| = 0 and vy, (f,Sn) — ve,(f) and applying the left-hand side of (59). O

Proof of Theorem for K < H. We only need to consider the case in which X admits a finite and
nontrivial quadratic variation, which by Theorem and our assumption K < H is tantamount to
1/2=H AN K = K. We assume by way of contradiction that X can be decomposed as X = M + A,
where M is a continuous local martingale with My = 0 and A is a process whose sample paths are
of bounded variation on [0,1]. By Theorem [2.3, (X), = (M), = V't for a random variable V' > 0.
Since X is Gaussian, Stricker’s theorem [34] implies that M is Gaussian and thus has independent
increments. Hence, V must be equal to a constant ¢ > 0. Therefore, B := ¢ '/2M is a Brownian
motion by Lévy’s theorem. In the formulation of Corollary 12.24 in [7], a theorem by Taylor states that
vy(B) = 1 P-a.s. Since vy(c"/2A) = 0 P-a.s. by Lemmam (a), we must have that vy (c™/2X) =1
by Lemma m (c). However, the sample paths of X are Holder continuous with exponent 1/2
according to Proposition , which is a contradiction to Lemma m (b). O
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Proof of Theorem [2.5 for H < K. In this case, we have H = 1/2. We let (.%#;):>0 denote the natural
filtration of X and A7 = X (j6™") — X((j —1)b™"). Our goal is to prove that there is a constant A > 0
such that for all sufficiently large n,

b —1

— ZE[]E AT } > .

This will imply that X is not a quasi-Dirichlet process in the sense of [31], Definition 3] and hence
not a semimartingale (see the proof of [31, Proposition 6] for details). To this end, note first that by
Jensen’s inequality for conditional expectations and for j > (b — 1)b" !,

E[BA7, |7, 1] > E[EAL AL, ]

Next, since (A? 1 A}l ' 1_pn—1) is a centered Gaussian vector, the conditional expectation on the right-
hand side is given as follows,

E[A”, A"

[ |A 1] = Zh EA 1] 1
n— - _pn—1-.
J+115 3 +1-b [(A;l+1 e 1)2] ]-‘rl b

1 bn_l] > Ab™" for some constant A\; > 0. Moreover,

We will show in Lemma that E[A7, | A"
Lemma will show that the denominator is bounded by L6~ for another constant L;. Hence,

. I’Z‘l E[A} A7 pal® "Z‘l Ab™"
" . E[(A _ nfl) ] - . Ll 7
j=(b—1)bn—1 J+1-b j=(b—1)bn—1
which is bounded from below by A := A;/L;. O

The following lemma shows in particular that the Wiener—Weierstrafl bridge with H = 1/2 < K
is, at least locally, a quasi-helix in the sense of Kahane [I8, [19]. Analogous estimates will be derived
in the more general case H < K in an upcoming work, but H = 1/2 < K is all we need here.

Lemma 3.20. Let X be the Wiener—Weierstraf$ bridge with H = 1/2 < K.

(a) There exists a constant L > 0 such that for all s,t € [0, 1],
E[(X(t) — X())*] < Lt — s].
(b) For each A € (0,1) there exists € > 0 such that for s,t € [0,1] with |t — s| <&,
E[(X(t) — X(s))’] = Alt — s].
Proof. (a) There is a constant L such that E[|B({0"t}) — B({b"s})|?] < Lob"|t — s|, due to and

the fact that x is Holder continuous with exponent x > 1/2. Then one uses the definition of the
Wiener—Weierstrafl bridge and Minkowski’s inequality to obtain

E[(X(t) - 72 < Za 1B{"t}) = BUY"sHP? < VLoft — s Y _(ab'/?)"

Since, by assumption, a?b < 1, (a) follows.
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(b) We let ¢ be the Holder constant of «, i.e., |k(r) — k(u)| < c|r —u|™ for all r,u € [0,1]. Then
we make the following definitions for M € N.

