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Abstract

Fractional Wiener—Weierstrass bridges are a class of Gaussian processes that arise from re-
placing the trigonometric function in the construction of classical Weierstrass functions by a
fractional Brownian bridge. We investigate the sample path properties of such processes, includ-
ing local and uniform moduli of continuity, ®-variation, Hausdorff dimension, and location of the
maximum. Our analysis relies heavily on upper and lower bounds of fractional integrals, where
we establish a novel improvement of the classical Hardy—Littlewood inequality for fractional
integrals of a special class of step functions.
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1 Introduction

In recent years, interest in non-diffusive stochastic models—those with sample paths either rougher
or smoother than standard Brownian motion—has grown significantly. This trend is driven by several
factors. First, advances in Lyons’ rough path theory [I1], modeling with fractional Brownian motion
[27], and pathwise Ito6 calculus for trajectories with p-th variation for p > 2 [7] have all spurred further
research. Second, new applications of non-diffusive processes, such as rough volatility modeling [4],
have underscored their practical relevance.

The phenomenon of roughness has also played a significant role in fractal geometry. Consider, for
instance, the classical Weierstrass function, which, for oo € (0,1) and b € {2,3, ...}, is defined as

Gan(t) =Y a"cos(2mb"t),  te[0,1]. (1)

Recent analyses have studied this function in a manner analogous to the sample paths of stochastic
processes. Among the properties explored are the local and uniform moduli of continuity []], the
existence of a local time [19], the Hausdorff dimension of its graph [25], and its suitability as an
integrator for pathwise It6 calculus [39].
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In this paper, we continue the analysis of a new class of stochastic processes introduced by the
authors in [40], aiming to provide a synthesis between fractional Gaussian processes and fractal ge-
ometry. These processes are obtained by replacing the cosine function in () by the trajectories of
a fractional Brownian bridge By with Hurst parameter H (the precise definition of By is given by
@) below). More precisely, the fractional Wiener—Weierstrass bridge with parameters o € (0, 1),
be{2,3,...},and H € (0,1) is defined as the stochastic process

Za ({prt}),  0<t<1,

where {x} is the fractional part of x > 0. Although Y remains a Gaussian process, it displays a
number of intriguing properties. For instance, it was shown in [40] that there is no combination of
parameter values («, b, H) for which Y is a semimartingale. It was shown moreover that the covariance
function c(s,t) := E[Y (s)Y (t)] typically has a fractal structure and, for fixed s € (0, 1), can have the
same roughness as the sample paths of Y. Here, the roughness of a function f : [0,1] — R is quantified
through its roughness exponent along the b-adic partitions, which according to [I7] is defined as a
number R € [0, 1] for which

b1 :
: n _ayp Joo ifp<1/R;
e & e s = {3 »

The main results of [40] identify the roughness exponent R of the sample paths of Y and compute
their p-th variation (i.e., the limit on the left-hand side of (2))) for p = 1/R. These results show that
two distinct regimes emerge, arising from the competition between the roughness exponents of the
trajectories of the fractional Brownian bridge By and the classical Weierstrass function in (I), which
are given by H and K := 1 A (—log, «), respectively.

In this paper, we continue our analysis of the fractional Wiener—Weierstrass bridge, focusing on
several sample path properties: (Wiener—Young) ®-variation, the local and uniform moduli of conti-
nuity, the Hausdorff dimension of the graph, and the location of the maximum. Our results highlight
the significance of the distinct regimes arising from the relationship between the roughness exponents
H and K. Specifically, for H < K, we observe that the fine structure of the sample paths retains
characteristics similar to those of By. In contrast, when K < H, the behavior of the trajectories
of Y resembles that of a randomized version of the classical Weierstrass function. In this case, the
limits of the local and uniform moduli of continuity are governed by non-degenerate random variables,
providing an example for which the well-known zero-one law for the moduli of continuity of Gaussian
processes fails (see Lemma 7.1.1 of [29] or Lemma Gl below). The critical case H = K presents the
most intriguing and challenging regime. Here, the fine structure of the fractional Wiener—Weierstrass
bridge deviates from both the classical Weierstrass function and the trajectories of By.

There is extensive literature on the sample path properties of Gaussian processes; see, for example,
the books by Adler [2] and Marcus and Rosen [29]. However, most proofs in this area rely on the sta-
tionarity of increments and explicit knowledge of the covariance function. In contrast, the fractional
Wiener—Weierstrass process has highly non-stationary increments, a fractal covariance structure, and
lacks self-similarity, posing significant challenges for our analysis. To handle the complex covariance
structure of Y, we establish upper and lower bounds on E[(Y (t) — Y (s))?] for sufficiently small |t — s|.
These bounds depend on a novel extension of the classical Hardy—Littlewood inequality for fractional
integrals, presented in Theorem The non-stationarity of the increments requires us to refine
traditional methods for deriving sample path properties of Gaussian processes. For example, in The-
orem [A.1], we establish a general result on the ®-variation of Gaussian processes, extending Theorem



4 from [24] to processes with non-stationary increments. Additionally, we employ classic techniques
such as strong local non-determinism, the Sudakov minoration, and the concentration of measure.

The rest of this paper is organized as follows. In Section[2] we state our main results, beginning with
Theorem on the ®-variation of the sample paths, followed by Theorem and 2.4 which address
the local and uniform moduli of continuity. In Theorem [2.6] we determine the Hausdorff dimension
of the graph of Y as (2 — H) V (2 — K), assuming that K > 2H — 1. Theorem [27] establishes that
the location of the maximum of Y has an atomless distribution if and only if H > K. Section
concludes with an outlook and a list of open questions. Section 3] provides auxiliary results, some of
which may be of independent interest—particularly the extended Hardy—Littlewood inequality given
by Theorem [B.3] which plays a central role in our proofs. Finally, Section dl contains the proofs of our
main results.

2 Main results

Following [40], let Wy = (Wg(t))i>0 be the fractional Brownian motion with Hurst parameter H €
(0,1) and starting point Wy (0) = 0. We pick a deterministic function « : [0,1] — [0, 1] satisfying
k(0) = 0 and k(1) = 1. The stochastic process

Bu(t) := Wu(t) — s(O)Wr(1),  t€[0,1], (3)

can then be regarded as a fractional Brownian bridge with Hurst parameter H. For instance, under
the choice

(1) = (1 + 2 — (1 1)), (1)

the law of By is equal to the law of Wy conditioned on the event {Wy(1) = 0}; see [16]. However,
the specific form of x will not be needed in the sequel. We will only assume that By is of the form
By (t) = Wy(t) — k(t)Wg(1) for some function  : [0,1] — [0, 1] that satisfies x(0) = 0 and x(1) = 1
and that is Holder continuous with some exponent 7 € (H,1]. For example, the function x in ()
satisfies these requirements. Both xk and By will be fixed throughout this paper. We denote by {x}
the fractional part of x > 0.

Definition 2.1. ([40]) For o € (0,1) and b € {2,3,...}, the stochastic process
Y(t) = Younu(t Za ({ort}),  0<t<1, (5)

is called the fractional Wiener—Weierstrass bridge with parameters o, b, and H.

The fractional Wiener—Weierstrass bridge is a Gaussian process with highly non-stationary in-
crements and, unlike fractional Brownian motion, is not self-similar. Therefore, many techniques
for studying sample path properties are not available. In addition, it has continuous but nowhere-
differentiable sample paths, a fractional covariance structure, and is not a semimartingale [40].

Throughout this paper, we define

K —mm{ (—logba)} (6)

The key message from [40] is the following.



The roughness of the fractional Wiener-Weierstrass bridge Y = (Y (t))cj0,1) s determined
by a competition between the Hurst exponent H of the underlying fractional Brownian
bridge and the roughness exponent K from the Weierstrass-type convolution.

In other words, the process Y often inherits sample path properties from the fractional Brownian
motion Wy if H < K, and from the Weierstrass fractal construction if H > K. Therefore, the
investigation of the sample path properties of Y often bifurcates, depending on the relation between
K and H. For instance, the roughness of a function f : [0,1] — R can be quantified by the p-th
variation along the sequence of b-adic partitions, defined as

26" ]

= Tim 3 F((R+ 107 = fO) te[0,1], (7)

provided the limit exists for all ¢, where |x] denotes the largest integer less than or equal to x (see
[T7]). Theorem 2.3 of [40] shows that the p-th variation of Y along the sequence of b-adic partitions
is non-trivial for p = min{1/K,1/H} if K # H. We refer to Section 2 of [40] for further discussions
and properties of the fractional Wiener—Weierstrass bridge.

Our results on the sample path properties of the process Y will also depend on the interplay
between the parameters H and K. The most interesting and challenging case is the critical phase
H = K, where we fully characterize the sample path properties through delicate analysis of the
covariance function. We start from the (Wiener—Young) ®-variation, which for a real function f is
defined as

’Uq>(f) = sup{Z@ﬂf(t,) — f(tz_1)|) 0=tg<th<---<t,=1, ne N}

Note that here the supremum is taken over all partitions of the interval [0, 1] and not just over a
specific refining sequence of partitions as for the p'' variation studied in [40]. Our goal is to find a
critical function ® such that ve(Y') is non-trivial in the sense that P(0 < ve(Y) < co) = 1. Here and
in the sequel, L (resp. 6 > 0) will denote a large (resp. small) number depending only on «, b, H and
which may vary at each occurrence. The function loglog x is always interpreted as loglog x Ve, where
a Vb and a A b denote the respective maximum and minimum of two real numbers a and b.

Theorem 2.2. Let Y be a fractional Wiener—Weierstrass bridge with parameters o, b, and H, and
K = min{1, (—log, o) }.

(i) If H < K,

Pwadm<m):1fm M@:<zm;mymym‘ (8)

(ii) If H = K,

. 1/H
V/2log(1/x) loglog(l/x)/H) .