2ca™ T
00 b —1 for ab™ > 1,
Ki(M) := (1+ 2sup|k]) Z a™, Ky(M) := ¢ 2cMb™™  for ab™ =
m=M Qfﬁ;:,w for ab™ < 1.

Then we choose L be such that K (M) + Ky(M) <1 —+/X for all M > L and set ¢ := b~%. Then we
fix 0 <s<t<1with|[s—t| <e. Let M := |—log,(t—s)| sothat b™ ' <t—s<b™and M > L.
As in the proof of Proposition 2.9, we write

Za W({bmt}) — W{bms}) — (s({b™t}) — s({Bs})W (1) = / o) dW (x)

as a Wiener integral, where

g(x Za Lgpmsy. oy (2 Za k({0™t}) — k({b"s})).

m=0

Here we use again the convention that for x < y, the indicator function ]l[y p is defined as —]l[x o
Define ’ 7

=inf{1 <k <M—1:{b"s} > {o"}} A M.
We claim that for 0 < k < ¢,
0 < {bFs} < {bFt} <1 and {b*t} — {bFs} = b"t — bFs < OF M, (60)
and for { < k < M,
0 < {bFt} < {bFs} <1 and {b*s} — {b*t} =1 — (bFt — bFs) > 1 —bF M, (61)

These assertions are obvious in case £ = M. For £ < M, we have 0 < b‘t — b’s < b*™ < 1. Together
with {bfs} > {b’}, this implies {b} + (1 — {b's}) < b*" M. Tt follows that, for k € [¢, M), we have
{6t} = bF 4y < b M < bl and 1 — {bFs} < VP Y1 — {b's}) < b7 Therefore, {b¥t} < {V*s},
i.e., the order of {b*t} and {b*s} flips at most once for 0 < k < M (namely when k = ¢) and after
they flip, one of them stay close to 0 and the other one close to 1. It is thus clear that their distance
before the flip must be b*(t — s), whereas after the flip it is 1 — b*(t — s). This proves and (61).

According to (61]), we have for £ < k < M that Ligms gmey) = 1 — Lo pmayuiiomsy,1). Hence, we

may write g(z) = .0, gi(z) where

—1 M-1
gi(x) = Z O Lgymsy, i) (€) + Y ™ Lig ppmiyjofpmsy (%),
m= m=/{

/—1 M-1
g2(x) = — Zam {omt}) — w({b™s}) = Y o™ (1= (s({07s}) — k({b™1}))) ,
=0 m=~

g3(x) = Z A" Ly ey () = Y @™ (k({71}) — K({D"s})).

m=M m=M
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Note that gs(z) does not depend on z.
Clearly, g; is bounded from below by the term corresponding to m = 0, i.e.,

= sl

We also have gs(z) > —K;(M) for all z € [0,1]. By (61)), for £ < k < M, {b*s} — {b*t} > 1 — bFM,
so that by Hélder continuity of «, for all z € [0, 1],

M-1 —1 M-1
ga(a) 2 = 30 (T + (L= ) = S a0 (e — )7 2 207 3 (ab)"™ > — (M),
m=£{ m=0 m=0

Therefore, g(x) > 1+ go() +g3(z) > 1 — (K (M) + Ky(M)) > /A for x € [s,t]. Now the Ito isometry
gives

B0 - X)) - ( [ e dw<r>)2] = [[¢tyar= [ ¢y -,
as required. O

Lemma 3.21. For H = 1/2 < K there exist A\ > 0 and M € N such that for all n > M and
bn—l S] < bn’

B[(X(G+106) =X (o)) (X (G+ 06 =67 =X (o = b)) = e (63)

Proof. For any t of the form t = b~ we have
X(t)=B(t)+Y_ amB{tb"}) = B(t) + X (t). (64)
m=1

Substituting all occurrences of X in (63]) with and factoring out the product yield four separate
terms, which we are going to analyze individually in the sequel. Recall that B(t) = W (t) — x(t)W (1),
where r is Holder continuous with exponent 7 > H = 1/2. We also use the shorthand notation
ty= G+ D0 tg:=gb "ty =G+ 1)b " —=b"! and t; := jb " — b~ L.
First, we analyze the term

[E|(B(k) - B(ts)) (B(ta) - B(n)) ]|

= ‘('f(h) — K(t3))(k(t2) — K(t1)) = (K(ta) — K(t3))(E2 — t1) — (K(t2) — K(t1))(ts — t3)

< Lb " =o(b™").