P <f <wvg(Y) < oo) =1 for ®(x)= < (9)

(iii) If H > K,
P(0 <ve(Y) <o0)=1 for ®(x)=az"%.



Moreover, in all three cases, if © : [0,00) — [0, 00) is a function such that ®(x) = o(O(z)) as z — 0T,
then ve(Y) = oo almost surely. Conversely, if O(x) = o(®(x)) as x — 0T, then ve(Y) = 0 almost
surely.

Theorem will follow from a more general result, Theorem [4.] below, which extends Theorem
10.3.2 of [29] to the case of Gaussian processes with non-stationary increments. The concept of ®-
variation plays an important role in rough path calculus; see, e.g., [11], 12], and the references therein.
The ®-variation of various stochastic processes has been the subject of several earlier works: fractional
Brownian motion [9], bi-fractional Brownian motion [34], sub-fractional Brownian motion [37], more
general Gaussian processes with stationary increments [24], and certain non-Gaussian processes [3].
For fractional Brownian motion, a critical function ® such that ve(Wy) is non-trivial is given by
®(x) = 2/ (loglog(1/z))~/@H) which coincides with the function ® in part (i) of Theorem 22

Our next results, Theorems and [2.4], characterize the local and uniform moduli of continuity
for fractional Wiener—Weierstrass bridges. We will write Ry = (0, 00). Following Section 7.1 of [29],
we will say that a function w : [0,1) — [0, 00) with w(0) = 0 is an ezact uniform modulus of continuity
for a Gaussian process (G(t))ico, if

h=04 sef0,1] w([t = s])
[t—s|<h

for some constant C' € R,. We say that a function p : [0,1) — [0, 00) with p(0) = 0 is an ezact local
modulus of continuity for (G(t))wcpq at s € [0, 1] if

P | limsup M —C'| =1
te[0,1], t—s P(|t - 5|)
for some C" € R,..

Theorem 2.3. Let Y be a fractional Wiener—Weierstrass bridge with parameters o, b, and H, and
K = min{1, (—log, ) }.

(i) If H < K, then p(u) = ufl\/loglog(1/u) is an exact local modulus of continuity for Y at every
s € 0,1].

(ii) If H = K, then p(u) = u'\/log(1/u)loglog(1/u) is an ezact local modulus of continuity for'Y
at every s € [0, 1].

(i11) If H > K, then there exist non-negative random variables Zg, s € [0,1], such that
Y(it)-Y
P | limsup M =7, =1 (10)
te[0,1], t—s |t - 5|

Moreover, if k is strictly increasingﬂ the random wvariable Zg 1s non-constant, strictly positive,
and unbounded for almost every s € [0,1]. In particular, Y does not have an ezxact local modulus
of continuity at almost every s € [0, 1].

Theorem 2.4. Let Y be a fractional Wiener—Weierstrass bridge with parameters o, b, and H, and
K = min{1, (—log, ) }.

! This is a technical assumption, which we expect can be removed.



(i) If H < K, then w(u) = u\/log(1/u) is an exact uniform modulus of continuity for Y.
(ii) If H = K, then w(u) = u? log(1/u) is an exact uniform modulus of continuity for'Y .

(15i) If H > K, then there exists a non-constant and unbounded random variable Z such that

P(lim sup i) = Y(s)l = Z) =1 (11)

K
h=0¢ se(0,1] |t — s
[t—s|<h

In particular, Y does not have an exact uniform modulus of continuity.

It is instructive to compare the moduli of continuity of Y with those of classical functions or
processes. First, if ab > 1, the classical Weierstrass function (I) admits local moduli p(u) = u~'°&(*)
at all points (Theorem 1 of [20]), and hence the same uniform modulus. Second, the fractional
Brownian motion Wy has an exact uniform modulus w(u) = u*” y/log(1/u) and an exact local modulus
p(u) = uf’y/loglog(1/u), as special cases of Theorems 7.2.14 and 7.6.4 of [29]. In other words, in
terms of moduli of continuity, the Wiener—Weierstrass process Y mimics the classical Weierstrass-type
functions if H > K and the fractional Brownian motion Wy if H < K. Surprisingly, in the critical
case H = K, our modulus of continuity differs from that of the critical Weierstrass function (II) with
ab = 1. More precisely, [15] established that p(u) = uy/log(1/u)logloglog(1/u) is an exact local
modulus of continuity for ¢1,; at almost all points. More general results were later established in [§]
for (critical) Weierstrass-type functions.

Remark 2.5. The fact that Z; in (I0) (or Z in (II)) is random does not contradict the well-known
zero-one law on the modulus of continuity of Gaussian processes (see Lemma below). In fact, it
is an interesting example where the zero-one law fails. This is because for H > K the modulus of
continuity is not of a larger order than the L?-distance ||V (t) — Y (s)|2 as [t — s| — 0.

Denote by dim(f) the Hausdorff dimension of the graph of a function f. For the Weierstrass
function in (Il) (or Weierstrass-type functions in general), it was a long-standing conjecture that
dim(¢,) = max{1,2 — K}, until recently resolved in [38, 41]. On the other hand, for the fractional
Brownian motion we have dim(Wy) =2 — H a.s. (Theorem 1 of [I]). The question extends naturally
to the fractional Wiener—Weierstrass bridge Y. According to the previous heuristic, it is expected
that dim(Y) = max{2 — H,2 — K} holds a.s. We give a partial answer in the next result.

Theorem 2.6. Let Y be a fractional Wiener—Weierstrass bridge with parameters o, b, and H, and
K = min{1, (—log, o) }. Suppose that K > 2H —1. Then dim(Y') = max{2— H,2— K} almost surely.

A crucial ingredient in analyzing the moduli of continuity and the Hausdorff dimension is esti-
mating the covariance of the fractional Wiener—Weierstrass bridge Y. Specifically, we need to prove
upper and lower bounds for ||Y(¢) — Y (s)||2 for t,s € [0,1]. This non-trivial task will require two
technical tools: fractional integral representations and the strong local-nondeterminism property. We
will provide the necessary background on fractional integrals in Section Bl

The strong local non-determinism is a crucial property for establishing sample path properties of
Gaussian processes, such as uniform modulus of continuity [30], small ball probability, and Chung’s
law of the iterated logarithm [43], among many others. See [45] [46] for surveys. There are multiple
different definitions of local non-determinism for Gaussian processes, among which [5] and [36] contain
the earliest versions. One of the most widely used definitions is as follows: we say a Gaussian random



field (X (t))ses indexed by I C RY is strongly locally p-non-deterministic if, for any n € N and any
points u,tqy,...,t, € I,

1
min p(u, t)*, (12)

Var (X (u) | X(t),..., X (t,)) > T 1<k<n

where p is some prefixed metric on RY and L > 0 depends only on the law of the process (X (t))e;-
For instance, one may take p(s,t) = |t — s|* for the fractional Brownian motion (Lemma 7.1 of [36]).
This property also holds for well-known Gaussian processes such as the fractional Brownian sheet [44]
and bi-fractional Brownian motion [43], with certain choices of p.

Finally, we study the location of the maximum of a fractional Wiener—Weierstrass bridge. Let
Top.i b€ the (random) location of the maximum of Y, ; g, taking the leftmost point when the location
is not unique, that is,

TopH ‘= Min {t €[0,1] : Yapnu(t) = sup Ymb’H(s)}.

0<s<1

Theorem 2.7. Let K = min{l, (—log,«)}. The distribution of Tapnm is atomless if and only if
H < K. Moreover, P(Topy =0) >0 if H> K.

The study of the location of the maximum of (deterministic) fractal functions has extensive lit-
erature. To mention a few, there are [21] for the classical Takagi function, [13], 14 32] for Takagi—
Landsberg functions, and [I8] that characterizes the set of global maximizers and minimizers for
functions in the Takagi class.

Notations. We use ||-||> to denote the L?*(2)-norm of a generic random variable and ||-||» to denote
the LP-norm of a measurable function in LP(R), where p > 1. Denote by # A the cardinality of a finite
set A, and |I| the Lebesgue measure of a set I C R. The set of non-negative integers is denoted by
Ny =NuU {0}.

Outlook and some open questions. We propose a few open questions and interesting directions
for future research.

1. Several proofs (such as that of Theorem 2.4((ii)) could be simplified, and further properties of the
fractional Wiener—Weierstrass bridges could perhaps be unveiled, if one can establish the strong
local non-determinism ([I2]) for the Wiener—Weierstrass processes. However, this task appears non-
trivial due to the intricate dependence structure created by the fractal construction. We conjecture
that if H < K, then Y is strongly locally p-non-deterministic with p(s,t) = |s — t|.

2. As mentioned above, our main results rely heavily on controlling the L-distance ||Y () — Y (s)2.
As we will see in Section B3] obtaining precise bounds of ||Y () — Y (s)||o in the case H > K
remains a challenging task. On one hand, it is not hard to show that ||Y (t) — Y(s)||» < L|t — s|¥
uniformly in s,t. On the other hand, a lower bound of the form

1
Y (@) =Y ()2 2 1t —s]® (13)
cannot hold uniformly for s,¢ € [0, 1], because otherwise it would contradict Lemma 7.1.10 of [29]
along with Theorem 23[(iii). This motivates the following question: for which pairs (s,t) € [0,1]?

can we have a uniform lower bound (I3))? Lemma may serve as a first step by asserting that if

7



K € (2H — 1, H), there exist sets {Ty}ny>1 with Hausdorff dimensions tending to one, such that
(I3)) holds uniformly for ¢,s € Ty, where L may depend on N. Extensions of such a result may
lead to a better understanding of the local modulus of continuity and the Hausdorff dimension; see
the point below.