Next, we analyze the mixed terms. To this end, note that for m > 1 we have {t;0™} = {jb™ " —
b1} = {0} = {t3b™}. In the same way, we have {t,0™} = {t40™}. Thus,

X(t2) = X(t1) = X(ta) — X(t3). (65)

Hence, the first mixed term is

]E[(B(t4) — B(ty)) (X () — )’Z(t1>>)] - E[(B(t4) — B(ts)) (X (ts) — )’E(tg)))]
= 3" a"E[(B(ta) - B(t)) (B({tab™}) - B({t:0™}) ]

_ mz o |  f(@)g() der,
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where

f= 1[t37t4] - ("i(t4) - Ii(t3)) = - Co, Im = 1[{t3bm},{t4bm}] - (’i({t‘lbm}) - "i({t:ﬂbm}))?

where we use again the convention that ]l[b q = —]l[a i if a <.
Now we claim that g,, can be written as g,,(z) = 1, (x) + Cy,, where I,, is a subset of [0, 1]
of total length ™" and C,, is a constant with |C,| < Lb™=™7 for another constant L; > 0.
Indeed, if {t36™} < {t4b™}, we can take I, 1= [{t3b™}, {t4sb™}], and C,, == —k({t4s0™}) + r({t30™}).
Then C,, satisfies |C,,| < Li6™~™7 due to the Hélder continuity of x. If {ts6™} > {t,b™}, then
]l[{tgbm}’{mm}] =1, —1for I, :=[0,{tsb™}] U [{tsb™},1]. Hence, we can let
Cm = —r({ta0™}) + w({tsb™}) = 1 = £(0) = w({tab™}) + £({t30™}) — K(1).

Also in this case, |C,,| < L™ ™7 by the Holder continuity of .
It follows that

1 1
/ fGm dx = fldx—i-C'm/ fidz — Coll,| — CoChp,
0 Im 0

where |I,,,| denotes the total length of I,,,. Observe first that fIm fidxz > 0. Next, we have |C,, fol fidz] <
Libm=mm=n | Co| Ly || < b=V where c is the Holder constant of &, and |CoCh,| < cLyb™=2M7,
Altogether, this gives fol fgm dx > —Lyb™ =27 for some constant Ly. We conclude that

i 1 Jgmdr > —Lo i ompm=2n)T

m=1+0 m=1

Using that 7 > 1/2 and a?b < 1 one checks that the right-hand side is of the order o(b™"). The second
mixed term is handled in the same manner.
Finally, we analyze the term

E[(X(t) - X (1)) (X(t2) = X() | = B[ (X(ta) = X ()],

where we have used . To this end, we proceed as in the proof of Lemma m (b) with t := 1ty =
(7 4+ 1)b7™ and s := t3 = jb~". We retain the notation from that proof with the only difference that
we sum from m = 1 instead of m = 0. The estimates for g, and g3 obtained in the final paragraph
of that proof remain true, but is no longer valid, because it was obtained by looking at the case
m = 0. However, if £ > 1, then we estimate g; > a]l[{bs}’{bt}], and the length of the interval [{bs}, {bt}]
is equal to b'™". If £ = 1, then there is an integer k such that jb'™" = bs < k < bt = (j + 1)b'™".
Hence, ¢ > al = al., ., and the length of the interval [{bs}, 1] is also equal to

[0, {bt}U[{bs},1] 1’
b'=". As in the proof of Lemma (b) we now get that there is a constant A > 0 such that