. We conjecture that for all a,b, H, it holds that dim(Y) = max{2 — H,2 — K} almost surely.
Moreover, we conjecture that the random variable Z, arising in Theorem 2.3|(iii) is non-constant
and strictly positive for all s € [0,1]. For this problem, the case H € (0, 1/2] should follow from the

Hardy-Littlewood inequality (Lemma Bl below), while the more challenging case is H € (1/2,1
Both problems require further investigation of the quantity ||Y () — Y'(s)||2, particularly the lower
bound.

3 Some preliminary estimates

An essential ingredient in proving the main results is estimating the covariance of the fractional

Wiener—Weierstrass bridge Y, or in other words, obtaining upper and lower bounds for ||Y () =Y (s)||2-

This will be the goal of the current section. We start with a minimal background on fractional integrals

and their connections to moments of fractional Wiener integrals.

3.1 Background on fractional integration

Let us recall from [31] that the Riemann-Liouville fractional integrals are defined as follows. For
8>0,

I°(f)(z) = / F)(x =) dt  and  I°(f)( / F)(t—x)’dt,
I°(f)(z) == f(x), and for —1 < <0,

d [* — d [~
(f)(x) = ﬁ%/_ FO@—tPdt and  I°(f)(x) = rjﬁ)%/ F)(t -zt
For H € (0,1), let § = H — 1/2 and define the linear operator

M (f) = Crli(f),

where Cy > 0 is chosen as in equation (1.3.3) of [31]. Then, if f is supported on [0, 00) and M (f) €
L*(R),
/ f(s)dWy(s / MI(f)(s) dWija(s),

see Section 1.6 of [3I]. Thus, by Ito’s isometry,

“/ £(s) dW(s ] /MH st:HMf(f)2

2’

(14)

The following result, known as the Hardy-Littlewood inequality, provides useful upper and lower

bounds of (I4).



Lemma 3.1 (Corollary 1.9.2 of [31]). There exists L > 0 depending on H such that the following

holds. If H € (0,1/2],
o s - e

|| [ s amuts|

3.2 A Hardy-Littlewood-type inequality for a sum of homogeneous in-
dicator functions

> = IIfIILl/H

If H €[1/2,1),
=M, < 2R

Our estimates of covariances in Section rely on a novel refinement of Lemma Bl for fractional
integrals, which is of independent interest. It applies to a special case of step functions.

Definition 3.2. Let £ € N. An open subset of [0,00) is a k-interval if it is a union of at most k
bounded open intervals.

The following theorem will later be applied with b € {2,3,...} as in Definition 21l However, the
theorem’s statement is also true if b is not an integer.

Theorem 3.3. Let H € (0,1),k € N, a € (0,1),b = o Y and {I,,}men, be a collection of k-
intervals with |I,,| = b™. Define

M-1
fmi=aml;  and gy = Z fon- (15)
m=0
Then there exists L > 0, depending on k, H, o, b, such that for all M € N,
2
= < M )|, < L (16)

Let us call a function f,, as in (I8) a homogeneous indicator function. Theorem then states
that the L?-norm of a fractional integral of a sum of M positive homogeneous indicator functions is
of order M (up to multiplicative constants). We also remark here that if H € (0,1/2), the classical
Hardy—Littlewood inequality (Lemma [B.]) only gives the lower bound

2 1
|2 )|, = 7 lgstllForm (17)

By Minkowski’s inequality, the right-hand side of ([I7]) further has the upper bound || gMHi1 oy < MPH
which for large M is strictly dominated by our bound M /L. Hence ([IT) cannot be optimal. A similar
reasoning applies to H € (1/2,1). Therefore, unless H = 1/2, our result strengthens the classical
Hardy—Littlewood inequality for functions g,;.

For the proof of Theorem [B.3] we focus first on the lower bound which appears less transparent
than the upper bound. The easy part of the lower bound of (I6]) is when H > 1/2. Indeed, since the
increments of fractional Brownian motion are positively correlated for H > 1/2, we have by (I5]) and

(I4) that
2] M-1 2]
E .

m=0

o M—1

5| [ Z o

et

/0 " fuls) dW(s)

L2




Next, we write the k-interval I, as the disjoint union of open intervals Ji, ..., Ji (some of which may
be empty). At least one of these intervals say J;, must have length |I,,,|/k = b™ /k. Hence, using again
the positive correlation of the increments of Wy,

E

/0 " fuls) dW(s)

2 k
] > a2m § |J|2H > Oé2mb2mHk’_2H _ ]{?_2H
- 7 el — .

i=1

Hence, the lower bound in (I6]) holds with L = k=2H.
Let us now turn to the case H € (0,1/2). To lighten the notation, we define the bilinear form

([ ) (v

on the space of continuous functions with compact support in [0, o).

(fr9) =E

Lemma 3.4. Let I C [0,00) be a finite union of bounded open intervals, and h : [0, 00) — [0,00) be a
nonnegative step function (with finitely many steps), vanishing on I¢ =[0,00) \ I. Then (1;,h) > 0.

Proof. We proceed by induction on the number n of disjoint open intervals in I. Consider first when
I itself is an open interval. By linearity of the expectation, we may assume h = 1; is an indicator
function of a nonempty interval J C I. Let us denote I = (iy,i3) and J = (ji,j2). Then, by the

monotonicity of the function x — 24

(17,1,) = 5(\]2 — i1 [P+ lia — 1P = | — i [P = Jis — o) > 0.

Next, we assume that the claim holds for n and suppose that I is the disjoint union of n+ 1 nonempty
bounded open intervals, denoted by I3, ..., I,+1. We assume that I,, ;1 = (i,41,in12) is the rightmost
intervals so that sup I = i,,.2. We furthermore denote i, := sup I \ I,,;1 < i,.1. By the linearity of
the expectation, we may assume without loss of generality that A is the indicator function of some
interval J that is contained within some [;. By symmetry and considering the case k = 1, we may
assume that k& < n. Note then that g := 1; = g; + g2, where g1 = L, 1.i,40), 92 = Inz,.,- We also
define
gl(x) = gl(x +ipt1 — in)v g = g1+ g

By concavity of the function z + 2?7 (gy, h) > (g1, h). This gives

<gvh> = <glvh> + <927h> > <§17h> + <g27h> = <§7 h’>7

which is nonnegative by the induction hypothesis and noting that ¢ is an indicator function of an
n-interval (modulo a finite collection of points, which does not change the value of (g, h)). O

Lemma 3.5. Let 0 < H < 1/2 and h : [0,00) — [0,00) be a nonnegative step function whose support
is I, which is a finite union of bounded open intervals. Denote by

h, := min h(I) = min(h([0, 00)) \ {0}). (18)

Then for all 6 < h,,

E U/fdeHﬂ > 52|£|2H L E “/J(h—d)dWHﬂ . (19)
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Proof. Write I as a disjoint union of bounded open intervals I = I, U, U---UI,. Denote by h; the
restriction of i on I;, and d; = 1y, so by assumption g; := h; — d; > 0. Thus

0= (3030 ) + (30304233 ).

By Lemma 3.1 and concavity of the function x + 22", we have

<Z@,Zf5> Zlf pt > P

Thus we conclude by Lemma [3.4] that

2 2H
(h.hy > 21

()

Since Z;.Vzlgj = (h —0)1;, we obtain (I9). O

We will repeatedly apply Lemma B to bound E [| [ gadWg|?] from below, and show that the
contributions of the form 6%|1|* /L give the desired lower bound. One must show that h, is large
enough at some point in our procedure. This is formulated in the next result.

Lemma 3.6. Let M € N be arbitrary and recall (I3). Define Sy := gy(R) C [0,00). Then there is
L > 0 depending only on «, k‘E but not on M, m, such that for all m < M, (o™, a™)\ Sy contains
an open interval of length am/L.

Proof. Let us choose Ly € N large with

3kLia 11—«
< )
1l—a 2

(20)

which is possible since o € (0, 1). Since each [ is a k-interval, the function g, changes value at most
2k(Ly+1) times by the definition (IH), showing that #g¢r, (R) < 2k(L;+1) < 3kL;. Therefore, we may
assume without loss of generality that M > L, because #¢,(R) < 3kL; for each ¢ < Ly, in which case
the statement can be accommodated by increasing L, once the assertion is established for M > L;.
For M > L, we consider a non-negative integer m < M — L; and a number 7 € (™" a™) N Sy,.

Then by (I3),
=Y ol  wheree; € {0,1}.

We define T}, 1, to be the collection of all vectors (e, . .., Emir,). Since #gr,(R) < 3kLy, # T, <

3kLy. Write {ty,...,t;} for the set of numbers that can be represented as Zm+L1 ;o for some
(Emy -y Emary) € Tm,Ll Since ) .2, | a' = oMt /(1 - a),
¢ QML+l
ti,t; —. 21
TEU[], + Z ] U{tﬂ’t+1—a} (21)
i=m+L1+1 =1

2Recall that each I,, is a k-interval.
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By [20) and since ¢ < 3kLy,

¢ ML+l 3kL oM+ a™ (o — a2)
U [tit; + <

1—a l—a ° 5

J=1

which means that for L = 6kL; /(o — a?) there must be an intervall of length o™ /L, which is a subset
of

3kLq

m—+1 m m+1 L1+1
(™ ™)\ Sy D \U bty +

This completes the proof for m < M — L;. But since M is arbitrary and L is independent of M, the
case M — Ly < m < M follows simply by enlarging M and proceeding with the same proof. O

Proof of Theorem[3.3. The lower bound only needs to be proved for H < 1/2. The idea is to repeat-
edly apply Lemma B8] “shrink” the function g, at each step, and extract factors 62|I|*% /L > 1/L.
Denote by Ly the constant in Lemma B.6l For 0 < ¢ < M — 1, define the shrunk functions of g,; as

(@) .

9v = (QM - OKM_i)

+>

which intuitively corresponds to the function h — ¢ in Lemma after applying this lemma several

times. Intuitively, this separates the contributions for different i using the thresholds o™ ~*~! and
M=t By (IH), clearly we have |g;/ (™~ 00)| > ™~ which implies

[supp gy | > oM (22)
Let us denote the points in Sy;N(a™ == aM=1) by s\0 < ... < gm0 GO0 . qar—ic1 - gleNy—itl) .

aM~? and the truncated functions gj(&’ 7= (gm — sg\/[ ))+. By Lemma B3] for all 1 < j < Ny + 1,
2,0—1 2,7—1 i, i, 7, ,J—1
<91(\4] )791(\4] )> > <91(\/1J)791(\/1J)> + - I (55\/) 35\/1 ) |supp 9( a )|2H-

Also by Lemma 3.6 there exists 1 < jo < Ny—; + 1 such that s(l’]‘)) E\Z/[’” D> aM==1 /L, so that
by ([22)) and the relation ab? =1,

M) @\ LatTT? @ [ ) @)\ o L/ aen i)
9 9m ) 2 T\ [supp g, ™" + (90 " 9ar ) 2 T (90 9 )

Summation over 0 <7 < M — 1 yields that

][] £

This proves the lower bound.
Consider now the upper bound. Using the identity

| M7 ga0)|

HMf{(gM)’;:E“/OoogMdWHﬂZE )Jgfowfmdwﬂf =]§A§<fm,fk>, (23)

3The location of such an interval may depend on T}, but the ezistence does not.
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it suffices to bound the right-hand side of ([23]) from above. We use induction on M. The base case is
obvious, i.e., (fo, fo) < L. Consider for 1 <n < M — 1,

n—1 n—1 n—1 n—1
ZZ fmafk fmvfk fmfn>+22<fmfm> §L+L2am+”<11m,llln>.
m=0 k=0 m=0 k=0 m=0 m=0

If 0 < H < 1/2, then (1;,,1;) < b*H due to the negativity of correlations. If H > 1/2, by
mean-value theorem, (1; ,1; ) < Lb™p"27=1 1In either case, one easily checks that

n n n—1 n—1
SIS P ) =30 (fn fi) <
m=0 k=0 m=0 k=0
where L depends only on «a,b. Summing over this relation completes the proof. O

3.3 Covariance estimates
In the following results, the notation 1.4 means —1qq if d < c. Recall ([B]) and (@).
Lemma 3.7. Let Y be the Wiener—Weierstrass process with H < K, then there exists L > 0 such
that for all s, t € [0, 1] satisfying |s —t| < b~ L,
1
Tt s <E[Y(t) =Y ()] < Lt — s[*".

In particular, Y is a quasi-heliz in the sense of [22, [23].

Proof. The upper bound is straightforward by Minkowski’s inequality and (&), so we focus on the
lower bound. Fix a € (0,1) and b € {2,3,...} with H < K. We consider a large number L3 to be
determined and we choose L € N such that

o

1
doam< —, (24)
m=L L3
and
L .
o 1<— if ab”™ > 1;
VN > L, Nbv™V < Lig if ab™ = 1; (25)
ro <L if ab™ < 1,
and for all 6 < b~F,
Lgdt+l < 521 if ab™ > 1;
L3 (5H+1 —6%log 5) < &H if ab” = 1; (26)
Ly (677! + %) < ¢2H if ab™ < 1.

Fix 0<s<t<1withb Mt <t—s5<bMsgothat M > L. Observe that

Y(t) =Y(s) = Z a™(Bu({0"t}) — Bu({b™s}))
= Za u({0"t}) = Wa({0"s}) — (s({0™1}) — s({0™s}))Wh (1)) :/0 9(x) dWg (x)
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as a Wiener integral, where

Z ™ Ligpm sy, fomey) ( Z o™ (k({0"t}) — K({b"s})). (27)
This integral is well-defined using Lemma 3.1 of [40]. Define
—inf{l <k <M —1:{bFs} > {p"t}} A M. (28)
We claim that for 0 < k < /,
0 < {bFs} < {bFt} <1 and {b*t} — {VFs} = "t — bFs < BF M, (29)

and for ¢ < k < M (since t — s < b=M),
0 < {bFt} < {bFs} <1 and {b*s} — {b"t} =1 — (bFt — bFs) > 1 — P M, (30)

Indeed, bt — b's < b"M < 1 implies {b*t} + (1 — {V*s}) < b*"M and for k € [¢, M), we have
{bFt} = bE=t{%t} < b~Land 1 — {bFs} = bF~4(1 — {V¥s}) < b~t. Therefore, {b*t} < {b*s}, i.e., the
order of {b*t} and {b*s} flips at most once for 0 < k < M (i.e., if k = £) and after they flip, one of
them is very close to 0 and the other very close to 1, with the distances proportional to b*.

Let us write g(x) = Z?:l gi(x) where

;

gi(z) == Z Q™ Limay, ey () + Y @™ Lo omayjoggem sy ();
ga() = — Z a™(k({0™t}) — w({b7"s})) — Z_ a™ (1= (s({0"s}) — s({0™1}))) ; (31)
gs(x) == D @™ Lypmay () — Y @™ (k({0"}) — ({b™s})).

\

Note that go(x) does not depend on z.
Let x € [s,t], then g;(z) > 1. We also have

g3(z) > —(1+ 2sup|k|) Z a™ =1 =K (M).

m=M

By B0), for £ <k < M, {bFs} — {v*t} > 1 — "M so that by Hélder continuity of ,

Z a™({b" T + (1 = {b"s})T) Z a™( O™ (t — s)

M—-1
> _2b—MT Z(abT)m
m=0
—2(ab™ — 1) taM if ab™ > 1
> _oMpM ifabm =1 = —Ky(M).

—2(1 —ab)"™ ifab” <1

14



Therefore by [24]) and (25]), and since M > L, if L3 is large,

1
9(x) 2 1+ ga(w) + gs(z) 2 1 = (K (M) + Kr(M)) = 5. (32)
Also by (B6) and since o < b~ if Ly is large,
1
Ki((M) 4+ Ko(M) < —|t — s~ (33)
2H
Consider first the case 0 < H < 1/2. By Lemma 3]
1 ([ o
BV (1)~ Y(5)] 2 + lglfm > + ( / g<x>1/de) > Lt - ot

as required. Now let us assume that 1/2 < H < 1. Expanding the square, we have

| /01 (9~ ]1[57t}>dWH’2
L 9R [(WH(t) — Wx(s)) (/01 (9 - H[S,t]>dWH)}

> E[[Wir(t) — Win(s)[*] + 2B [ (Wit () = Wir(s)) (= (K (M) + Ko (M)W (1))]
= |t = s = 2K, (M) + Ko(M))E[(Wir(t) = Wir(5))War(1)],

E([Y(t) - Y(s)]*) =E +E[[Wi(t) — Wr(s)[]

where the second step is because Wy has non-negatively correlated increments for H > 1/2 and (32]).

By the mean-value theorem and since x — 22 is convex,

E[(Wa(t) = Wi (s))Wu(1)] < H[t — s|.
Thus by (33),
E[[Y () = Y(s)") = |t = s — HIt — s|(Ky (M) + K>(M)) > %lt — s

This finishes the proof for H > 1/2. O

Observe that we only picked the interval [s,¢] when estimating g;(z) from below, while ignoring
the other contributions from {[0™s,b™t] : m = 1,...,L — 1}. When taking care of this and other
possible contributions, a more refined argument can provide a more precise estimate in the case of
H=K.

Lemma 3.8. Let Y be the Wiener—Weierstrass process with H = K, then there exists L > 0 such
that for all s,t € [0, 1] with |s —t| < b~ L,

1 of 1 2 2H 1
It — — ) < - < - :
L\t s 10g<\t—s\> <E[[Y(t) =Y (s)]] < L[t — 5] 10g<|t—s\>

In particular, Y 1s a quasi-heliz.
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Proof. Consider a large number L and 0 < s <t <1, |s — t| < b L. Choose M such that b=M~1 <
t —s < bM. Recall from the proof of Lemma BT that Y (¢) fo z) dWpy(x), where g is
defined in ([217). Define ¢ as in (28]) and recall (31)). Using Mmkowskl s mequahty we will show that
the contribution from ¢ is of the right order and that from gs, g3 are negligible. Let us consider first
1/2 < H < 1 so that the increments are positively correlated, which yields that

’ gldWH

l |:1 ] M-—1

> Bl (Wr({bt}) — Wr({b"sh)? + Y Ele®™ (Wy({0"t}) + Wi (1) — Wy({b™s}))?]
m=0 m=L

N -1 ogzmbzmH|t B 8‘21{ I % A§a2m62mH|t . 8‘2H > %|t _ 3\2HM
m=0 m=¢(
1

> 2t = 5" (~ log]t — s]),
where the second inequality follows from the fact that

E[(Wr({b™t}) + Wi (1) = Wy ({0™s}))?] = max {E[WH({bmt}f], E[(Wn (1) - WH({bmS}))z]}

(bm|t—s\)2H
> -
- 2

On the other hand, to give the upper bound, we further decompose g (z) = 327, g1.:(z) where

;

~

-1

gii(x) == > a™Ligmsy mey (T);
E
ng(SL’) = Z Oém]]_[07{bmt}] (ZL’), (34)
i
g13(z) = o™ Ligymsy, 1) ().
L m={
2H

By expanding the square, the mean-value theorem, and since x +— =" is convex, we have

Ao

l—

Z o™ (Wi ({0™t}) — Wy ({b"s}))’]

+2 Y Bl W ({bm}) = Wa({07s}) (Wa({8"1}) — Wi ({0°s}))]
ge\t—s\2H+L > AR — s (vF[E - s|) Y < LMt — s

< Lt — s/*" (= log|t — s).