E[(X (1) — X (t2))?) = N,
Putting everything together yields that holds for all sufficiently large n. m

3.5 Other proofs
Proof of Proposition[2.6. For fixed s € (0,1), let

o(t) == c(s,t) — ac(s, {bt}), t €0,1]. (66)
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Since ¢(s, t) is uniformly bounded, we obtain the representation
= a"p({b"t}). (67)
m=0

Our goal is to apply Proposition . To this end, we note first that ¢ satisfies ¢p(0) = 0 = ¢(1).
Moreover, we get from that

ZZ@”“”E s BB = > amHE[B({b"s})B({b"t})]

=Y o"E[B({t"s})B(1)].

Since k is given by , one checks that ¢ is Holder continuous with exponent 2H > K. Therefore,
Proposition applies to the function ¢ — ¢(s,t) in and we conclude that it has finite linear
(1/K)-th variation. Moreover, for each fixed u € (0, 1), the function ¢ — E[B(u)B(t)] is nonnegative
and null only for ¢t € {0,1}. Hence, condition is satisfied and the (1/K)-th variation is nontrivial.

[

Proof of Corollary[2.7. Part (a) follows from Theorem and Proposition provided that H > K.

To prove (b), consider a centered Gaussian process (Y;):e(o,1] With covariance function c(s,t). We
denote by T, := {kb™" : k =0,...,b0"}, n € N, the b-adic partitions. For t € T,,, we let ¢’ := inf{u €
T, :u >t} A1 denote the successor of ¢ in T,,. Holder’s inequality gives

D lels,t) —e(s, 0l < Y (EIY ()Y () = Y(O)))"

n < Zn( )" (B (F) —Y<t>|p])”p)” (68)
= (E[Y(s) p/q]E[Z\Y ]

teTy,

Suppose by way of contradiction that, for some s € [0, 1], the expression on the left-hand side of
is infinite. Then obviously P(Y (s) = 0) < 1 and by passing to the limit n 1 oo in (68)), we get

lim sup]E{Z Y (¢ (t)|p} = 0. (69)

ntoo teT,

But since Y is a Gaussian process, an application of Fernique’s theorem (Theorem 1.3.2 in [§] or
Lemma 2.10 in [6]) applied to the seminorm

—sup(ZE Y (# )V’])l/p

neN teT,,

yields that the pathwise p-th variation of Y cannot be P-a.s. finite. This is a contradiction to (69). [

Proof of Proposition[2.9 We may assume without loss of generality that 1 = (M), = fol o(s)ds. As
in Lemma [3.1] let (r,,)men be an arbitrary sequence of integers such that r,, € {0,...,0™ — 1} and
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assume in addition that the set {7 : m € N} is dense in [0, 1]. Then
> o (5(") - ()
=) < (GE)) = o (7 ety
m=1 i

Let L > 0 be such that 0 < ¢(t) < L. Then,

=

oo Tm+ 00
bm
C = Z a” " [m p(s)ds < Z a "ML < 0.
m=1 o m=1

So the function

Z o [T 7m+1 (t) -C

m=1

is well-defined a.e. on [0, 1], and one checks as in that f € L?[0,1]. It hence follows from (70)

that
S (B() - 5(32)) = [ swan

Thus, the second moment of the left-hand expression is finite and given by

[( ) dM(t))z] -/ (W) d(), > Juwrawa, (1)

where [ is the nonempty open interval on which ¢ > 0 by assumption. Since there are infinitely many
m € N for which 2 € I, we see as in that the rightmost integral in (71]) must be strictly positive.

Next, whenever v < 1/2 is given, then the sample paths of M are P-a.s. Holder continuous with
exponent 7, because M has the same law as W ((M)) for some standard Brownian motion W; this
follows from the standard DDS time change argument (e.g., Theorem V.1.6 in [30]).