Similar arguments apply for g; 2, g1.3. Therefore, by Minkowski’s inequality,
1
/ g1.:dWy|| < LIt — s|"\/—log [t — s|.
0 2
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Hence we conclude that

1 IV 2
Ll sPH(—loglt—s)) <E ’/ ndWy } < Lt — s (= log |t — s]).
L 0

L
1 " !
Z|t—s| V—log|t —s| < g1 dWy
0

We also have by Minkowski’s inequality, (29]), and (B30,

1
‘ / G2dWy
0

where Ky(M) is as in the proof of Lemma B7 and

1
H / g3dWy
0

Applying again Minkowski’s inequality yields that for |t — s| < b~F and L large enough,

That is,

< L|t — s|\/—log |t — 5|

2

= lgo| < [Ka(M)] < LIt — 5|,
2

o0

< > @ (IWa({meh) = W ({7 shll, + I({b"e}) = w({"sh)]) < La™ = Lit—s|"".

2 m=M

1 ! 2
Z|t—s|2H(—log|t—s|)§EU/ gdWy } < L)t — s (—Tlog |t — s|).
0

This concludes the case H > 1/2.
Now we consider the case 0 < H < 1/2. Recall [BI) and (34). Following the case H > 1/2, it
suffices to show

1 ! 2
It = s (~ log [t — s]) SEU/ gldWH) } < L|t— s (—log |t — s|).
0

The lower bound now follows from Theorem (applied with k& = 2) since b M1 <t —s < b™M,
The upper bound follows similarly as before, which we sketch below: recalling (34]), we have

o f o

— Z_: E[o®™ (Wi ({b™t}) — W ({b™s}))?]

+2 ) Bl W ({b"t}) = Wa({b"s))(Wr({"1}) — Wi ({0"s}))]
ge\t—s\2H+_L > amtrm e — )

< Lt — s (—log [t — s]),
and the rest follows line by line as in the case H > 1/2. O

The following result will be useful in deriving the Hausdorff dimension of the graph of fractional
Wiener—Weierstrass bridges.
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Lemma 3.9. Fiz N € N and suppose that K € (2H — 1, H). Define
Ty :={r €[0,1]: for all k € Ny, {bFz} € b 1 -]} (35)

Then for all t,s € Ty with |t —s| < b~ L,
1
B[V () = Y(s)P] = 7|t — s

Here, L may depend on N.

Proof. We fix t,s € Ty and M € Ny with b1 <t — s < b where M > N is large and will be
determined later. The central fact used here is {b™s} < {b™t} for 0 < m < M — N, because otherwise
{0t} +1—{0"s} = |t —s|p™ < 0™M < b~V contradicting {v™s}, {v™t} € [0, 1 —b~"]. Note also
that for 0 <m < M — N, {b™t} — {b"s} = |t — s|bm

Recall from the proof of Lemma 3.7 that Y (¢ fo x) dWy(x) where

Z A" Ligpmsy oy ( Z a™ (k({0"t}) — w({0"s})).

First,

—N—

Z MMt s)T ALY a™ < Lt — s,

m=0 m=M—N

r({™t}) — K({0"s}))

Similarly,

< L|t _ 8‘—10317(@).

Z o™l [{bms},{bmt}] (SL’)

m=M-—-N
Here, L depends on k, o, and N, but not on M. Thus there exists Ly > N such that

‘ ZO‘ ({ot}) — w({b™s})) Z "™ L gymsy gy ()| < @M

m=M—-N

Since L4 does not depend on M, we may choose M so that M > L,. Then, for 0 < m < M — L, and
x € [{bms}, {b™t}],

Nt 1 1
£) 2 ) Mg gy (e) - Fo" 2 5a”
k=0

Let us consider first the case 0 < H < 1/2. By Lemma B] and our previous observation that

(pMLag) — [pM-Lag) = pM—Lafp _ |
2H
1 o\ VH
> & pM-Lapy a >
> 7 (b [t — s < 5 ) ) >

EYV() - V()P 2 ( | da:)

Now we consider the case 1/2 < H < 1, where we suppose that ab?*?~! < 1. Consider a large number
Ls > L4 to be determined, and let

2H
|t . S|—210gb(0¢).

| =

1 .
h(x) := g(z) — §aM B0 e 5y -2y (2).
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Therefore, by expanding the square,

1 2
#|(f o)
0
1 1 2
Z E|i</ §OéM_L5]]_[{bML5s}7{bML5tHdWH) :|
0

1 1
M—Ls
- E|:(/(; « ]]-[{bML5s}7{bML5t}]dWH) (/0 deH):|

QPMBLRL g2 M Ea sup [R[B[TY (1) (W ({02} — Wiy ({01 0s3))]

vV
S

Z a2M_2L5b_2L5H o LO[2M_L5b_L5,

where in the second inequality we used that the increments of Wy are positively correlated. Since
ab?=1 < 1, for Ls large enough we have a=2L5p=2LsH > [o~Lsp=Ls which yields that

1 2 1 1
E d > — oM = Z|t — g]?K,
([ o) | = g = gie—

This finishes the proof. O

4 Proofs of the main results

In this section, we prove Theorem in Section 1l Theorems 2.4 23], and in Section 2], and
finally Theorem 27 in Section

4.1 d-variation

We first prove a general result for the ®-variation of Gaussian processes, extending Theorem 4 of [24]
to processes with non-stationary increments. A corresponding but informal discussion was initiated
in Section 10.6 of [29], while no proofs or precise statements were given. Here, we provide a formal
theorem with a detailed proof that requires weaker conditions on the covariance structure.

Theorem 4.1. Consider a centered Gaussian process (X (t))icpo1) with
1
To(h) < [|X(t+h) = X (O], < Lo(|h) (36)

for all t,t + h € [0, 1], where o is concave and regularly varying at 0 with index H € (0,1). Suppose
U(z) := o(z)(loglog(1/xz))Y/? is strictly increasing and denote by ® its inverse, then

P(%<%(X)<oo>:1

for this choice of ®.

We first apply the result to prove Theorem 2.2l In reality, it is difficult to write down explicit
formulas of @ given o, but the essential point of ® = U~ is to make the following equation (37) hold.
By Proposition 1.5.15 of [6], ® is regularly varying with index 1/H at 0. Hence, for any ¢ > 0,

lim 2(c¥(v)) = lim 2(c¥(v)) = M, (37)

v—0 v v—0 (I)(\II(U))
In the proof of Theorem B we will only apply ® = ¥~ indirectly through (B7).

19



Proof of Theorem[Z2. Let us first consider the case H > K. By Proposition A.1 of [40], the sample
paths of Y are Holder with exponent K, and so vg(Y) < 0o a.s. On the other hand, Theorem 2.3(a)
of [40] implies that ve(Y') > 0 a.s. This proves (iii) of Theorem

Now we turn to parts (i) and (ii). Given the covariance estimates in Section and by chopping
0,1] into intervals of length < b= (because the estimates in Lemma B.7 and Lemma B8 apply only
for |s —t| < b~1), it suffices to prove [BT) in the cases H < K with our choices of ® from (§) and ().
For H < K we may refer to (12.42) of [0]. The case H = K is settled by a direct computation:

lim Oy (cVy(v))
v—0 v
1/H
i cy/202M log(1/v) loglog(1/v) -
o0 \/—QIOg(c\/2v2H log(1/v) loglog(1/v)) log(—log(cy/2v2 log(1/v) loglog(1/v)))/H
1/2H
_ H 21og(1/v) loglog(1/v)
v=0 \ —21log(cy/202H log(1/v) log log(1/v)) log(— log(c\/2v2H log(1/v) loglog(1/v)))/H
—2log(v) log(—1 e
_ H og(v) log(—logv)
v=0 \ —2log(v) log(—log(v"))/H
=M,
This completes the proof. O

Theorem (A1 is a consequence of Corollary below, by following the proof of Corollary 12.23 in
[9]. For a partition k = {0 =ty < t; <--- <t, =1} of [0,1], we denote its mesh by |x| and define

so(f, k) = Zé(lf(tz’) — fti)))-

In the following, consider a Gaussian process X satisfying the conditions in Theorem [Tl

Theorem 4.2. Under the above conditions,
1 .
P (— < limsup{se(X, k) : |k| <} < L) =1
L 6—0
Corollary 4.3. There exists a constant C € (0,00) such that
P <limsup{s<p(X, K) k| <0} = C) = 1.
6—0

Proof. This follows from Theorem 1 of [24]. O

The proof of Theorem will follow the same path as Theorem 12.22 of [9]. Let us first present
some preparatory lemmas. In the statement of these lemmas, we impose the same assumptions as
Theorem (1]

Lemma 4.4. Forally >1 and all0 < h < h+4§ <1,

IP’( sup | X(s) — X(t)] > Ly0(5)) <L+ LYH™Y,

s,t€h,h+4]
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Proof. Let us first compute E[supte[h,h +5) X (t)]. Since W is regularly varying, there is o > 0 such
that for k large enough, W(27%71) < 272w (27%). If § € [27V,27¥+1) we have for N large enough,

since ¥(x) = o(x)y/loglog(1/z) is non-decreasing,

[e'e) _on [e's) ~N+1-2" 00
ZQn/2 o(627%) < Z on/2 v(2 )V1og N < Z on/29a(1-2") <
a(0) U(27N)/log(N + 27 — 1) "0

By (B8] and Dudley’s entropy bound (Proposition 2.5.1 of [42]),

E{ sup X(t)] < Li2"/2a(52—2") < Lo(6).

te|h,h+4] n—0

Lemma 2.2.1 of [42] and the fact that X is symmetric yield that

B sw X()- X0 < o)

s,t€h,h+4]

Thus by the Gaussian concentration inequality (Theorem 5.4.3 and Corollary 5.4.5 of [29] applied to
a dense subset of [h, h + §]), since y > 1,

IP( sup  (X(s) —X(t)) > Lya(é))
Lo (X(5) = X(0) - E[S,teﬁi%ﬂ("“s) -X@)]| > %Lyo—@))

s,t€[h,h+0)
<(
—(LLuc(5)?
< e (3Lyo(5)) 2
Lsupg yepn o) B[ X (1) — X(5)[?]
<LO+L7HY,

as required, where the last step follows from (B@]). This proves the lemma while noting that the
absolute value on X (s) — X (t) can be removed by symmetry. O

Lemma 4.5. There exist constants C(s) € [1, L], s € [0,1] such that

X0 - X@ )
P(éﬁéﬁi?& i) ’) g >

In addition,

Xt —X
P [ limsup sup |,@—(S)|§L =1, (39)
50 Ji—sl<s (|t —s|)

where U (z) = o(x)y/—logz.

Proof. The proof of (38) is essentially the same as that of Theorem below and hence omitted.
Note that C(s) € [1, L], otherwise it would contradict Lemma 7.1.10 of [29] with the choice Y (t) =
LEX (t+(s'—s)), where L is as in (38). The claim ([39) follows from (38]), Theorem 7.2.1 and Lemma
7.2.5 in [29. O
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Proof of Theorem[{.3 Consider first the lower bound. Denote by Lg the constant in Lemma SO
that C'(s) > 1/Lg for all s. Let € € (0,1) be arbitraryﬂ and

B(5) = {(t,w) 35 € (0,6)NQ, B(IX(t+ s,w) — X(tw)]) > “Lji/?s} . (40)

Taking ¢ = Lg"' in ([B7) yields that there is § such that for all 0 < s < 6,

o (‘I’L(?) > (E/?S.

Since @ is increasing, (B8) yields that for each ¢t € (0,1) the t-section Ey(0) of E() is such that
P(E.(d)) = 1. It follows from Fubini’s theorem that P(|E5| = 1) = 1. Observe that the set of intervals
[t,t + s] with ¢ € [0,1] and s as in ({#0) form a Vitali covering of

E = m fj (1/k).

0<6<1

By Vitali’s covering theorem (e.g., Theorem 1 in §8 of Chapter III in [33]), we may choose a finite
subcollection of disjoint intervals {[t, #; +s;]} with a total length of at least 1 —¢. Then for a partition
k with mesh |k| < 4,

1—5 1—5 1
so(X, k1) 2D (X () + s5,w) — X(t),w)]) > T Zs] >z 7
J

Let us now focus on the upper bound. For any partition x = {t;}"_, of [0,7], let A; =t; — t;—4
and AX = X(t;) — X(t;i—1) for 1 < i < n. Let I, be sets of i € {1,...,n} such that |A,X]|
is respectively in [0, Ly W(A;)] and [L7V(A;),00). The constant L; will be determined later. For
any c,e > 0 there is n(c,e) > 0 such that for all v € (0,7(c,¢)), ®(c¥(v)) < (cV/# + €)v. Choose
01 =n(L7 + €,¢), so for any partition k£ with || < d1,

> (AX]) <Y B(LU(A) < (Lr+e)TY A <L (41)

i€l i€l 1€l

To estimate the sum over Iy, let S,, ; = [(j/2)e™™, (1 + j/2)e”™] and

Vinj = {w €eQ: sup |X(t,w)— X(s,w)| > L7\If(6_m_2)} ‘

5,t€Sm, j
Let j,, = |2¢™] — 1. We have
#Ny = #{i €™ <20 < e} <BH{0< G < 1w € Vi = Zin(w).

Denote by Lg the constant in Lemma @4l Take Ly with (14 Lg ‘)¢ > ¢4+2/H and L; = LgLy, we
obtain by Lemma 4 with § = ™™ and y = LgW(e ™ 2)/c(e™™) that for m large enough,

P(Vpn;) < Lg(1+ L5~ < L(m 4 2)~*2/1

4In fact, one can just take ¢ = 1/2 everywhere.
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thus E[Z,,] < Le™m™472/H 5o that by Markov’s inequality and the Borel-Cantelli lemma, with
probability one there is m; = m;(w) > 3 such that for all m > m;(w), Zn(w) < emm=2"%H,
Since o is regularly varying with index H, using Karamata’s representation we write

o () = 2 3(z) exp ( /1 ' @du) |

u
where a(u) — 0, 8(z) — C # 0 as © — 0. It is then easy to see that

U(e mm2 ) o(e ™m?H)
U(e—m) = o(e=™m)

>m (42)

for m large enough, say m > my. B

By (B9), there exists K(w) < oo such that |X(s) — X (t)] < K(w)¥(|t — s|) for all s,t € [0, 1] and
for almost every w. Pick my(w) = max{mg, mi(w)} and define §y = y(w) = e ™2 A n(K(w),e).
Then for k with k| < d2, each m > my(w), and each ¢ € A,,, there is j such that [t;_1,%;] C S, ;.
Thus by (42]) applied on the second line,

Yoe(axp= > > e(ax)

i€l m>ma(w) 1€12NAm

< D Zn(@ (K (w)¥(e™)

m>ma(w)

< X mm T IR(K (w)u (e m )

m>ma(w)

< Z m=2(K(w)Y" +¢) < L.

m>ma(w)

(43)

Combining (A1l and ([A3)) yields that with probability one, for any partition x with |k| < d; A da,

sa(Xom) < S (AX]) < L

j=1 i€l

completing the proof of the upper bound. Lastly, we note that the final assertion involving the function
O is obvious. O

Finally, we remark that the upper bound part of Theorem [4.]] may also follow from Theorem 1.3
of [3] along with regular variation techniques in [6]. On the other hand, Theorem [£1]is stronger in
the sense that it characterizes the critical ® for which the ®-variation is non-trivial.

4.2 Moduli of continuity and Hausdorff dimension
We will frequently use the following zero-one law on the moduli of continuity for Gaussian processes.

Lemma 4.6 (Lemma 7.1.1 of [29]). Let (G(t)):cjo,1) be a centered Gaussian process for which d(t, s) :=
E[(G(t) — G(s))?] is continuous. Let furthermore w,p : [0,1) — [0,00) be continuous functions with
w(0) = p(0) =0, and K € [0,1] be a compact set. Then

t) — t) —
lim sup Glt) —Gls) <L as = lim sup Glt) —Gls) =1L as.
h=0 ¢sex w(|t —s|) h=0 tsex w(|t —s|)
[t—s|<h [t—s|<h
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for some L' > 0. Similarly, for each s € [0, 1],

lim sup Glt) = G(s) <Ls; as = limsup Glt) = G(s) =L as
te[0,1], t—s p(|t — s) te[0,1], t—s p(lt — s])

for some L, > 0.

Proof of Theorem[2.3. (i) This follows from Lemma B and Theorem 7.6.4 of [29], applied with ¢(h) =
h2H,
(ii) This follows from Lemma 3.8 and Theorem 7.6.4 of [29], applied with ¢(h) = h?"(—logh).
(iii) By pathwise Hélder continuity (Proposition A.1 of [40]), for each s € [0, 1],
Y () = Y(s)|

lim sup ST <00 a.s.,
te[0,1], t—s |t — s

and hence the random variable Z; is well-defined. It remains to show that Z; is strictly positive non-
constant, and unbounded for almost every s € [0,1]. We fix a large integer Liy > 0 to be determined,
and consider the set of s € [0,1] such that there exists an infinite sequence nj — oo such that for all
k, {sbme—trwo} Lopme—liwotll o fghmey € [0,1/3]. This condition holds for almost every s € [0, 1] by
considering the b-adic decimal expansion.
Let
Xy=a"(Y(b"+s)—Y(s)).

We claim that

lim sup E[| X,,, |*] > 0. (44)

k—00

Suppose that ([44]) holds. Since each X, is Gaussian, for each x > 0, there exists J,, > 0 such that

Y(it)-Y
IP’( lim sup M ) >P<11msup\Xnk| >:c) >hmsupIP’(|Xnk\ > z) >0, >0,
k—

tel0,1], t—s ‘t - S‘K k—o00

where the second inequality follows from Fatou’s lemma. Taking x = 0 yields Z; > 0 a.s., and taking
xr — oo yields that Z, is non-constant and unbounded, as desired.
It remains to establish ([@4)). Using (), we write

X, =Y o™ " (Bu({b" " +b"s}) — By({b"s})) Za (Bu({b™™ +b""™s}) — Bu({b""™s})).
m=0
By Minkowski’s inequality and since ab? > 1, we have

n

> a M (Bu({bT" + 6" "s}) = Bu({b""s}))

m=Ljo+1

< Y e < L(ab) TR (45)

2 m=Lio+1
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On the other hand, for n = ny, we write

Za (B ({b™™ + b"™s}) — By ({b™™"s}))
_ ZO‘ (Ba(b™™ + {b™™™s}) — B ({b™™s}))
= Za (Wa(b~™ + {b™™s}) = Wi ({b™™s}))

Lio

- Za (RO s E) — ({0 s})) W (1)

L10

:/ (wnk Za " (b7 (b })—n({b"k_ms})))dWH(t).