Our assertion now follows as in the proof of Theorem (a), once we have checked that the
random variables R,, defined in are such that {#= : m € N} is P-a.s. dense in [0,1]. This will
follow from a standard Borel—Cantelh argument. Indeed, fix a nonempty open set J C [0,1] and
choose a subinterval [kb~N, (k + 1)bN) C J where k, N € Ny. Write kb=~ = S kb~ 1=V where
k; € {0,...,b—1}. Then for every fixed m > N, apart from null sets we have

{]:—me[kb‘ (k417N } ﬂ{Uz+mN—k}

Therefore, the events
R
{bjjvv kb~ (k+1)b~ N)} (eN,

are independent. Obviously, P(Uyv-ny = ki, 1 < i < N) = b~ for each ¢ € N, so the second
Borel-Cantelli lemma finishes the argument. O]
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A Fractal functions with Holder continuous base

In this appendix, we collect some preliminary results needed in Theorem (a) and Proposition .
In these results, the parameter K resulting from the Weierstraf-type convolution is smaller than the
Hurst parameter H of the underlying Gaussian bridge. It turns out that this particular case can be
analyzed to some degree by extending techniques that were developed for the study of deterministic
fractal functions of the form

f(t) =Y a"s({b"t}), (72)

where a € (0,1), b € {2,3,...}, and ¢ : [0,1] — R is a continuous function with ¢(0) = ¢(1). As
mentioned in the introduction and Section [2] the functions of this type include the Weierstrafi and
Takagi—Landsberg functions, but in the existing literature, their study was mainly restricted to the
case in which ¢ is Lipschitz continuous; see, e.g., [3] and the references therein. In our application to
Gaussian Weierstraf3 bridges, ¢ will be a typical sample path of fractional Brownian bridge or a more
general Gaussian bridge, and so the Lipschitz condition does not apply. In this section, we therefore
discuss the case in which ¢ is Hélder continuous with exponent v € (0, 1]. In the application to the
proofs of Theorem (a) and Proposition we will actually have v > K. Although the main
purpose of this section is to prepare for the proofs of our results on Gaussian Weierstral bridges, we
believe that it could also be of independent interest to the study of deterministic functions f of the

form (72)).

Proposition A.1. Suppose that ¢ is Hélder continuous with exponent v € (0,1] and let K =
(—log, ) A 1.

(a) If K # v, then f is Holder continuous with exponent K A 7.

(b) If K =, then there exists a constant ¢ > 0 such that w(t) := ct?logt™" is a (uniform) modulus
of continuity for f. In particular, f s Holder continuous for every exponent B < .

Proof. Consider the periodic extension of ¢ to all of R, and denote this function again by ¢. Using
the elementary inequality a” + b” < 2'77(a + b)?, which holds for a,b > 0 and 0 < v < 1, one checks
that the periodic extension ¢ is also Holder continuous with exponent v on all of R. So let C' be such
that |¢p(z) — ¢(y)| < Clx — y|” for all z,y > 0. Throughout this proof, we also consider the periodic
extension of f and denote it again by f.

In case K > 7, we have ab” < 1 and so, for ¢, s € R,

(8) = F()] < Y am|o(brt) = ¢(b"s)| < Clt = 5" Y _(ab?)" = L]t — 5[

for a constant L. This proves that f is Holder continuous with exponent ~.
For K < 7, let s,t € R be given. Due to the periodicity of f, we may assume without loss of
generality that |t — s| < 1/2. We choose N € N such that b= < |t — s| < '™V, Then we have

=

-1

[F() = F(s)] <Y a”[o(b"t) — ¢(b"s)[ + Y a"[@(b"t) — p(b"s)]

i
o

N )
< Ot —s|” ab”)" + 2 su T )
< Ol =l (@) 2 smp ooy
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If K <+, we have ab” > 1 and get from that

[f(t) = f(s)| < Clt =8|

(ab)N —1 a cb 2sup ||\ N
Sl < ( )a?.
ab’ —1 * xsel[1021|¢(x)|1_a - ozb”—l—i_ 1—a /)

Since oV = b=KN < |t — s|X, our proof of part [(a) is complete.