Since k is strictly increasing, there is a constant ¢ > 0 independent of Lig such that

Lio

> (kb (BT} — k({DsY)) > 6

m=1

Moreover, by construction, each 1, is supported on [0,5/6]. By the strong local non-determinism of
Wy, we have

1 Lio
(@an (t) — Z o (RO {0 s — /@({b"k_ms})))dWH(t) >0
0 m=1 2
for some § > 0. Altogether, by Minkowski’s inequality and (43]), we conclude that
| X, ||, > 6 = L((ab™) =510 4 a10),
Since ¢, L do not depend on Lyg, picking Ljq large enough yields (44]), completing the proof. O

Suppose that H < K. In this case, Theorem is an immediate consequence of covariance
estimates from Section On the other hand, covariance estimates do not suffice for establishing
Theorem 2.4l The following new strategy will be needed: we consider a large n and compare the
Wiener—Weierstrass process Y as defined in () with a new process

= 3 am W), (16)

One easily sees that by the uniform modulus of continuity of Wy, the sum converges as n — oo if
H < K. Hence, when studying the limit behavior of the process Y, it suffices to consider X because
their difference is of a small scale. A few changes will be needed in the critical case H = K where
one can only truncate the series but cannot replace the bridge By by the fractional Brownian motion
Wy

The following technical lemma establishes the uniform modulus of continuity of X™. Note that
when approximating Y with X the number n depends on the scale we look at, which motivates
the choice of N,, below.
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Lemma 4.7. If H < K we define X™ as in {Z0), and &, = o™, N,, = nH, §, = b B Then we

have
- (N) (Nn) L ()"
P osup  [X() - XM(s)| < — (< —log(e,/0,) | < 0. (47)
— t,5€[0,1] L\ 0,
[t—s|<en/dn

Proof. The plan is to apply the Sudakov minoration (e.g. Lemma 2.10.2 of [42]) to the increments
of XVn) on well-spaced subintervals of [0,1]. To achieve this goal, we first need to estimate the
covariances. We consider two large constants L1, L5 to be determined later, and for each n consider
subintervals of length ¢,,/(L110,) of [1/b,2/3] that are at least Lise,,/(2L116,) apart. We consider the

collection of intervals
1 i Lisg, 1 i L e,
{{ﬁjf; R e ]} ’
11Yn 119n 1<j<jn

where j, is as large as possible such that the intervals lie in [1/b,2/3]. One easily sees that j, >
0n/(Ley,). Let us define for 1 < j < j,,

1 (jL12 + 1)571 1 jL12€n
AX = x W) (2 MEIZ T PR e (Na) [ 2
1 b + L115n b + LH(Sn ’

1 (jL12 + 1)571 1 jL12€n
AV = v+ ] | = e :
] WH ( <b + L115n )) WH ( <b + L115n

We then have for 1 < k < ¢ < j,,, for some measurable function f,,

i 2
E||AY, — A, ]
N 2
- m=0
- 1 kL12€n ]_ (k‘L12 + l)gn /OO 2
= E = B 1 KLz + 1)én : p
-WH <b ’ L115n> W (b - L1106, * 1+mf () Wi (z)

b Li16n

1 . 2H

> — N :

— L <L115n)
where the last step follows from the strong local non-determinism applied to Wy (Lemma 7.1 of [36]).
Thus by the Sudakov minoration (e.g., Lemma 2.10.2 of [42]),

1/ Lyge, \2H 1 ep\H
X | 5t (L12én s Len \/_—
E[ sup Aw} > 7 (7o) st = £(3) V- Toa /6.

1<j<jn

Moreover, for any j,

AX P < n(E)"
H milly = (E) '
which follows from the negativity of covariances if 0 < H < 1/2 and Lemma B1lif 1/2 < H < 1. By

the Gaussian concentration inequality (Theorem 5.4.3 and Corollary 5.4.5 of [29]),

IP’( Zu) < Lexp (ﬁ)

SWithout loss of generality, we assume N,, is always an integer, by using instead |nH | or [nH].

sup AXJ-—E{ sup Aij]

n
1<j<jn 1<j<jn
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Taking u = L(g,,/6,)" (—1og(e,/8,))* < (€0/0,)" \/—log(e,/d,) shows that

1<j<jn

[e.9] 1 "
ZIP’( sup AX] < (E Vi —log(en/én)> < 00.
e L6,

Then (2) holds from the trivial bound

sup (X(N")(t) — X W) (g )) > sup A
t,s€[0,1] 1<j<jn
[t—s|<en/dn

This finishes the proof. O

Proof of Theorem[2.4) (i) Consider the sequence of numbers ¢, d,, N,, as in Lemma [.7] and denote
by ¢(n) = efl\/—Toge,, and we have by Lemma L7 (using here H < K),

"
ZIP’ sup | X (1) — XW(s)] < )/ loge, | < oco.
t,5€[0,1] L b

[t— s|<an/6n

Note that XVe) is H-self-similar, so that

t,s€(0, 6n]
[t—s|<en

ZIP’( sup X(Nn (t) — X(Nn)(s)‘ < %qb(n)) < 00. (48)

Due to the continuity of Wy, there is an a.s. finite random variable K = K (w) such that

maX{WH(l), sup BH(t)} < K.

te[0,1]

Consider a number Li3 > 0 and the event £y := {max{Wg(1),sup;co1) Bu(t)} < Liz}, which has
positive probability for all L;3. Thus on this event, by the triangle inequality, for ¢t < 9,

Y - X0 < St Bal(t) + 3 aFWa () — Bu(tht)
k=N, v k=0 <49)
< LLiso™ + Ly Z Oék(bk5n)T = o(¢(n)).

It follows from (@8)), ([A9]), the triangle inequality, and the Borel-Cantelli lemma that on the event FEj,
eventually almost surely

1
sup [Y'(t) = Y(s)| > 7o(n).
t,s€[0,05]
[t—s|<en

We then have
IP’( lim sup |Y(t)—Y(s)| > lgb(n)) >P(E;) > 0.

n—oo t,se[O,én} L
[t—s|<en
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Since ¢, forms a geometric sequence, we can extend the limit to a continuous one. That is,

: YY) -Y(s)| _ 1
Pl 1 —— > — | > P(E}). 50
(1, o, S > 1) = ®
[t—s|<h

Recall from Lemma B that [¢ — s|/L < ||V (¢) — Y(s)H2 < L|t — s]. Theorem 7.2.1 of [29] then
implies that

: Y(t) - Y(s)
P lim su — 2 < [ =1. 51
(n—>oo que[(lil] hH\/ — lOg o ( )

[t—s|<h
Lemma [L.0] together with (B0) and (&I]) then complete the proof.
(ii) Consider the scale g, = a® = b™™ and N, = nH. We consider three large numbers

L14, L5, L1g to be determined laterﬁ and for each n consider a number j, and for 1 < 57 < j,
define

Snj = b_n(H_L;41)_1 + .]L165n and tn,j — b_n(H_Llll)_l + M = S + 8_”
L15 L15 L15

We pick the largest integer j, such that t, ; < b= ~L1i), Observe that

jn > b—n(H—Lﬁl)—i-nH _ lbLﬁln‘

St

For intuition, the reader may compare this with the proof of Lemma 7] the intervals [s;,t;] are now
“well-spaced” subintervals of [b~"(# —Li)=1 pn(H _Lf41)].

Consider the truncated Wiener—Weierstrass process

n—1
YO(r) = 3 0™ By({bme)).
m=0
Define for 1 < j < j,,
AY =YW, =Y N(s, ) and AP = Br({b™ta}) — Ba({b7sn,}). (52)

Let M, :=n(H — Ly}'), so that for 0 <m < M,, AB = By(b™t, ;) — B (b™s, ).

n7m7-7

By definition and Minkowski’s inequality, for 1 < k < £ < j,,

Np—1
Y Y o m B B
HAn,k - An,Z )2 - H § «Q (An,m,k - An,m,é)
m=0 2
m B B m A B m A B
> Z o (An,m,k_An,m,Z) - Z a An,m,k - Z a An,m,Z
m=0 2 m=Mj 2 m=Mp, 2

Our first goal is to prove the lower bound

EUAZk - AZ,AZ] > —52H(—10g5n),

SWe will later see that L5 depends on Lig and Li4 depends on Lis, L.
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where L may depend on Ly4, Ly5, L1g. We first bound ||Z7]Z":;V1[n a™AB ]l from above. Consider the
sets

T, ={me[M,N,—1NZ: {b"s,;} <{b"t,,;}} and S, :=[M,,N,—1NZ\T,.

Using the bridge relation (3]) and Minkowski’s inequality, we write

- NZM (Wi (71053) = Wi (75.1) = (50710,3) = (075, D) Wa (D) |

< | oWt )) = W07 sns )|+ | 3 an070s)) - 0 s W)
| ST a6 g+ W) = Wi (050 ) |
| 0+ 1= s W)

The second term is bounded by

No—1 Nn—1 e \T
> a7, 1) - (s ()| < 3 () < el
m=Mp, 2 o Lys

To estimate the first term, we define

Falt) =D @™ Lgms, 3, e, (1),

so that
> @ (Wa({b" ;) = Wa({b"sn5})) - E /OOO fa(t) AW i (1) ] :

By Theorem and self-similarity of Wy,

E

/0 " ) dWa(t)

~ Lu

2
L 2H
] < L(N, — M) < Zn

where L does not depend on Lq4. Similar estimates hold for the third and fourth terms using the case
k = 2 of Theorem We then conclude that

Mp—1

H
‘2 - H mZZ:O am(Af,m,k - Af,m,f) - L\/ﬁgn .

2 Ll4

|avi—al, (54)

Next, we bound || S M»! a™(AP . — A )2 from below. We first define A)Y , similarly as in

(52), so by a similar Minkowski’s inequality argument, it suffices to give a lower bound for

Mp—1

Z am(ArVL[,/m,k - ArVL[,/m,Z)

m=0

2
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This is done again by an induction argument. Consider first the term with m = 0. We compute

HAnOk AE,/O,Z = HAnOk ’] +E[|Anoz ] - QE[AKo,kAE,/o,A

g, \ 2 Ligen 2772 2 2LLAHZ\ .
22|+ —2L =\ 720 — 20 )&n o
L15 L15 L15 L15 L15

where the last line follows from the mean-value theorem and the number L does not depend on
L5, Lyg. Picking Lqg large enough we see that

[| 2} = [8[2 (55)
AV, — AV > — . 5}
,0,k ,0,0 % é{
Consider the case 1 < M < M, — 1. By self-similarity,
2H

€n

Thus we have

st st S E st st
:EUQM(AKMJf—AKM’Z)r]—l-QE{OzM(AKM’k nm(za Vo A,ZVM))} (56)

€2H v
> LL%5H + 2a E{(Aan nMZ <ZO& Anmk nmé)>:|'

Consider first 0 < H < 1/2 where the increments of Wy are negatively correlated, then
M-1
E [(AKM,k - AKM,Z)( Z am( nym,k Ar‘/LVm e))]
=0
M-1
m=0

M-1
Z |:A7VLVM]<:AW k+AE/MZAE/mZ]
m=0

Observe that for m < M and 1 < j < j,, b™t,; < bMs,; — b™ /L, so that by mean-value theorem
(recalling t,, j — s, ; = €,/ L15)

bM

—2 52

ELAN Al < L(— x,
15

where L does not depend on Ls5. Using the relation M < nH and ¢, = o™ = b="# and combining
(6), (B1), and (58]), we have for L5 large enough,

UZQ Mk~ mg” [)Mlam AV A,Vj’mg)ﬂz%.

m=0
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By summing over the previous relation and using (BH), we obtain

M 2 Me2H 1
E |:‘ Z am(AT‘/L‘,/m,k - ArvL‘,/m,Z)‘ :| > = > 62H(_ 10g 5n).
m=0
A similar argument works for H > 1/2. Combining with (54]) and (53), we obtain that for L4 large

enough,
1
> 2/~ logen,

a5 a0

,
Therefore, by the Sudakov minoration,

1 /1 1
E[ sup AZJ] > 17 (zaf —5n) v/ 1og j, > Zéf(—logan).

1<5<in

Our next goal is to bound [|AY /|| from above. Using Minkowski’s inequality and Lemma 38|

Y

&% :

S V) = Y0+ [P ) = 7 51)

< Lnef + HEN/(N”)(%J) - ?(N”)(Sw)
2

where

PO = Y amBu( (b))

m=Np

By a similar argument as in ([49) and Gaussian concentration,
|70 t) = YO (50, < e,
2
and hence, ||AZJ||2 < Lnef!. By the Gaussian concentration inequality,

—u?
P >u | < Lexp T2 |-

Choose H' € (max{2H, 1},2). Taking u = (—loge,)"" and using the trivial bound

sup A%—E{ sup Aij]

1<j<jn 1<j<jn

sup (Y(N”)(t)—Y(N")(s)) > sup AZJ

t,s€[0,1] 1<j<jn
[t—s|<en
yield that
- 1
ZIP’ sup (Y(N”)(t) — Y(N”)(s)) < —ef(~loge,) | < o0.
— t,s€[0,1] L
n=1
[t—s|<en

Consider a large number L7 and the non-trivial event

Esy = { sup By(t) < L17}.

0<t<1

Thus on this event,

(Y0 - YO0 = (1) - ¥(0)| < Ll
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By the Borel-Cantelli lemma, on F5 we have eventually a.s.

1
sup [Y(t) = Y(s)| > 7 e (—logey).
t,s€[0,1]
[t—s|<en

Since €, = " forms a geometric sequence, we obtain

Y(t) —Y(s) 1
Pl lim s —= > — | > P(Fy) >0. 29
<nioom£[%°”h< ogh) ) =" )
[t—s|<h

Recall from Lemma that [t — s|f\/—log|t — s|/L < HY(t) - Y(S)H2 < L|t — s|fT\/—log |t — s|.

Theorem 7.2.1 of [29] then implies that

Y(t) = Y(s)
P lim su —<L =1. 60
("*‘X’tse[(ﬁ))l] hH ( logh) N ( )

[t—s|<h

Lemma [£.6] together with (59) and (60) then complete the proof.

(iii) This follows directly from Theorem [Z3|(iii). O

Proof of Theorem[2Z4. The upper bound of the Hausdorff dimension follows from pathwise Holder
continuity (Proposition 2.3 of [10] and Proposition A.1 of [40]). To show the lower bound, first note
that by Lemma 3.7 if H < K, there exists L € N such that

2

E

'w for  (s,t) € [0,1]2, |s — #] < b=L.

1
it — s|H =L

Thus by Gaussianity, there exists some a > 0 such that for all 0 < k < b%,

Y(it)-Y
sup P(—xg()—lf(s)gx)gaz as = — 07,
s,te[kb—L, (k+1)b—L] |t — s

By Theorem 2 of [26], the Hausdorff dimension of the graph Y on [kb=%, (k + 1)b=%] is bounded from
below by 2 — H almost surely. By countable stability of the Hausdorff dimension (see Section 2.2 of
[10]), we must have dim(Y) > 2 — H on [0,1]. The case H = K is similar using Lemma B.§ instead
of Lemma [3.7]

The case H > K requires more work. Recall from (@) that K = min{1, (—log, a)} = —log, a, so
it suffices to prove for a fixed ¢ > 0 that dim(Y") > 2 + log,(«) — 2e. Let us fix b € N, H € (0,1),
a € (0,1) with ab® ! < 1, and € > 0. By the potential-theoretic lower bound (see Section 4.3 of
[10]), it suffices to find a probability measure v = v, on the graph G, of Y such that

U o)

Recall [B5). Let N be a large even number such that 6¥1=%) < bV — 2. Define a set Sy C [0, 1] by
its b™/2-adic expansion, such that z = Y72 &b~N/? € Sy if & € {1,2,...,bN/2 — 2} for all i. It is
elementary to check that Sy C Ty. Moreover, the set Sy in Lemma is a Cantor-like self-similar
set. We may define the uniform measure on Sy, similarly to the construction of the Cantor measure
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(see Example 17.1 of [10]). This can be done, for instance, by choosing each decimal ¢; independently
and uniformly from {1,...,b"/? —2}. Denote such a measure by py. It is then standard to verify
that if ¥V1—2)/2 < pN/2 — 2 then

/ i / 1t s () dn(s) < o (62)

see, for instance, Exercise 4.11 of [10] for the Cantor set.
We let v be the pushforward of py under the map ¢ +— (¢, X (¢, w)), thus reducing (GI) to proving
that

E[I,] = / / E[(1t— s+ [Y(0) = Y(5)P) "] dian(t) dun(s) < oc.
Tn J Ty
By Lemma B9 and a similar computation as in the proof of Theorem 2(i) of [26], we obtain
E [(|t . S|2 + |Y(t) . Y(s)|2)_7/2} S L|t _ S|—“/+1+logb(a) S L|t _ $|€_1.

Combining with (62)) yields E[/,] < oo, and hence the proof is complete. O

4.3 Distribution of the maximum location

Proof of Theorem[2.7. Suppose first H < K, we prove that for all s € [0, 1], P(s is a local maximum) =
0. By arguing similarly as in the proof of (b) and (c) of Theorem and applying Lemma [0, for
H = K, there exists a deterministic function C : [0,1] — R, such that for all s € [0, 1],

P | liminf Yit) = ¥(s) =—Ci(s) | =1,
tel0.1),t=s /2]t — s[27 log(1/]t — s|) loglog(1/[t — s)

and for H < K, there exists Cy : [0, 1] — R, such that

P ( lim inf i) - Y(s) ) = —Cg(s)> = 1.

tel0,1],t=s /2|t — s[2H loglog(1/]t — s|

This along with parts (b) and (c) of Theorem 23] proves P(s is a local maximum) = 0.
For the remainder of the proof, let H > K. We prove that P(0 is a global maximum) > 0. We
make an auxiliary claim that there is a Lipschitz function ¢ : [0, 1] — R such thatfl

e $(0) =¢(1) =0,¢(t) >0 for all t € (0,1). In particular, ¢ attains its minimum at 0, 1;

o ¢ € Hy where Hpy is the Cameron—Martin space of the fractional Brownian motion with pa-
rameter H.

Provided the claim is true, we consider a large number L and let
ft) =LY amo({t"t})
m=0

be the fractal function associated with L¢. It is easy to see that f(t) attains its minima at 0, 1, andd

F(t) = Lt A (1= 1)". (63)

T¢(t) = 1 — cos(2mt) may work, but we take the shortest path.
80f course, the L here may not be the same and may depend on the choice of ¢.
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Consider the process

Y(t):=Y () + f(t) = Y a"Bu({b"t}),

so that Y (t) = Y (¢) — f(t). It suffices to show Y (¢) is Hélder continuous with exponent — log,(a) and
constant < 1/L with positive probability, because this implies P(|Y ()| < T(tA (1 —=1))%) > 0, which
along with (G3]) yields P(Y'(t) < 0,Vt € [0,1]) > 0.

We recall in the proof of Proposition A.1 of [40] and the uniform modulus of continuity of fractional
Brownian bridge that there exists d; > 0 such that we have the inclusion of events

- . 1
{ sup |By(t)] < 51} - {Y(t) is — log,(a)-Holder with constant Z} :
te[0,1]

By the bridge relation and since By (t) = By (t) + Lo(t), there is 6, > 0 depending on « such that
{ sup [Wi () + Lo(t)] < 52} S { sup |Bu(t) + Lo(t)] < 51} S { sup | By (t)] < 51}-
te(0,1] te(0,1] te[0,1]

Since ¢ € Hpy, so does —L¢. This implies the probability of the event on the left-hand side is positive
by Theorem 2 of [28] (or by the Cameron-Martin Theorem for the fractional Brownian motion).
Combining the above gives

P(?(t) is — log,(ar)-Holder continuous with constant 1/L) > 0.

We now prove the auxiliary claim. The function ¢ will arise from ¢; of the form

bu(t) = / (= 51124y (s) ds

where 11 (s) = s(1—s). It is easy to see that there is T" > 0 with ¢1(0) = ¢1(T") = 0 and ¢, is positive
and Lipschitz on [0, T]. Define ¢(s) := 11 (T's) and

o(t) = / (= )T 2(s) ds,

by a change of variable we obtain the first item of the claim; that ¢ € Hy follows from Theorem 5.4
of [35] and the fact that 1 is square-integrable. O
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