In case @, we have ab” = 1 and get from that

2 log |t — 5|71 2
F(1) = F(s)| < ONJt— s 4 25010 v o oy L loslE= sy e 28ulol,
1 —a log b 11—«

and this is less than or equal to c|t — s|7log |t — s|~! for |t — s| < 1/2. O

The following result can be proved in the same way as Theorem 2.1 and Proposition 2.4 in [32],
where the key is the representation ((17]).

Proposition A.2. Suppose that ¢ is Hélder continuous with exponent v € (0,1] and that b €
{2,3,...} and o € (0,1) are such that ab” > 1. Then

Z:::zi:a_m<¢(ﬁﬂn+-ﬂb_m)——¢(Rmb_m)> (74)
m=1
s a bounded random variable, and for p := —log, b,

|tb"]
(O =1m > |F((k+1)b7") — f(kb™™)|" =t -Eg[|lZ]"],  te[0,1].

ntoo

Moreover, Eg[|Z|P] > 0 as soon as
{0} #{o(b™") : k € N} C [0, 00). (75)

Remark A.3. By considering ¢(t) := —a(t) or gg(t) = ¢(—t) or (t) := —¢(—t), one sees that
can be replaced by several similar conditions. For instance, requiring for ¢ is equivalent to the

condition {0} # {¢(1 —b7%) : k € N} C (—o00,0].

Definition A.4. Let ¢ : [0,1] — R be Holder continuous with exponent v € (0, 1] and ¢(0) = ¢(1),
be{2,3,...}, and ab” > 1. The function ¢ is called a valid base function for b and « if the random
variable Z in ([74)) is not Pg-a.s. null.

The following proposition shows that fractal functions of the form are often themselves valid
base functions.

Proposition A.5. Suppose that ¢ : [0,1] — R is Hélder continuous with exponent v € (0,1] and a
valid base function for b € {2,3,...} and a € (b7,1). Then, if 0 < g < 1/b7,

P(t) = Bro({omt}) (76)

15 a valid base function for b and .
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Proof. First, it follows from Proposition (b) that ¢ is Holder continuous with exponent +, and so
we may apply Proposition [A.2] Let

Z = i o (U (R + 167) = (R ™)), (77)

m=1

where the R,, are as in (15]). As in the proof of Proposition [A.1] we extend ¢ to all of R by periodicity.
Then, for any x and ¢ < m,

6(x+ Rob™) :¢<x+§:Uibi_1_z> = (x+ZUb’ ) = o(a+ Rb).
=1

Using this fact and once again the periodicity of ¢, we get

7 — Z Q—mZBn( )bn—m) _ ¢(Rmbn—m))
m=1 n=0
00 m—1
= Z a—m Z Bn( m + 1)bn—m) o ¢(Rmbn_m)>
m=1 =
~S o Z 5 (O((Re+ 1)) = (R ™))
m=1 =
= — / Za—f( ((Re+1)p7) = 6(Rab™)). (78)
By assumption, the latter series is not Pg-a.s. zero. This concludes the proof. O

Remark A.6. In the context of Proposition[A.5] let f(t) := Yo" ap({b"t}). Then Proposition[A.2]

states that <f>§p) = t-E[|Z|] for p = —log, b and Z as in (77). By (78), Z can be represented as
follows in term of ¢,

1 o
2= 157 mz::lam (6((Ro+ 1) = 6(Rab™) ). (79)

Now consider the specific case in which ¢(t) := ¢ A (1 — t) is the tent map and 0 < f < 1/b < a < 1.
Then ¢ satisfies and hence the conditions of Proposition hold. Moreover, 9 in is a
Takagi-van der Waerden function. If in addition b is even and Z is as in , then the law of
b(1 — )7 is the infinite Bernoulli convolution with parameter 1/(ab). This follows from Proposition

3.2 (a) in [32].
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